Fluctuations and Response

In nonequilibrium

R T e T O S T e e Y T . M



Plan of the course

Introduction

Equilibrium inear response
Path~integra| formalism
Nonequilibrium linear response
Nonlinear response

Coarsegrainecl Picture
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. Resl:)onse: reaction of a sgstem to external stimulus

What is response?

* E:xamPIes:

o External mechanical Force/ Potential to 5 Par’ticle : mobility

D

Electric field to charged Particle . current
Magnetic field to spins : magnetization

Temperature grac]ient : heat/ thermal conciuctivitg

Shear . momentum current
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Sgstems in contact with environment (energg/ Particle exchange)
Fluctuations - response 's not deterministic
Statistical Precliction’?

Various examples:

o Fourier law (Thermal concluctivitg)
o Curie Law (Magnetization)

o Einstein relation (ditfusion)
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Resl:)onse theory: uni?ging formalism
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General questbﬂ

* Sgstem Prel:)arecl in some initial condition (ec]uilibrium/ nonequilibrium)

+ Perturbation added at time t=0, strength € (climensionless)

> Resl:)onse : Change N expectation OF observable @

+ Small Perturbation:

expect linear change (0(1)),—(0)y = € (1) Susceptibility

* Gooal of Linear response theory : predict the susceptibility
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+ Various scenarios:

o Initial condition : Equilibrium/ Nonequiiibrium

+ Perturbation: time»-ciepencient/ constant

+ Relaxation to equilibrium

. Response del:)encls on the Protocol 7 observable/ initial condition




& | inear response around Equilibrium

D

< Sgstom N oquiiiiorium it tomporaturo B

Conﬁguration X (Position, Volocity) collection of dof. )

Energy : Hamiltonian Hy(x)

2
Gib

(Z, :Partition function)

|
bs-Boltzmann distribution pPo(x) = — exp|l—pHy(x)] B=T "kgs

2y

Aciciing a small Potential Porturioation H(x,s) = Hy(x) — eh V(x) for s> 0

Rosl:)onso?
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o Fort<=0: (0)g= ) py®)OW)

Equilibrium Response (Static)

o Time inciel:)enclent Pc—:rturi:)ation switched on at t=0

' H(x) = Hy(x) — €V(x)
o Observable O(t) = O(x,)

o Response after a long time
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o After an initial relaxation Phase 595tem reaches new equilibrium

(assumin normalizable)
£
e_ﬁH(x)

P(X) = —f |

A E‘xpectecl value (0), = Z O(x)p.(x)

> EXPB"‘CI ine: (0), = (0)g+ ep[(VO)y — (V)o(O)o] + O(&%)

Response to

......

E!)(_, ﬁ E<VO> ; <\,> (O>_X Perturbation is related

to correlation in the

unPerturbecJ state

- - — T ——— :
e B L. g




Example |

lsing Model at temperature T

Magnetization M = Z S
H=-J Z S;S; @ i
ij

| 5
Ferturbation

In the paramagnetic Phase (M), =0

Induced total magnetization (M), = ph(M 2>0 Curie Law

Local magnetisation < Sk> = ph Z < Sij> 0
J
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E:xample ]

S o , 1
Particle in a conﬁnmg Potentlal U(x): Hy = Emv2 + U(x)
Perturb with V(x): H= Hy— eV(x)
Change In average position (x), = e[{xV(x))g = (x)o{V(x)),]

Change In average velocitg (V). = e[(vV(x))g— (V)o(V(X))o]l =0
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Equilibrium response (Dgnamic)

How does (O(t)) S Change with time for constant Per’curbation?

Response to time~dependent Perturbation ?

Resl:)onse attime t exl:)ectecl to clel:)encl on the Perturbation Protocol

up totime t
Mag not have static limit ...

Time-evolution of the sgstcm s needed ...




