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Classical Kepler varieties

hermitian vector space Z = C™*!, rank =2
Zy={2=(20,...,2n) €Z+ 23 +...+ 22 =0} complex light cone
Symplectic interpretation (cotangent bundle)

T +1i€

Zy s T (8")N {0} = {(2,8) < |2 =1, £#0, (2[€) =0}, 2= —

contact manifold (cosphere bundle)

Sy~ 5(8") ={(2,8) : =] =1, [€] =1, (=[¢) =0}

polar decomposition
Z1=R"- S5
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Determinantal varieties

Z=C" rank=r<s, 1<l<r
Zp:={z€Z: rank(z) <{} vanishing of all ({+1) x (£+1) — minors
Zy={z€Z: rank(z) =0} = Zy~ Zy_1 regular part
Zy={zeZ: rank(z) <1} vanishing of all 2 x 2 — minors
Zy={ze€Z: rank(z) =1} = Z; ~ {0}

Si={6en": £cC" ,neC* ] =1=n|}
Z;=R*- S,
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Let Z complex vector space and D c Z be a bounded domain. The group
G = Aut(D) = {g : D — D biholomorphic}

is a real Lie group by a deep theorem of H. Cartan. D is called
symmetric iff G acts transitively on D’ and around each point o € D
there exists an involutive symmetry s, € G fixing o. By Harish-Chandra,
D can be realized as a convex circular domain, i.e. as the unit ball

D={zeZ: |z| <1}

for an (essentially unique) norm called the spectral norm. Then the

isotropy subgroup
K={geG: g(0)=0}

is a compact group consisting of linear transformations. For domains
D = G/K of rank r > 1 the boundary D will not be smooth and D is
only (weakly) pseudoconvex but not strongly pseudoconvex.
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Let Z = C™*, endowed with the operator norm ||z| = sup spec(zz*)*/2.
Then the matrix unit ball

D={zeC™: ||z| <1} ={zeC™: T-22">0}

is a symmetric domain, under the pseudo-unitary group

ot s (0 )(E 26 )

which acts on D via Moebius transformations

a b -1
( d) (2) =(az+b)(cz+d)".

c

Its maximal compact subgroup is

K:{(g 2): aeU(r), deU(s)}.

with the linear action z = azd*.
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A basic theorem of M. Koecher characterizes hermitian symmetric
domains in Jordan algebraic terms. Let Z be a complex vector space,
endowed with a ternary composition Z x Z x Z — Z, denoted by

(z,y,2) = {z;y; 2},

which is bilinear symmetric in (z,z) and anti-linear in the inner variable.
Putting D(xz,y)z := {x;y;2}, Z is called a hermitian Jordan triple if
the Jordan triple identity (a kind of Jacobi identity)

(D), D(,v)| = D({w; y3u},v) = D(u, {v52;9})
holds, and the hermitian form
(z,y) = traceD(z,y)

is a positive definite. Every symmetric domain can be realized as the
unit ball of a unique hermitian Jordan triple (and conversely).
Moreover, K consists of all linear transformations preserving the Jordan
triple product.
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Classification of hermitian Jordan triples

» matrix triple Z = C™*  {z;y;2} = xy* 2z + 2y*x,
K=U(r)xU(s): z—uzv, ueU(r), velU(s)

rank =r<s, a=2 complex case, b=s-r

»r=1, Z=C" {ayy;2}) = (aly)z + (zly)z, K =U(d)

» symmetric matrices a = 1 (real case)

» anti-symmetric matrices a = 4 (quaternion case)

» spin factor Z = C"*! {xy*z} = (2-7) 2+ (2-y) o+ (z-2)y
r=2, a=n-1,b=0

K=T-50(n+1)

» exceptional Jordan triples of dimension 16 (r = 2) and 27 (r = 3),
a = 8 (octonion case), K =T - Es.
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A real vector space X is a Jordan algebra iff X has a non-associative
product x,y — x oy = y o x, satisfying the Jordan algebra identity

2o (zoy)=zo(a®oy).
The anti-commutator product
xoy=(xy+yx)/2

of self-adjoint matrices satisfies the Jordan identity. By a fundamental
result of Jordan/von Neumann/Wigner (1934), every (euclidean) Jordan
algebra has a realization as self-adjoint matrices X ~ H,.(K) over

K =R, C,H (quaternions), or K = O (octonions) if r < 3. For r = 2 we
obtain formal 2 x 2-matrices

HZ(K):{(; g) a,0 R, be K:=R>"},

Thus X is characterized by the rank r and the multiplicity a = dimg K.
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For a euclidean Jordan algebra X, the complexification Z := X© becomes
a (complex) Jordan triple via

{w;v;w} = (uov*)ow+ (wov*)ou—v* o (uow).
For the spin factor we obtain
{u;v;w} = (ujp)w + (wv)u — v(u|w).

The Jordan triples arising this way are called of tube type. For example,
the matrix triple C"™*® is of tube type if and only if r = s.
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Let Z be an irreducible hermitian Jordan triple of rank r, and £ < r.
Define the Kepler variety

Zy={z€Z: rank(z) < {}.
Its regular part (Kepler manifold)
Zy={z€Zs: rank(z) =1}

is a K C-homogeneous manifold, not compact or symmetric. (Matsuki
dual of open G-orbits in flag manifolds).

For the spin factors (r=2) we recover classical Kepler variety. For matrix
spaces, we obtain the determinantal varieties.

Theorem: The Kepler variety Z; is a normal variety having only
rational singularities.

