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- Mathematical question + trick
- Motivations

- Weak small noise → Lagrangian
→ Hamiltonian

detailed balance vs . without
.

- Large deviation in diffusive systems
- Active particles .

The mathematical question
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IIA) - Rate function flange deviation function
Comment :

* N extensive
,

A - intensive

* Formally IIA) - - fusing flu PCHA)
* IIA) describes flotations much beyond CLT

* If we look close to ave value of Kz we can expand A = ITE
IIA) x 2 (A - Ks)

h
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Taking a scaling for of E - Hrw and then Nsx

brings back the CLT
.



Trick
=

Equilibrium - want to calculate the entropy → to simplify
go to the canonical ensemble
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Look at coin toss problem k
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Honewort - Blackbody - probability of observing N
photons in the system ?

Have introduce generating function which is

related to the number of photons
k IH>



Motivation
-#

0Tphysi
1) Risk management - probability to go bust .

2) Population dynamics - avid- Ig → probability to go extinct ?
3) Climate problems -

a,Mf6ion rates

#
⇒ Fluctuation theorems
-
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probability of violating the 2nd law



3) Fluctuation in macroscopic system
consider a macroscopic system with N deg of freedom
In eg . we can ask → given that the system is connected

to a bath what is the prob .

of observing an energy E .
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Eg .

for fluctuations in E
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TN [Noise )
In fab
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write eq . for e - NE

dd÷ = ( dealt) t [Noise]

→ weak noise

In eg . this small noise leads to
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Can ask → look at system out of equilibrium and ask

probability for some event
.
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→ rabe function
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energy
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Yesterday
- Lange deviation → rate / large deviation function

ICA) = - fusion bn Platt )
or
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coins IIA) = ln2 +Aln A t ( t- A) ln ( l- A)
- Method evaluating LDF → similar to changing ens.

in eg .

- Motivation - macroscopic system IN
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Weak noise
#

N independent harmonic oscillator
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Amplitude of it is MN → define ifltl = raft)
Slt - t '

)=CyHy↳
,

i

Exact solution AP = - 2x I -µkxp - Kp 2 , P )
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→ Hamiltonian
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Since N is large can get leading order behavior in N using
a saddle point approximation
To do : - find most probable trajectory Xlt) ⇒ most probable

history
- plug solution into action ⇒ get the probability

LDF

skits ; o, o) - ngin, Lix
,
Ndt

To minimize Euler - Langrange
- Ze 3*+34×-0

ylnthelargewlimitginenbhataflvobuabionwhiohleadstoxs.cntf occurred ⇒ it is dominated by a single history#
After Gular - Lagrange

ii. = fuk)
-

× ⇒ uphill

Use this to obtain steady - state distribution

0
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O
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In the steady- state Cx, →x)

pix) n e
-NEH"

as before

Note : solution is o except for a period of time ¥
⇒ a short time interval

⇒ instantons %

Interesting → what is the most probable path for relaxing
to the most probable configuration (x so)
ii. held

-
x

Equation is symmetrical
⇒ relaxation is time reversed trajectory

⇒ direct consequence of fact that the system
⇒ equilibrium

Going downhill ⇒ no cost in action

*,

¥¥
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Hamiltonian method
#

in = old + VINH
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Yesterday
weak noise ⇒ PG) re

- NIK)

steady- state distribute
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Path in!:S? e- nisdt
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Shang,
L

↳ → - C - s , o) ⇒ min action ⇒ plug solution in ⇒ cost of

¥× x' = -µk×
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MSR method
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,
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• I = Lg lxeyiukx) = ( I - ol

Recall that
×
.

. via + 1¥ Nt)

• yltl -- lax - old) VIar
up to prefabor I describes the most probable history
of the noise

.

Vstni Y = bio)2J
Hlx

,
I ) = I Vfx ) + jx 2 = - tekxx + yd 2Look at Gs -

§ , .gov#Y-=ykI
I = vlx ) top =

-ykxx2jx
-uk lte-t)

solving for Elt) = # ft e
final
position

Look at downhill trajectory 1=0

HII
. x) -- - gkx I 1- jx 2--0

Since it does not depend explicitly on time HK , I ) is

conserved along a trajectory ⇒ Here ft - O
.

Uphill ⇒ what is the value of HK
,
I)



I = Mkgx , e
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- 21k Ht 't! µgI× , e
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.

HII
,
x) for ↳→ x has to be zero

.

Trajectories that are used to calculate steady- state distribution
have zero H .

Recap : Lagrangian
Hamiltonian
-

× It
,)=Xf

Parke .tt) = fox og e
-Nf"dtxt¥D
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,
I ) = I ( x - x3) + £42
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3
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Ci ) The extrema of the potential (X - - I
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di) Liouville ⇒ area is preserved ⇒ no purely attractive
in unstable fixed point

.

