


RECAT

* Dynamical ensembles

* Action: decomposition according to time-reversal symmetry
* Entropy S and frenesy D

e Explicit form for S and D for jump processes

e Random walk

* Response ?




RESTONSE

e Consider a system in nonequilibrium (steady or transient)

* Add perturbation at t=0: Could be change in existing drive/addition of
new drive

» For notational simplicity € = € + de
» Linear change in observable (O(w)),. . — (O(®w)), = y de

d
» Response = —(0(w))
de ;

So far we have dealt
with O(x.) only




LINEAR RESPONSE
* Trajectory weight P (w) = e_Ae(w)PO(a))

Reference process

» Expected value of observable FEsnenFEpt SN

(0(@)), = Y P@)O(@) =Y e MP(@)0(w)

)

* Differential response

d

s E<O>

e Z dAg(a))e_ ADP ()0(w)
de

€ 0,

Expea&a&om over

— — < Aé(a)) () (60) > > unperturbed process




* Nonequilibrium linear response

1
5<Sé(60)0(60)>g — (D(0)0()),

Entropic component Frenetic component

ds (o) dD (o)

o 5, = and D, = are the excess entropy and
de de

frenesy generated due to the perturbation

* Fluctuation-dissipation theorem in nonequilibrium




* Take O=1 d 1
d_<0> =0 > —(S(w)) = (D))
5 2

Irrespective of the system details

* Linear response formula can be recast as

1

= {5U@); 0(@), = (Dy(w); O(w)),

Covariance <A;B>= <AB>-<A><B>




DISCUSSIONS

* Observable correlations, easily measurable in experiments and
simulations

* Physical meaning in terms of excess entropy and frenesy
e Crucial for out of equilibrium situations

* Prescription for finding S and D

* No restriction on initial distribution

* Does not work if perturbation changes the trajectory space




BACK TO KUBO ~ORMULA

* Unperturbed state is equilibrium

» Take observable Y(w) = O(x,) — O(xy) (time anti-symmetric)

d(Y)
de

1 0
. Susceptibility y = = —(S) Y(w))y — (DY (w))
- L5 Yo - By

+

Equilibrium is time-reversal invariant,
average of anti-symmeftric observable is zero

N ‘\i_ [ % S: 0 Q@} 2! (S{, O(Xo)>°1




e Second term <30’0@<°)>0 = 7 30' (w) o(x,,) Pe_q(.“))
= 2 So, (“3) OCK \:) P{q(w)
Nt e ( So/ O (’(b)>o

d(O(x,))

2 5mE : = (5,0(x,))g

. Combining

* Only entropy, Kubo formula!




GREEN-KUBG RELATIONS
* Prediction of transport coefficient near equilibrium

. Green-Kubo relation : (j),. = EJ ds (j(0)j(s))
0

* (j) conjugate flux (current/time) generated by
the thermodynamic force ¢

[
. Time integrated current J(7) = [ ds j(s), anti-symmetric

0
under time-reversal

 Entropy flux generated S, = pJ




et ol 2
3 20 e
. Current <J(t)>g = _<J (t)>() = C gds S&S/ <3(§)3C$’)>
2 G s
L g
=20 gds S ds’ S 3(3’)>
o E o
(Time-translation invariance) = %{5 S\ A< S‘s A ¢/ (iCo) a(g')>o
e Derivative wrt ¢ : :
[
( ](f)>8 X 5,6[ ds {j(0)j( S)>O [Limit t — oo : convention.al form
0 of Green-Kubo relations




OTHER ORSERVARLES

Time-symmetric observables 60 = O

d(0)

3 = — (Dy(w)O(w)),
)

. Susceptibility

Frenesy Is important then even in equilibrium

Example: momentum current generated by shear, total number of
jumps (cf random walk) etc




EXAMPLE I- RANDOM WALK
* Random walk on a periodic 1d lattice,
» Bias : driving field &, jump rates p(¢), g(¢)

* Local detailed balance : work done by the drive over one jump
W = peAx : released as entropy in the reservoir

- Condition p/qg = e”¢, does not specify the rates completely

o Parametrize p(e) = w(e)e’?, g(e) = w(e)e P¢*

» Trajectory: sequence of left/right jumps - Ny, N;