Remark: Result classical for spin factor (r = 2) and proved by
Kaup-Zaitsev for non-exceptional types. Our proof is uniform, based on
Kempf's collapsing vector bundle theorem.
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An element v € Z is called a tripotent if {u;u;u} = 2u. For Z = C"™**
the tripotents satisfy wu*u = u and are called partial isometries. The set
Sy of all tripotents of fixed rank ¢ <r is a compact K-homogeneous
manifold. In particular, S; consists of all minimal (rank 1) tripotents. For
the spin factor, S is the cosphere bundle. For Z = C1*4

Sy ={ueZ: (uu)=1}=82""

is the full boundary.
Every tripotent u induces a Peirce decomposition
7 =722 e 25" & 2" where

ZW = {zeZ: {uju; 2} =252}

is an eigenspace of D(u,u). Moreover, the Peirce 2-space Zl(f) becomes
a Jordan algebra with unit element w and multiplication {z;u;y}.
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The Jordan Grassmann manifold
My =S/ ~= set of all Peirce 2-spaces U = Z, of rank ¢

is a compact hermitian symmetric space, both a K-orbit and a K ©-orbit.
(Center of open G-orbit). Define the tautological vector bundle

72:: U U—>Me
UeM,

Fix a base point ce Sy, put V := Zc(z) and let L:={ke K€: kV =V}.
Then

Ti=KCx,V
becomes a homogeneous vector bundle, and

Te—>Zy: Udzwz2€ 7

is a collapsing map. By Kempf’s Theorem, the range of a collapsing
map of homogeneous vector bundles is a normal variety. Let U denote
the invertible elements of the Jordan algebra U = quz). Then

o,

U U -~ Zg
UeM,

is a birational isomorphism. This proves the normality theorem.
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Let (M,w) be a compact Kahler n-manifold, with a quantizing line
bundle £ - M. Consider holomorphic sections I'(M, L") of a (high)
tensor power £”. Kodaira (coherent state) embedding

K M > P(L(M, L)), 2= [8)(2), 807 (2)]
i
Q, = 58810g > |Z'P Fubini-Study metric on P
i=0
k() =vw + %8510gTu
d’/ . .
T,(z) = > h.(s}(2),s,(z)) Kempf distortion function
i=0
TYZ (Tian-Yau-Zelditch) expansion

N-1 .
|T,,(z) S aj(?)|£071]\\7[ s 1o 00

144 30 vJ v

For non-compact Kéhler manifolds (such as Z;) we need
infinite-dimensional Hilbert spaces of holomorphic functions.
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Every (euclidean) Jordan algebra X has a symmetric cone
Q={z%: zeX invertible}.

In fact, another theorem of Koecher-Vinberg characterizes euclidean
Jordan algebras in terms of symmetric (i.e. self-adjoint homogeneous)
cones. For matrices X = H,.(K),  consists of all positive definite
matrices. For the real spin factor, we obtain the forward light cone.

For a tripotent w € Sy the Peirce 2-space Zsz) is the complexification of a
euclidean Jordan algebra with symmetric cone

Qy ={z={u;z;u} € Zq(f) : x={y;u;y}, y invertible}.
Proposition: The Kepler manifold has a polar decomposition

Ze=J Q.

uGSz

For ¢ =1 this reduces to Zl =R, - 51, since fo) =C-uand Q, =R, -u
is an open half-line.
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Choose a base point c=¢€7 + ...+ ey € Sy. Every positive density function
p(t) on symmetric cone €2, induces a K-invariant radial measure

[ i) £ = [ dt o) [ dk £,
Z Qe K
For ¢ =1 this simplifies to

f@@f@=fﬁMﬂfmdwﬁ)
Ze 0 S1

Define a Hilbert space of holomorphic functions

Hy={f: Zs —» C holomorphic : f dp(2) |f(2)]* < +o0}.
Ze
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In the trivial case, where ¢ = r is maximal and Z is a Jordan algebra,
negative powers of the (Jordan) determinant have no holomorphic
extension beyond Z. Apart from this we have
Extension Theorem: Every holomorphic function on Zog has a
unique extension to the closure 7,
Proof: Singular set

Zg AN Zog = U Zj

g<t

has codimension > 2. By the Normality Theorem (and using Lojasiewicz),
the second Riemann extension theorem holds for holomorphic
functions on Z,.
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Under the natural action of K the holomorphic polynomials P(Z) on a
hermitian Jordan triple Z have a Hua-Schmid-Kostant decomposition

P(Z2)= ) Pm(Z)

r
meNY

where m =my >mg > ... >m, >0 ranges over all integer partitions
(Young diagrams) and each P,,(Z) is an irreducible K-module, whose
highest weight vector IV,,, can be uniformly described in terms of Jordan
theoretic minors. The dimension d, := dim P,,(Z) is explicitly known.
Let

1 —(zl2) (N
(010) = — [ dz e 9] w(2)
Z
denote the Fischer-Fock inner product. Then there is an expansion
eZlw) = Y E™(z,w)

into finite-dimensional kernel functions E™(z,w) of P, (Z). For
r=1, E™(z,w) = Glw)™

m!
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Using the characteristic multiplicity a of Z, we define the Pochhammer
symbol

W= 1@~ 2G = D),
j=1

Since the underlying measure p is K-invariant, the extension theorem
implies that
Hp =2 Pmy.om0....0(%)

is a Hilbert sum involving only (non-negative) partitions of length < ¢,
since the other components vanish on Z,.
Theorem: The Hilbert space #H, has the reproducing kernel

Py w) = _ dm
Ko Gw) m%:\lﬁﬂfdp(t)Em(t,e)

c

E™(z,w)

- _ (A/Om  dm
_mgl:\lf_ﬂf dp(t)Nm(t) dgn E (a )
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Every euclidean Jordan algebra X has a Jordan algebra determinant
N (z) which is a r-homogeneous polynomial defined via Cramer's rule

-1 _ v;rN
N(x)’

For real or complex matrices, this is the usual determinant. For even
anti-symmetric matrices, it is the Pfaffian. In the rank 2 case,

N(zg,z) =22 - (z|z) is the Lorentz metric.