Kii ) If we want to start at a fixed and end at

another point int take an infinite amount of time

to the point .

Civ) we can formally draw a graph between fixed

points & look at transition probabilities between them

(I , x ) = 0
,

- S I

0
,
0 I

0
, S Ill

I
→
I
→

Ill
← ← lo

,
b )( oil) (0.0)

④ Trajectories which cross 1=0 have zero energy

(Vi ) Dynamics with HII
, x ) so minimize the action

& should used for steady- state calculations

I lax3) + If so
I = 21×3- x )



Now have tools to evaluate PK) - e
- N°1"

using Lagrangian
on Hamiltonian structure

.

Single fixed point
I

Inn
. ..
.

To find prob .

to be at x calc egos , of motion with solution

such that x lol -_x* and Xltf ) ex with tf →x
- x O

§ = IKI dt ( Heo )

severaltixedpoi#

yµ e
-

Notts,
weed to to evaluate

His) , Elkins) , EH,)
' "I

Imagine someone gives you OIK,) . . . .

To evaluate the prob ,
of being at X
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const of

going fromfixed point
too x



Iw
Problem ⇒ we don't know § HI)

, §lx±) , 01¥) I *

To do this ⇒ balance fluxed
. Example : flux into and out of

flux IT
.

- NIGH.) + slx± ,#ok. . o )) -WEEK ) as tf- 1¥ ,

e + e
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, e-
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A closed equation for the prob to be
at fixed points

.

*p = - ⇐ Fok> PT - f- 3%[8*0]=0

PIX ) n e
-NEE )

HIX
,
I ] = Irk) t t

-

j = o

¥
-s



Up to now
÷

fan small noise

Yodel
can
be

Id x. = out V2Yf ylt) on

→ gaussian dog
of
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.
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,
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Langvangian form Bray Mckane
Ad Ntfdt ' hi-HAT Sos
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Hamilton
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ttcx.IT = x' UK) + yw d
'

d N§dt' [E. E - itcx.ES]
HEI , = E. Tix) + E. ME



steady- state → minimize action → most probable history
→ plug in action → LDF function

find trajectory Xlt) Lagrangian
Xlt

,
Itt Hamiltonian

steady- state HIX
, I ? = o

Es - a → to

• Because the trajectory takes air infinite amount of time

→ only solution are ones which start at fixed points

of dynamics ⇒ no noise 1--0

A = I C ) ⇒ Heosteady-state
>

0--2+10 = - 2x (ok, p ) + two:(y p) ⇒ pix) re
-NGK )

0=034, + 34.83¥
Recall

µ = dux) t I 8£

it Ix , 39,3=0
x

momenta at
the end ofthe
patch tf

s . de Ci - uxD hi - old) = fdtxyx
T O

y⇒ i



0

OIK) = Idf ' x' x.
- -

Ended : single fixed point ↳
lolMetastable W

0kg) 41¥)

In equilibrium - trajectory uphill time reversed version

of the downhill trajectory
in = - ok) → down

in = Hx) → uphill

Honewort

.
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,
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in =

-flex, tuk la - xD x VIT yzlt)
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Note too v=V2Iglt) ⇒ equilibrium problem
E- o x' = - U' Ix) + V2Iglt)

Evaluate prob to cross brainier e
-
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Per - fog Ove
-* skid

Slav) = SLCX , v , ii. 8) dt
- x
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,
o
,
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to -142 if a- I +why

-100 otherwise
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Par -
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hPa ki - vi. v ) + Potion -rays))
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.
Po) = ( o - U' GDP. - 01¥ + Pig tho

X=o

Boundary conditions

xH=o Vlt) , P. It) , Putt? 0

D= - x

x ( o) - Xs

To select velocity at end have to choose the

velocity that minizes the action

Jos - O = Po
→ hoiomenbum at the

end of the process
is Zero
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H = Iv - 07Pa - ¥1 -117¥. ⇒ a- u
' at to

x. = u - O
'
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For general T ⇒ hard problem
⇒ perturbative solution in small T
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Zeroth order ⇐ o ⇒ eq .

downhill to =
- U

' # It)

uphill I = U' (Elt)

Plug into so
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-

- I
,dt= 's

,
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' It) )) -dt

= 1204%14112 dt
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←
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Harmonic potential → solved exactly ( any o)
Tda)

I -3- limit can do calculation
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Q: how different are prob . dist out of

eq .

Vs in eg .

• Non - local ( potential )

• Even if egs of motion are smooth
→ LDF can be singular
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