* Entropy flux
( ’xl-l-l) P

S = lo = (N, — N;)log— = fe J
(a)) 2 Y k(xl+19'xl) ( & L) ; q ﬁ
* Frenesy
1 [
D(w) = — 5 Z log k(x;, x; 1 )k(x;, 1, X;) + j ds [A(x,) — Ay(x,)]
; 0

|

* Observable J = Np — N; (integrated current upto time 1),

N = Np + N; (total number of jumps upto time t;
time-symmetric current)




» Of course, (J),. = (p — g)t

» Differential response of current is (p'— g')t

* Use response formula:

d{J) _ﬁ . l d .
dg _2<J9J>8+2d810g(pQ) <N9J>8
LEE o SR

» Np,N; are independent Poisson processes with mean pft, gt :
correlations can be explicitly calculated




* Physical meaning of different terms...

* Around equilibrium: second term vanishes, purely entropic
d(J) ﬁ

de ; 4
*» Both ferms contribute in general

(J;J)o  Green-Kubo

(Always positive)

» Differential response can even be negative if

“Getting more from

y'(€) is enough negative: crucial role pushing less”

of symmetric pre-factor y(¢) !

QY
* Many examples: Barma & Dhar 19847 / \

Zia 2002 N

Baerts et al 2013 \




TRAFFIC

» Time-symmetric current / traffic N = N, + N,

» Of course, (N) = (p + g)t

* Response: d{(N p L d
P sihs o —(J N), +———log(pg) (N;N),
de 2 de

:ﬁUN) +ll/f’()

(V;N),

2 y(e)

e Around equilibrium (¢ = 0): first (entropic) term vanishes — response
is purely frenetic




EXAMPLE II - BOUNDARY DRIVEN SE?

« Symmetric exclusion process on a 1D lattice: 5, =0,1;1 = 1,2,...L
* Symmetric hopping at the bulk 10 <—> 01 with rate 1

* Attached to particle reservoirs at the boundaries,
different chemical potentials y;, up

* Particles enter and exit at the boundaries

» Perturbation: bias € across one bond; rcn‘es{p,q plq = e’
. ' g - ¢
g — eﬁ/’tL \t 2 2 2 2 a 2 s , Z — eﬂﬂR
0

&
p [P &é/ ™S




* Example of perturbing with a different drive
 Configuration x := {s;;1=1,2,...L}
* Escape rate:
A= Z [e (L st ) (e s illslps Cle="sml= g (== - sebo( [ =avi) o Dspsa/(C] —asifE o5

£k
driven bond: (k—k+1)

 p=q=1: still Nonequilibrium (boundary drive) for a/f # y/o

» Observable: current across the central bond /= N_ — N_

nonzero even for € = ()




» Response around ¢ = ()

* Only p,q dependent terms are relevant

Entopy flux
Se) = (N4 -Ne) 203 % = ZfJ + ¢ independent terms
@)= -3 Ny +Ne) log £ + Ptw vqa%y | +&independent terms

* 19, Ip; ¢ total time (in t) during which local configuration is 10(01) at
the k-bond (symmetric under time-reversal)

* Frenesy




* Conductivity: change in current due to added drive

d(J 1 d
D1 2Ly, 4 5 108(0) (V:d), ~ 1 D, — i I,
£ 2 de

E

* More complicated form: effect of interaction

e Modified Green-Kubo even for € = 0: frenetic contribution

* Different perturbation: change in chemical potential of one of the
reservoirs — form changes




» Change in boundary drive: y; = pu; + du;

* Different terms become relevant: involving jumps at the left boundary

., Entropy S(w) = N;~ log% + N IOgé
a

» Net influx at the left boundary J" = N;” — N}

04

5 =J Il;nﬁﬂL

+u; independent terms

e JI’;” log

1
. Frenesy D(w) = — E(N; + N; )log afp + aty + pt, +u; independent terms

* Iy, 1, time during which s; = 0,1 respectively




» Response of k-bond current (still)

d(J) 5 kid

(S A === =0 Ny J), . — (@ = )ty ), .

d//tL 2< >Iu, b d//tL g(aﬂ) < L >//t, (a ﬂ)< 0 >Iu,
H,E

* Kubo-term is a correlation of different currents - perturbation and
observable are not conjugate

» Frenetic term depends explicitly on how a, / depend on the chemical
potential




SUMMARY

* General prescription for Nonequilibrium linear response
* Reduction to equilibrium limit

* Explicit examples: random walk, boundary driven SEP

* Time-symmetric (kinematical) aspects become crucial