Let Oy = N(a%) be the associated constant coefficient differential
operator on X. Then N(xz)0y is a kind of Euler operator, of order 7.
Applying these concepts to the Jordan algebra ZC(2) of rank ¢, we define a
universal differential operator

De = N%(Z_T)a?\/‘ N%(’r‘—f—l)+b+1 (8}\] N% aj.\‘,_l)""—e N%(r—£+1)—1

of order £((r - £)a +b) on the symmetric cone Q.. For £=1, N(¢t) =t
and D; becomes a polynomial differential operator of order (r—1)a+b
on the half-line.
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Our main result is that the reproducing kernel K,(z,w) can be expressed
in closed form, by

Ko (VE, V1) = (DeF, ) (1)

for all t € Q., where F), is a special function of hypergeometric type.
Since hypergeometric functions have good asymptotic expansions (quite
difficult for £ > 1), this will lead to the desired TYZ-expansions.
Generalizing the 1-dimensional case, we define the hypergeometric
series of type (p,q)

aq, .. (al)m '(ap)m m 2w
qu(ﬁlv' '7ﬂq)(z w Z (Bl)m (/Bq)mE ( ’ )7

using the Fischer-Fock reproducing kernels E™(z,w). For z,w € Zy, only
partitions of length < ¢ occur.
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Consider first a Fock space situation. For o > 0 consider the
pluri-subharmonic function ¢ = (z]z)® on Z,. Let w := 90¢ denote the
associated Kahler form. Then we have the polar decomposition

f M(z) e—u¢(z)f(z) _ fdt Nc(t)a(r—€)+b (t|c)n(o¢—1) e—u(t|c)o"
n:
Ze Q.

where N_(t) is the rank ¢ determinant function on .. Let o = 1.
Theorem: The Hilbert space H, = H?(e™?|w"|/n!) has the
reproducing kernel

K.(t,e) =Dy 1F1 (c:f//f)(ut)

for the confluent hypergeometric function

1F1(Z)(z,w) = ; E:;: E™(z,w).
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In order to look at a Bergman type Hilbert space, let
1
(ulv) = =trz D(u,v)
p
be the normalized K-invariant inner product, where p is the so-called
genus of D. Define Bergman operators
B(u,v)z = z—2{u;v; 2} + {u; {v; z;v};u}
for u,v,z € Z. Then the G-invariant Bergman metric is given by
(ulv): = (B(2,2) " ufv).
For the matrix case Z = C"*®, we have
B(u,v)z=z-uv*z - zv"u+u(vz"v) u=(1-uv*)z(1 -v*u).

and p =1+ s. Therefore

(ulv) =

and the Bergman metric at z € D is

1

trz D(u,v) = trace uv”*
r+s

(u,v), = trace(l — zz*) ™t u(l-2*2)" v*.
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In terms of the Bergman operator, the Bergman kernel function
K :DxD — C of D can be expressed as

K(z,w) =det B(z,w)™".

It is a fundamental fact that there exists a sesqui-polynomial called the
Jordan triple determinant A : Z x Z — C such that the Bergman
kernel function has the form

K(z,w)=det B(z,w)™" = A(z,w)™®
for all z,w € D. In the matrix case Z = C"™° we have
det B(z,w) =det(1, — zw*)"**.

It follows that
A(z,w) =det(1 - zw™).
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The Kepler ball is the intersection
{z€Zs: |2]eo<1}=Z4n D

of Z; with the bounded symmetric domain D:={z€ Z: ||z]e < 1}.
Consider the pluri-subharmonic function

#(z) =log A(z,2)P = logdet B(z,z)™*

on the Kepler ball, given by the Bergman kernel. As before, the
associated radial measure e™?|w™|/n! has a nice polar decomposition,
this time involving the unit interval Q. n (¢ - Q).

Theorem: For the Kepler ball, , = H%(e™*?|w"|/n!) has the
reproducing kernel

de/l;v

(t.e) =Dy o F
K, (t,e) ¢ 2 1(7%/5

J®

involving a Gauss hypergeometric function 2 F; on (..
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Pattern

Fock space on Z = C%, K, = ") = oFo(z,w)
Bergman space on D, K, = A(z,w)™” = 1Fy(z,w) Faraut-Koranyi formula
Kepler manifold ng, K, =Dy 1F;
Kepler ball Dn Z;, K, =Dy o F}
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Asymptotic expansion: o =1, ¢ arbitrary
Theorem: Consider the Fock-type situation, o = 1, £ arbitrary. There
exist polynomials p;(x), with py = const, such that

eV tr(z)

IC(\/_\/_) N.(z) n/ezpjx)

as |x| — +oo, uniformly for  in compact subsets of Q..
Proof: For Re(u) > % -1 and Re(v) > % -1, there is an asymptotic
expansion

1F1(:)(z) ~ 11::’8; 1\76(1:;)‘# 2F0(f _MW—M)(z_l)

as |z| > +oo while é stays in a compact subset of 2.

This expansion can be differentiated termwise any number of times.
Remark: Similar expansion for Kepler ball, based on asymptotics of
2 F1.
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Asymptotic expansion: ¢ =1, « arbitrary
Theorem: Radial measure dp(t) = ae " tP=D=1 4t on half-line. Then,
as v — +00

,y(z|z) p-2 b o (2l2)
Z/IJ ]C(ZZ) ;)W'FO(G ) 'f]>0

Proof: The measure dp has moments

F(p—l-i—%)

-1+

afdt e—l/ta ta(p—l)+m—1 _

Therefore IC,, = D1 F, with

(l/l/at)m
F(p 1 m)

for the Mittag-Leffler function

F(t)—upli

= Vp_lEl/a,p—l (Vl/at)7

oo tm
E =
4.5(t) ,,;, T(Am + B)
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As t — +o0, it is known that
1
EA,B(t) - Zt(l—B)/Aetl/A + O(e(l_n)tl/A)

with some 7 > 0. This remains valid for derivatives of any order. For any
polynomial P in one variable

aft'yoHcP(ta)et”‘ _ t'yaJrc—kQ(toz)et”
with another polynomial @, where deg @) = deg P + k. It follows that

(tD; + D) P(t%)el” = 7°Q(t%)e!”,

with deg Q = deg P + a. Hence for D = D [] (tD; + Djt)
j=2

DTJtD; + D)t e =7 Q(t*)e'",
j=2

where @ has degree (7 —1)a+b=p -2 and leading coefficient 2" *aP~2.
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Invariant volume forms and measures

Zog is homogeneous under K€ or a suitable transitive subgroup. When
does an invariant holomorphic volume form or invariant measure exist?
Only for domains of tube type b =0.

