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AdS/CFT [Maldacena 1997, Gubser-Klebanov-Polyakov, Witten 1998,…..]

Emergence of Gravity from Dynamics in CFTs

⇔ Emergent Spacetime from Quantum Entanglement

AdS/CFT in GR limit  highly relies on the special feature of 

holographic CFTs (large N  and strongly coupled). 

⇒ In this talk, we want to see special features of    

holographic CFTs via quantum entanglement dynamics.

① Introduction

Maximally Chaotic    [e.g. Maldacena-Stanford-Shenker 2015]

The time evolution of (Renyi) Entanglement 
Entropy (for locally excites states)  classifies CFTs ? 

We will discuss 4 difference classes.



n-th Renyi entanglement  entropy (REE)
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In AdS/CFT,  we can calculate the entanglement entropy 

geometrically as an area of minimal area surface in AdS.

Holographic EE (HEE)
[Ryu-TT 06, Hubeny-Rangamani-TT 07]
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~ Loss of information when we assume                      

that the region B  is invisible. 

~ ``degrees of freedom’’ of the operator O.
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Two limits

(1)

In this case, we find a property analogous to 

the first law of thermodynamics:    

[Bhattacharya-Nozaki-Ugajin-TT 12, Blanco-Casini-Hung-Myers 13,

Wong-Klich-Pando Zayas-Vaman 13 …,]

(2)

This leads to a very `entropic’ quantity !

⇒ The main purpose of this talk.
[Nozaki-Numasawa-TT 14,….]                                                                            
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(2-1) Replica method for ground states

A basic method to find EE in QFTs is  the replica method.

In the path-integral formalism, the ground state wave 

function          can be expressed as follows:
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② Calculations of Renyi EE for locally excited states 



Then we can express 
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(2-2) Replica Method for Excited States

We want to calculate                   for  

 operator. for theregulator   UV theis   where
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In this way, the Renyi EE can be expressed in terms of

correlation functions (2n-point function etc.) on Σn :

.),(),(log                              

),(),(),(),(log
1

1

1

11)(


−




−
=





eell

eell

n

ee

n

ll

n

A

rOrOn

rOrOrOrO
n

S
n



 

Σn

n-sheets =

.log
1

1)(


















−
=



nn

n

nn

nn

n

A

OO

OO

n
S n





A



We focus on the free massless scalar field theory on Σn

and calculate 2n-pt functions using the Green function:
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③ Case 1: Free scalar CFTs [Numasawa-Nozaki-TT 14]



Time evolution in free massless scalar theory
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Heuristic Explanation

First , notice that in free CFTs, there are definite 
(quasi) particles moving at the speed of light.
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④ Case 2: Rational 2d CFTs

(4-1) Free Scalar CFT in 2d

Consider following two operators in the free scalar CFT:

(i)   

(ii) 
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(4-2) General Results for 2d Rational CFTs

First, focus on 2nd REE. Using the conformal map:

It is straightforward to rewrite the 2nd REE in terms of  4-pt 

functions on                 :
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In terms of conformal block, we find at late time:
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For n=1 (EE),  we can employ the HEE to find            directly.)1(
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⇒ Reproduced by the large c CFT 
[Asplund-Bernamonti-Galli-Hartman 14]

⑤ Case 3: Large c CFTs (Holographic CFTs)

(5-1) Holographic Entanglement Entropy 

[Nozaki-Numasawa-TT 13] 

For higher dim. CFTs, it is still too early 
to say final results. Our numerical results
for AdS4/CFT3, implies  ~Log[t] like behavior.

[Jahn-TT 17] 
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(5-2) Renyi EE in Large c CFTs

Holographic CFTs (we focus 2d)  are characterized by 

the large central charge  and sparse spectrum.  
[Heemskerk-Penedones-Polchinski-Sully 09, ….] 

This allows us to approximate four point functions by vacuum   
conformal blocks. 

For Renyi EE calculations for locally excited states, we obtain

[Hartman 13, Asplund-Bernamonti-Galli-Hartman 14]
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If we consider n=1 (von-Neumann EE), the twist 

operator σn becomes light because

⇒ We can apply the HHLL conformal block calculation.

This leads to

On the other hand, if the excitation O(x) is light, then 

we find the Renyi EE behaves as 
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Galli-Hartman 14]

.   log
6

)1(












tc
SA

.   log
1

2)(









−




t

n

nh
S On

A
[Caputa-Nozaki-TT 14]

These behaviors look different: how are they related ?

What happen if σn and O(x) are both heavy ?



Motivated by this, we performed full analysis by using 
the Zamolodchikov’s recursion relation [Kusuki-TT 17] .

[Zamolodchikov 1984, …., Chen-Hussong-Kaplan-Li 17]
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We numerically solved the Zamolodchikov recursion 
relation up to m≈1000. 

For large m, we find the Cardy formula –like behavior:

Such behaviors are sensitive to the dimensions hA and hB. 
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Summary so far (We focus on 2d CFTs)

(i) RCFT (Integrable and Rational)

(ii) Holographic CFTs (Large c CFTs)
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⑥ Case 4: Cyclic Orbifold CFTs

We consider a class of cyclic (Zn) orbifold CFTs (c=2n):

The T2   CFT is described by two real scalar X and Y, 
which are compactified as  X~X+2πR ,   Y~Y+2πR.

It is useful to define η=R2.   (η=1: self-dual radius)

(a) If η=p/q (rational),  the torus CFT becomes rational. 

(b) If η is irrational, the torus CFT becomes irrational.    
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[Caputa-Kusuki-Watanabe-TT 17]



A twisted sector of Sn orbifold

The corresponding primary operator (twist operator) 

is denoted by         . 

We are interested in the local excitation by this twist 
operator:
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The four point function of twist operators 
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(a) Rational case (η=p/q)

In the rational case we find

Thus the growth of 2nd Renyi entropy is finite:

Indeed this agrees with the quantum dimension:
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Numerical Plot  for η=10/11
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(b) Irrational case (η≠p/q)

First of all we get 

As we sweep δ or the time t, we picks up infinitely many 
plateau contributions (⇔ rational values η≒p/q).

Note: Continued fractions describe irrational numbers.  
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F2 behaves  as follows for small δ (or large t) :

This leads to the log(log) growth of Renyi EE !
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⑦ Conclusions

We summarize the time evolutions of (Renyi) EEs              
for locally excited states in various CFTs.

(a) Free CFTs in any dim. or Rational CFTs in 2d

(b) Holographic CFTs in 2d

(c) Irrational but integrable 2d CFT (sym. orbifold CFTs)

(d) Higher dim. Hol. CFTs ⇒ At least sublinear  [Jahn-TT, 2017]
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These results naturally lead us to the following conjecture:

Our Conjecture

Maximal growth of EE at late time under a local excitation

will be logarithmic with the coefficient for large c CFTs:
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