Onsager’s Regression ngothesis

“The relaxation of macroscopic nonequilibrium disturbances is governed by

the same laws as the regression of spontaneous microscopic fluctuations in
an equilibrium system”

L. Onsager, 1931

e Connects nonequiiibrium relaxation with equilii:)rium fluctuations
e Predecessor of fluctuation dissipation theorem

. APPiications: diicicusion,

We will use the more modern formalism. . .aclciing Perturbation att=0
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Fluctuation dissipation theorem

o Consider a (time~depenclent) Perturbation added at time =0

. Response of some observable at time t H(x,s) = Hy(x) — eh,V(x)

4
(0()), — (O)y = 8[ ds h; R(t,s)
*» Response function : Callen & Welton 1951

d |
R(,5) = B-—(V(5)0()), ubo 1957

.

Temporal correlation in equilibrium
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...contd

Relates dissipation when driven (hs) with fluctuations in

equilibrium (rhs)
Origina”g derived for Hamiltonian clgnamics

Much wider validitg

Simpliﬁcation for time»-indel:)enclent Per’turbation

g
(1), = (0% = ef | ds (V900N
0 \)

= ¢f([ V() — V(0)]O()),

— - ———— IR '__-:“—;wr:—.-- e P T T T M ey g, e W e, — — - - = - —~r - e e e - —_— ———— . - e e TR




Can be expressed in other forms:

Stationarg equilibrium — > time-translation invariance:

(V()0(0)y = (V(0)O( — 5))q

Rcsponse function depends on the time-diHference onlg
R(t,s) = R(t — )

5 d
Can be recast as R(t, s) = — ﬁE(V(S)O(t»O

d
R(7) = — ﬁZW(O)O(T))o
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o JO applﬂ to 5Peciﬁc systems ~ clgnamics needed

o llustration with some examples . Stochastic Markov process

o Randomwalk on a1-d Iattice:jump process

o Particle in thermal bath: ditfusion

Stochastic dynamics




. Random walk (continuous time)

Particle on a 1d lattice; Position el ok

P 1P 9
Jump rate |<(><,><+D=P, |<(><J><~D=:q BN LIS N
\ 2 RN | S R

Equilibrium: P=q, NO Potential and all Positions are equa”g likeig

Perturbation at t=0 with linear Potential —eV(x) = — ex

Rates : from detailed balance condition p = ge/
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o Observable : O=x

+ | near response (X,). = (Xp)0 + €6((x, — Xp)x,)

+ Recastinterms of displacement J = x, — x (time-integrated
P 0 S

current)

ep
(J()), = 7<J(f)2>o
/ T:“:xample of Green-Kubo relation

(Notice the 1./2)




. Particle in a heat bath

Dgnamics of a Par‘cicle in contact with a reservoir of temperature s

Force from bath Particles: dissipation and noise

White noise (n,) =0, (nn,) = d(t — 1t

Lange\/in equation

T
= (X) throughout

Dissil:)ation and noise amplitucle become related for equilibriation

(Einstein relation)




:
- Equilibrium distribution peq(x, V) x exp — ff 'U(x) -+ %]

o Perturb at t=0 with linear Po‘cential V(x)=x : constant force

X=—-—Ux)—yx++/2/T n,+ ¢

- Change in average velocitg (v(t)) = (x(t)) (zeroin equilibrium)

to linear order ¢

t d
(), = eﬁJ ds <)y
S

0

- s[5 omn
0
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Special case: free Par’cicle

Langevin equation

A= 03
fi.‘):-—"KM-rJQ:(r "l ;b o

| inear equation: Formal solution

R > -¥(k
NE) = A, 2 ~ S e ) U?T VOK qu

O

< X :> Bt
5% SNV 2 | ¢
o R |t e

o

o(eq L)

White noise

(?(ﬂ> =)
D )Y = S(e-t)
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o Rhs- autocorrelation