> Theorem: Let Z be of tube type and 0 < ¢ < 7. Then there exists an
invariant holomorphic n-form 2 on Z, if and only if
p-al=2+a(r-£-1) is even.

» Among all tube type domains, p — af is odd only for the symmetric

. e
matrices Z = C{/7 with r — £ even.

» Theorem: An invariant measure . on Z; exists in all cases (for
b=0), and has polar decomposition

[d,u(z) f(2) = const fN((Zt)dW Nc(t)‘"/zfdk F(kN1).
Z Q. ¢ K
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Special case, r=2,/=1

Englis et al, Gramchev-Loi: Lie ball » =2

T°(S™") {0} = {(,€) : [ =] =1, («|€) = 0, £ # O}
C™*! hermitian Jordan triple, rank 2
{uv*w} = (ujv)w + (wv)u + (u|w)v Jordan triple product
N(z) = (2]z) Jordan algebra determinant
T*(S™)~ {0} = {z e C"" : N(2) = 0} rank 1 elements
T,(2) _ (n (n-2) "= Qa]

Z

n 2|y 7| o

-+ R (|2])

exponentially small error term
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Theorem:
For ¢ € Q). define the function

F)- Y \9d0m pm ).

meN¥ / dp Nm
*Q

c

Every euclidean Jordan algebra X has a positive cone
Q={z?: reX~{0}},
corresponding to the positive definite matrices H; (K). The Jordan

algebra determinant N : X — R is a r-homogeneous polynomial

defined via Cramer’s rule
-1 _ VxN

- N(z)’

For the rank 2 case,
a b
N (b* 6) =ad — (blb)
is the Lorentz metric on p*1*%. The complexification Z := X© becomes
a (complex) Jordan triple (of tube type)

{wv*w} = (uov*)ow+ (wov*)ou—v* o (uow).

atla a N7 a
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¢ = (2]2)“, a> 0 pluri-subharmonic function on Z,
w = 00¢ Kiahler form

/ |w'|(z) e—l/(z)(z)f(z) _ fdt Nc(t)a(rfﬁ)er (t|c)n(a—1) e—u(t|c)°"
n:
Z[ QC

Theorem: H, = H?(e™?|w"|/n!) has kernel K, (v/1,\/t) = Dy F,(t)

F,(t) =const ). (de/O)m  T'(n+|m)

- = E™ (%, )
meN* FQc(m+ ?) F(TL+ %)

confluent hypergeometric function
1Fi(z,w) =) (U)mEm (z,w)
m (T)m

For =1

F(t) - 1F1(d"//f)( vt)

Theorem: H,, = H?(e™?|w"|/n!) has kernel K, (v/1,\/t) = Do F, (t)

(de/)m  T(n+m|) ., ey
m%:\}ﬁ Lo, (m+7%) F(n+@) E™ (%, c)

F,(t) = const
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coherent state embedding

o, : U — LY N0 local trivializing section
vw(z) = —%Bglog hy(0,(2),0,(2)) Ricci form

P(O(M, L"), (s2,..,5s%) ONB of sections

-y Sy

P (2°, ..,Zd”] homogeneous coordinates
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junk
be the corresponding with closure
D={2eC™: [-2z2">0}.
In this case we take
K=U(r)xU(s) > (u,v)

and
S={2eC™: 22" =1}

consists of all (injective) isometries. In the special case r = s we obtain
S =U(r). In this case the domain D is said to be of 'tube type’.
compact linear Lie group

d::dimer(1+%(r—1)+b)7 r=rank(Z)

characteristic multiplicities: a,b
tube type: b=0
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Hankel operators

dp(t) = N.()2"D** 4t dj Lebesgue surface measure on Z;
Kepler ball
Dz = {Z € Z[ : HZH < ].}
bounded symmetric domain, spectral norm

Hgf := (I - P)(gf) Hankel operator, antiholomorphic symbol function

Theorem: For p > 1 the following are equivalent
» There exists nonconstant g € H? with Hg € S” (Schatten class)
» There exists a nonzero partition m € N, such that Hg € S? for all
9€Pm
» {=1and p>2dim Z;
» Hg e SP for any polynomial g
Analogous to BBCZ-Theorem.
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Zy={z€Z:N(z)=0} algebraic variety
p(2) = (2]2)" -
S1={zeZ:N(z)=0, p(z) =0} strongly pseudoconvex boundary
dimS; =1+a(r-1)+b

Op=Bp _ (1 yot (d212) - (:ld2)
(T

du =19 A (d9)" K-invariant measure (2n — 1-form) on S

contact 1-form

m:R xS - S; symplectic cone, s = €
w=d(e"-7*9) = el (dt A9+ m*d?) symplectic form

W' = e dt AT I A (TFd9) T = e dt A du = 5" ds A du

[o©5© - [assm [ usuvs)
0 S1

Zy
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T+ .
Z=8su,u= 5 § € S1 rankl tripotents

(ulu) =1 = (2|2) = §*

w(z) = %35 (1) = i(z|z)—3/2((z|z)<dz|dz) _ (d2f2) A (2ldz)

2
(dz|dz) = dz' A dZ°, (d2|2) = 2" d2", (2|dz) = 27 dZ°
(dz|ldz) Aae=0
o ((dz]2) A (2l
Gy

& I'(m+a)
Kl(Z,’lU)— Z m

m=0

E,.(z,w)

K¥(z,z) & T(m+a)
8 \5e) o 2T o
pi-1 mz=o r'(2m+a) sz vw)
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Jordan Kepler manifolds

7 irreducible hermitian Jordan triple, rank r
{uv*w} Jordan triple product
Ni(z) Jordan minors
SC ={zeZ:N(2) =0Vk>1} rank 1 elements

S1 rank 1 tripotents
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z =su, s >0, u €S, polar decomposition

(ulu) =1=(z|z) = 2

[dQ(g)e-”\/(C‘Of(g):[dse-”s”-lfdkf(ks)
gc 0 K

(W) = [ Q) e VE O = [ dse s [ dui(su)f
SC 0 S1
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VePu(Z) = W) = [ dse s [ dulp(u)?
0 51

(d/r)m (Ta/2)m

b (@2 o
(d/r)m (7‘0,/2)m

/dkEm(z,ks)En(ks, )= Omn (WD m 2y
K

fdQ(C)e‘”V(CloEm(z,C)En(C,w):fdse_”ss"_lfdkEm(z,ks)En(ks,z
[e] 0 K

Omn_ (a/2)m

" (dfr)m (raf2)m

s I (a/2)m T(2m+n)
@dIr)m (ra)2)y, vZmn

m,( ’w)fdse—us 2m+n-1

E.(z,w)
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v _ 2 (A )Y (raf2) m
K(Z,w)—mzzzo T (@m +n)(af2),, E(z,w)

— i (d/r)m(ra/2)m

m=0 F(Qm + n)(a/2)m Em(VZ, Vw)

W& D(m+1+5(r-1))0(m+5r)
-y e F(2m+1+a(r_1))r(m+%)Em(uz,uw)

(o]

I(m+ gr
" 1 ,(L ") —E,,(2v2, 2vw)
m=o L(m+ 5 +5(r=1))I'(m+3)
r=2,d=n+1l,a=n-1

=V

oo

KV(Z,'UJ):I/n F(m+a)

E..Q2uz, 2vw
m=0 F(m+a7”)F(m+%) ( )

o)

r
" MEm(2V27 2vw)
S T(2m+a)
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Complex Geometry of Bounded Symmetric Domains In the following
consider a complex vector space Z = C?, endowed with a norm |- ||, and
let

D={zeZ: |z| <1}

be its unit ball. In general, the boundary
OD={zeZ: |z| =1}
will not be smooth. Consider the set
S =0exD c 0D
of all extreme points and let
U(Z)={9eGL(Z): |gz| = |=[}

be the linear isometry group. Then U(Z) c GL(Z) is a closed subgroup,
therefore U(Z) is a compact Lie group. Clearly, the natural U(Z)-action
satisfies

U(Z)-D=D, U(Z)-0D=0D, U(Z)-S=85.
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Example: For Z = C¢, define the scalar product

zlw) = z2w* =)z w;
(+f) _
1

and let |z|| = (z]z)'/? be the Hilbert norm. Then
D={zeC%: (22) <1}
is the Hilbert unit ball. In this case K = U(d) is the unitary group and
S=0D =8%"!

is the odd sphere. For d = 1 we have the unit disk D = {2 € C; |2| <1}
and the unit circle S={z¢e¢C: |z|=1} =T.
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We now introduce holomorphic functions. By definition, a (possibly
vector-valued) function f: D — C™ is holomorphic if it has a power
series expansion
f)= Y o oz
aeNd
(compact convergence) with coefficients ¢, € C™. By collecting
monomials of equal (total) degree, we obtain the expansion

F2)=20 X cazitzgt =) pi(2)

k20 |a|=k k20

into a series of k-homogeneous polynomials. Let Pr(Z,C™) be the space
of all k-homogeneous polynomials py : Z - C™ satisfying
pe(A2) = M pr(2) ¥V AeC. Since D is bounded and circular around
0 € D, the space

P(Z,C™) = 3 Pu(Z,C™)

k20

of all polynomials is dense in the space of all holomorphic functions
O(D,C™) under compact convergence.
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In the rank 1 case of row vectors Z = C% = C™*? D is the Hilbert unit
ball, and we obtain as a special case

G =SU(1,d) > K = U(d).

For dimension d = 1, we have Z = C and D is the unit disk. In this case,
we may identify

G=SU(1,1)>K=U(1).
Via a Cayley transformation

Z4+1

Zew= -
1-13z
onto the upper half-plane {w € C: Im(w) >0} we obtain another
realization

Gw~SL(2,R) 5 K = SO(2).

This is fundamental to applications in number theory since the 'Shilov’
boundary R U oo of the upper half-plane is a completion of Q.
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It is a fundamental fact that hermitian symmetric domains have an
algebraic description in terms of the so-called Jordan algebras and
Jordan triples. In order to explain this connection, consider the Lie
algebra g of the real Lie group G = Aut(D), which can be realized as
follows: Consider a 1-parameter group ¢ — g; € G, and define, for
feO(D,C™), the infinitesimal generator

9f(9¢(2))

rn 0
P - (X)) = hz) 1) = (=) 5)FC2),

with the derivative operator acting from the right. Here h: D - Z = C?
is a holomorphic vector field, with commutator bracket

0 0 ok oh, 0
o P ol = TR ) o
The adjoint action of G on g is defined by

[h

Ad(g)(h 5 = h(9(=)) () 5

Harald Upmeier (joint work with Miroslav Englis) Analysis and TYZ expansions for Kepler manifolds



Let so(z) = —2z be the symmetry at the origin 0 € D. We obtain the
Cartan decomposition g = £ @ p into the +-eigenspaces

E={Xeg: Ad(s))X =X}, p={Xeg: Ad(s))X =-X}
Since [p,p] c ¢, we obtain a Lie triple system
[e¢]ce>[p,pl, [&plcpolp k]

The Jordan triple product Z x Z x Z — Z, denoted by
u,v,w > {uv*w} = {wv*u}, satisfies

. d .
p={(v-{zv"z}) 5 veZ},

t={h(z) %lmear s h{zv*z} = 2{hz,v", 2} + {z(hv)"2}}.