Sk g e oy
() = V) e T gdt e C 1‘) QC(}

o

o Take expectation 12 equilibrium

() ’\9(‘:» = (06 ¢ e

T rofT \dT|dt e e (Y@”(_(t’
(eqlm) . /




Finstein relation

1
o Mobilit9 U: Change in velocitg due toforce 1lim (v(f)) = —e = ue

[— 00 }/

* In equilibrium Position ditfuses: at late times (x*(1)) ~ 2Dt

1
* Difusion constant D = lim —(x2(¢))

H Einstein relation
=00 21 |

(x*(D) = J dSJ ds’ (V(s)v(s)) SE uT

0 0 1%

Relates fluctuation D with clissipation y
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O\/erclampecl ditfusion

* Large damping) acceleration negligible

yx =—Ux) ++/2yT n,+ ¢

28 Equihbrium distribution peq(x) x ¢ PV
S Change In average Position

(x(1) — x(0)),. = %([x(t) — x(0)1°),

Same as in the random walk case. ..
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Derivation of FDT

Various Possible ways

We will use generator aPProach

Time evolution of Probabilitg: Master equation & Fokker-Planck

4 (x,1) = Lp(x, 1)
—p(x, 1) = X.
dtp P

Forward generator L™ (matrix/ ditferential oPerator)

E‘xaml:)le: overclampecl diHusion in 1d X = —uU'(x) +4/2uT n,

d 1.
Ltp = ’Md_[U,(x)p] + uT P Moblllty u=1ly
X




Formal solution p(x, 1) = eLTtp(x,()) (assumingtime~independent}

Observable (0(1)) = de O(x) p(x, 1) = de O(x)elp(x,0)

s de p(x,0) (e"0(x))

= ("0(x))

Average over
initial p(x,0)

| 1s acljoint of the Fokker-Planck oPerator: Backward generator

dO d*0
Overclampecl dittusion LO = — wU'(x)— + ul'——
dx dx?
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Perturbation U(x) — U(x) — eh V(x) ::> L=L,+ehlL,

dO
Example: O\/erclam[:)ed diHusion LO = //tV’(x)d—
X

Switchecl on at t=0: observable evolution

u
(Oec')> = <Qxb[Lo{: _\_ig' As L\'S Lii\ OQ‘)> [ Average over initial

distribution Po(X)]

ExPand N € (Dyson expansion)

t
Lo -S
[0@-3>£ = (O(€§>° + ﬁgo\s e Jd‘l ¢ () es L, el.-o . .)O(x)
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e Initial state: stationarg

ec]uilibrium

o Change in the observa

=
X = gds

| inear response

L =0 > e"py) = pow)

bl
ble
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Lo(t-5)
hs gdx Cola) Bl 2 0(x)

t
& go\.s s gdx (L.+ L, (’L)} L O(x)
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- Equilibrium Po(X) i

- Overclaml:)ecl ditfusion

ud (dV

Lipyo) = - == (Ee-ﬁ“”) = — fpyx) LyV(x)

[ [

d
ds h(L,V(s)O(1)), = J ds hSEU/(S)O(f))o

" Response y(t) = — J
0

0

d d
(LoV()O(0))g = (LoV(DO(5))¢ = E(V(t)O(S»O = E(‘/(S)O(f))o

Time-reversal invariance
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Thermoclgnamic interpretation

o L ook back at Kubo formula

t d
(0®), — (0, = J ds b, (V)00
0 S

o Partial integration :

(0(),—(O)y=¢€ < [V(xt)ht — V(xg)hy — [ ds hSV(xS)] O(t)>

0

Change Work done

CAIOﬂg 2 trajec’torg) in energy bﬂ the Perturbation




—

. E:ntropg generatecl alonga trajectory

V(x)h, — V(xy)hy

[
= J ds h.V(x,)
0

s | Inear response: Correlation of observable with entropg

generateci l:)g the Perturi

. Thermoclgnamic

hation - measured in equilibrium




s b

librium | | bserval
< E:c uiibrium linear response or state observa

thermoclgnamlc

< Non~thermod3namic asl:)ects are irrelevant

o Becomes crucial when moving faegoncl

o nonequilif:)rium

e nonlinear

e General Path observables
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