Define (uOv*)z = {uv*z}. Since [[p,p],p] c [¢,p] c p, we obtain the
Jordan triple identity

[uoov®, zoy*]={w’z}oy” —zo{yu v}".
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In the matrix case Z = C™®, consider a 1-parameter group

Ct

(at Zt) (2) = (arz + b)) (crz +dy) L e U(r, )
t
of Moebius transformations. Its differential is computed as

d . .
a‘ 0(at2+bt)(ct2+dt)_l =az+b-zéz—zd
t=

with (a 2) e u(r,s). The eigenspace decomposition is given by
¢
. 0 . H 1 j % 9 / XS
e= {(az—zd)—: aeu(r), deu(s)}, p= {(b—zb 2)—: beC .
0z 0z
Therefore we obtain

1 1
{zv*2} =20"2, {w*w} = g(uv*w+wv*u), ud v* = i(Luvu—Rv*u).
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Let Z be an irreducible Jordan triple of rank r, with multiplicities a, b.
Then d/r=1+5(r—1)+band p=2+a(r-1)+b. The tube type case
corresponds to b = 0 or, equivalently, to 5 = g. Fix a parameter
v>p-1=1+a(r-1)+b. Let g denote the Koecher-Gindikin
Gamma-function of the symmetric cone 2. Then
FQ(V) _ dz
dM,(z) = ———— A(z,2)"? —
(2) Tqa(v-d/r) (z2) v
is a probability measure on D. The weighted Bergman space of
holomorphic functions on D is defined as

H2(D) = {4 ¢ O(D,C): fdMV(z) W (2)? < oo}
D

Define an irreducible projective unitary representation of G on H2(D)

(979)(2) = det g'(2)"? ¥(g(2)).

These representations give the scalar holomorphic discrete series of G.
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H2(D) has the reproducing kernel
K, (z,w) = A(z,w)™ = det B(z,w)™/P.

Thus the orthogonal projection P, : L?>(D,dM,) - H*(D) is

(Pa)(2) = [ dM, (w) Az w)™ w(w).
D

The inner product is

_ FQ(V) dZ v-p T TN
(¢1|¢2)u = WD F A(Z,Z) 7/)1(2’) 7#2(2)

For v = p, dM,(z) is a multiple of the Lebesgue measure dz and

HA(D) = {¢ € O(D,C): [ dz [9(2)]? < oo}
D

is the standard (unweighted) Bergman space.
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Consider the algebra P(Z) of all polynomials p: Z — C and the natural
action (k7! p)(2) := p(k2) of K. The Hua-Schmid-Kostant
decomposition asserts that

P(Z) =), Pm(Z)

is a direct sum of inequivalent irreducible K-modules, labelled by all
integer partitions
m=(my,...,m;) e N"

with my > ... >m, > 0. Moreover, the highest weight vector in P, (2)
has the form

Nm(z) — Nl (z)m1—77l2 ]\[2(2)7’)12—?’”3“.Z\]’r(z)YI’LT7

where Ny, is the Jordan theoretic minor of rank k. For the simplest
partition m = (1,0,...,0), P, (Z) is the dual space of linear forms on
Z. In this case Ny, (2) = (e1]2).
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The Wallach set
W(D) = {I/ eC: (A(Zi,Zj)7U)15i7jgn >0V Z1y-++92n € D}
consists of all parameters v, beyond v > p — 1, such that the kernel

K, (z,w) is still positive. The Hilbert space completion of P(Z) is the
Segal-Bargmann-Fock space

d
HA(Z) = {0 e0(2): [ 5 @ p(2)P < oo}
Z T
of entire functions, with reproducing kernel expanded in a series

e(z|w) = Z Km(zv w)v
m

where K, (z,w) denotes the reproducing kernel of the finite-dimensional
space Py, (Z) c H*(Z).
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The Faraut-Koranyi binomial formula is
A(z,w)™" = Z(l/)m Ko (z,w),

where
_To(v+m)

(V)m =

FQ(V) jl:[l(y_i(j_l))mj

denotes the Pochhammer symbol. Here we use Gindikin's formula
Pa(s) = (2m) P [T T(s; - 3G -1)):
j=1

By checking positivity of the coefficients (v),, for all partitions m it
follows that

W(D)z{%é: 0S€<r}u{y>%(r—l)}

consists of 7 discrete equidistant points and a continuous part.
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The Shilov boundary S = K/L, endowed with the K-invariant
probability measure, corresponds to the Wallach parameter
v= % =1+ g(r~1)+b, giving rise to the Hardy space

H?*(S) = {1 € L*(S) : v holomorphic on D}.

In the matrix case Z = C™*® we have a =2, and hence d/r =s, p=r+s.
The associated Szegd projection P : L?(S) — H?(S) has the form

(PE)(=) = [ du Alzu) ™" w(w).
S

Now let f € C(S) be a continuous 'symbol’ function. The
Hardy-Toeplitz operator T is the bounded operator

Ty = P(f)

acting on H?(S). Here f € L>°(S) would be possible, but the fine
structure of Toeplitz operators is known only for continuous symbols.
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Define the Toeplitz C*-algebra
T(8)=C"(Ty: feC(S))

on the Hardy space. A similar concept applies to the weighted Bergman
spaces and even to the discrete Wallach points (G. Zhang).

Theorem The Toeplitz C*-algebra contains all compact operators
KC(H?(S)) and is therefore irreducible.

Proof Consider the group C*-algebra C*(K) = L1 (K) and the
commutative C*-algebra C(K'). Then we may form the
cocrossed-product C*(K) ®; C(K') for a suitable coaction ¢. By
Katayama duality there is a natural C*-isomorphism

C*(K) ®; C(K) ~ K(L*(K)).

Now embed H?(S) c L?(S) c L?>(K) by averaging over the subgroup
L c K. In this way T (S) contains a full corner 7(C*(K) ®5 C(K))m.
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For the unit disk D c C and its Hardy space

HQ(T) = {Z anz": Z |an|2 <oo}
n=0 n=0

the Toeplitz C*-algebra 7 (T) has the irreducible representation on
H?(T) as in the general case, but also the characters

0.:T(T) > C, o.(Ty) = f(c)

for any c € T. One shows that these are all irreducible representations so
that there is a C*-algebra extension

K(H?*(T)) c T(T) 5 ¢(T)

given by the symbol map o(A)(c) := 0.(A) for all AeT(T).
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For a Jordan triple Z an element c € Z is called a tripotent if {cc*c} = c.
For matrices these are the partial isometries. Every tripotent ¢ induces a
Peirce decomposition

Z=7*0Z'e 7.

into eigenspaces of ¢0O c*. Each Peirce subspace is again a Jordan triple,
the Peirce 2-space is even a Jordan algebra with unit element ¢. One can
show that

[+ wl = max(ul, [w])

whenever u € Z2, w € Z°. Therefore, if ¢ # 0, the set
c+D%:={c+w: weDnZ}

belongs to the boundary OD. These are the so-called boundary
components of D. One can show that they are pairwise disjoint and
cover the whole boundary. Thus we have a disjoint union

oD = J(c+ D).

oveer all non-zero tripotent c. The tripotent ¢ = 0 gives the interior D.
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The rank of a tripotent ¢ is the rank of Z2. For 0 < j <r the set
S;:={ce Z tripotent: rank c=j}

is a connected compact K-homogeneous manifold. Equivalently, these
are the connected components of the set of all tripotents. Moreover

9;D =, (c+ DY)
is a G-orbit contained in the boundary. Thus
oD =, ;D
is a disjoint union of G-orbits, called the boundary strata. If j = r then
orD=5,.=5

is the Shilov boundary (realized as a G-orbit S = G/P) and the
corresponding boundary components are the extreme points, since
79 = (0). For rank 7 = 1 (unit ball) the boundary is smooth.
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For each tripotent c consider the Peirce O-space Z'. Then
SY:=8;nZ2=S(D?)

is the Shilov boundary of the symmetric domain DY of rank r — j. Note
that c+S%c S, = S.

Theorem There exists an irreducible representation o. of 7(S) on the
'little' Hardy space H?(S?) satisfying

0.(Ts(f)) = Tso(fe)

for all f eC(S) where
fe(s) = f(c+s)

is the boundary evaluation of f. Moreover, these representations are
pairwise inequivalent.

Proof Either using the representations of co-crossed products, or by a
limit procedure (peaking functions).

For maximal tripotents c € S, we obtain the characters above, since
H?(pt) = C.
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The main theorem asserts that the irreducible representations o, for any
tripotent ¢, exhaust the full spectrum of 7(.S). The main work is to show
that

N Ker(o.) = K(H*(S))

c£0
consists of all compact operators. The original proof was based on the
Choi-Effros theorem on completely positive cross-sections. A proof using
Katayama duality is also possible. As a consequence there is a
composition series

K(H*(S))=TocTic...cT,.1cZ.=T(S)
of C*-ideals Z; such that the subquotients
IJ'/Ij—l = C(Sj) ®}Cj

are essentially commutative. Here Z_; := (0). In general, Z,._; is the
commutator ideal, so IC,. = C. The first non-trivial ideal Z; satisfies

Il/K: ] C(Sl) ® K.
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For the unit ball D c C? we have S = 9D = S?*! and
T(SH1) /K~ C(S%1)
is Coburn’s Theorem. For the Lie ball in C%, of rank r = 2
Sy =T 8%
is the so-called Lie sphere, and

x+z£

=S*(8*) = {=——: |z = ¢l = 1, (zl¢) = 0}

is the cosphere bundle. For the Lie ball K = K(H?(T)) and
H?*(S) = H*(T) ® L*(S™™)
via the identification (¢ ® ¢))(¥z) = () ¥(x) for ¥ € T, x € 841, Then
T, =T(T)®CZ(ST!)

for the Calderon-Zygmund operators on the sphere S, In general,
7, consists of (certain) generalized Toeplitz operators on S; in the sense
of Boutet-de-Monvel/Guillemin.
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T e K(H) compact operator, positive part |T| = (T*T)'/?

si(T) =X (|T]); s1 282283 > ...
k
singular values, counted with multiplicity. Put S (7)) = ¥ s;(T).
j=1
2.55(T) = h,gn Sp(T)<oo: TeL'(H) trace class
J

T>0: trT=Y 5;(T)= lilinSk(T) trace
J

1 T
5;(T) =0(=), sup _Se(T) <+00: T e L™ Dixmier class
j r log(1+k)
T
T >0 measurable: tr,T =lim M Dixmier trace
k log(1+k)

independent of ultrafilter w. Extend by linearity tr,, : L1 - C.
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M compact Riemannian manifold, dimension n, cosphere bundle
S*(M) ={(z,§) e T*(M): [¢] =1}

QeV_,(M)

pseudo-differential operator of order —n, symbol o_,,(Q). Then Connes
has shown

@ = s [ Vel (@

s*(M)

independent of choice of Riemannian metric, since o_,(Q) is
homogeneous
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Q c C” strongly pseudoconvex domain, 92 smooth boundary, L2(Q) for
Lebesgue measure

H*(Q) = {¢ € L*(Q) : ¢ holomorphic} Bergman space

P: L*(Q) - H?(Q) orthogonal projection
Ty ¢ = P(f¢) Bergman-Toeplitz operator, f € C*(Q)
n =1, Q=D unit disk, f,g e O(D) holomorphic

[T}, T, [ d=J(2)q'(2)

Forn>1, f1,91,-.., fn, gn holomorphic

[T;17T91:|“.|:T;7L)Tgn:| ¢£1(Q)
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Let Q2 =B,, c C" unit ball -
Helton-Howe f1, ..., f2, € C*(B,,), complete anti-symmetrization

[Tfis- s Tp] € £1(H? (By))
tT[Tfl,...,Tan]=[df1/\.../\df2n
B,

Englis-Guo-Zhang f1,41,..., fn,gn € C*(B,,)

[Tf17T91:|.“[Tfn’Tgn] € [:1700(9)
1
[Ty, Ty, (17,5, = — [ do TT{S0:00
‘o8, J

boundary Poisson bracket, surface measure do
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For symmetric domains, we have an orthogonal decomposition
H?(S) =), Hp(S5)
over all partitions A, and the irreducible K-type
Hpo(S) = {pls - p e Pm(2)}

has the inner product
(rla)s = 7 (vla)
S = T~ z
(d/T)m

for all p,q € P (Z). Here the Pochhammer symbol (v),, is defined by

= T10= 56 = D),
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Let eq,...,e, be a frame of minimal tripotents of Z, with joint Peirce

decomposition
@

Z=Y Zj.

0<i<j<r
Then P, (Z) has the highest weight vector
N (2) := N1(2)™ 72 Ny (2)™2 ™3 N,.(2)™"
where N1, ..., N, are the Jordan theoretic minors. For 1 <i < j <r put
a:=dim Z;;, b= dim Zy;
Then J
f:1+g(r—1)+b.
T 2
The numerical invariant

p::2+a(7‘—1)+b

is called the genus of Z.
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The following is joint work with Kai Wang. For partition (m,0...,0) of
length <1 we have

Nimo....0 = Ni"(2) = (2]e1)™.
Let Z; be the complex variety of all elements in Z of rank < 1. Then
n:i=dimcZ;=1+a(r-1)+b=p-1.
The subspace

Pi(Z2)={peP(Z): plz, =0} = 3 Pm(2).

mo>0

is an ideal in P(Z), with quotient module

Pi(Z)= 3 Pus.o(2) #P2)IPH(Z)
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Asymptotically, we have
dim Py, 0(Z) ~ c-m"

for some constant ¢ > 0 independent of m. In fact, for any partition m

we have (142 )
r +0+2(r—7))m,
dim Py (Z) = Y
m 31:11 (1+§(7’_J))m1
_ mi—m;+ 5 =) (5G+1-9))mim,
1<i<j<r %(J‘Z) (1+%(¢7’_i_1))m1—m1
For m = (m,0,...,0) and m large enough we obtain

dim Py, o(Z) ~ ¢-m?* 0D = ¢

for some constant ¢ > 0 independent of m.

Harald Upmeier (joint work with Miroslav Englis) Analysis and TYZ expansions for Kepler manifolds



Consider the Hilbert sum

H(S) = 3 Hp,(S)=Pi(2),

mo>0
H}(S) =Pu(Z) = Y Hy, o, o(S) = H*(S)/HY(S)*

regarded as a quotient module. One can show that the orthogonal
projection Py : H%(S) - H?(S) belongs to T(S). Define

Sg=P fP =P TP
Theorem For real-analytic polynomials f,g in z,Z we have
(S, Sgle L%
It follows that n-fold products satisfy

[S1s g )18 5,, Sgu ] € L1
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The compact manifold Sy all tripotents of rank 1 is the boundary of the
strongly pseudoconvex variety

Q=DnZ={2z¢eZ:rank(z) <1,|z|| <1}
which has its only singularity at 0. Let
H?(S1):={¢ e L*(S}) : ¢ holomorphic on 2}

be the associated 'rank 1' Hardy space. Let m: L?(S;) —» H?(S;) denote
the Cauchy-Szego projection. For f € L*(.S;) we have the
Hardy-Toeplitz operator

¢ =m(f9)
acting on ¢ € H?(S1). Let

T(S1) =C"(r5: feC(S51))

denote the Toeplitz C'*-algebra generated by continuous symbol
functions.
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For m >0 put
" (raf2)m

Then the mapping U : H?(S) —» H?(S1), defined by
Up = Am ’p|5’1

for pe HY ;.. o is a unitary isomorphism. For f(z) = (z[u), with
restriction f|s,, we have for p € P,,(Z)

" 1 A
USiUpls, = TU(Pl((Z|U)P)) = A 2 Pr(2fuw)p)ls,

Am 1 Am 1
= Ant (Clu)pls, = T;Tf\slp‘Sr

It follows that
USfU* “Tfls, = Tfls, © A,

where the diagonal operator A on H?(.S;) defined by

Am
Agm = (5 = Dam.
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There is a harmonic extension operator
P:C=(S)—-C>(D)

given by a Poisson integral

_ _ Az, 2) "
7(2) - S[ AsP(2,5)1(5) - Sf ds( NP N L
Theorem For real-analytic polynomials f1,91,..., fn,gn consider the

harmonic extension f;, §; restricted to S;. Then the Dixmier trace is
given by

trw[sflvsgl]"'[sfnv‘sgn]:ConSt"/{flvgl}b"'{fnvgn}b
S1

in terms of the boundary Poisson bracket of 5.
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