
Non-linear response



Going beyond linear response
❖ Perturbation strength larger

❖ Around equilibrium and nonequilibrium

❖ Response beyond regime of Kubo formula (or Nonequilibrium equivalent)

❖ General structure?

❖ Use dynamical ensembles



Extend the linear response 

❖ Observable 

❖ Second order susceptibility  

                                             

❖ Express   in terms of correlations in the unperturbed state ?

❖ Particularly relevant around equilibrium 

⟨O(t)⟩ε − ⟨O(t)⟩0 = εχ1 + ε2χ2 + 𝒪(ε3)

χ2 =
1
2

d2

dε2
⟨O(t)⟩ε

ε=0

χ2



Static, equilibrium
❖ System in equilibrium, energy , inverse temperature 

❖ Perturbation at  with additional potential 

❖
After initial relaxation, new equilibrium with 

❖
Expectation 

❖ Expand in 

H0(x) β

t = 0 H(x) = H0(x) − εV(x)

ρε(x) =
e−βH(x)

∫ dx e−βH(x)

⟨O⟩ε = ∑
x

O(x)ρε(x)

ε

χ2 =
β
2

[⟨V2O⟩0 − ⟨V2⟩0⟨O⟩0 + 2⟨V2⟩0⟨O⟩0 − 2⟨VO⟩0⟨V⟩0]



Dynamical response 
❖ Use dynamical ensembles

❖ Expected value of observable 
 
        

❖ Second order response: second derivative wrt   
 

⟨O(ω)⟩ε = ∑
ω

Pε(ω)O(ω) = ∑
ω

e−Aε(ω)P0(ω)O(ω)

ε



❖ Decompose in terms of  and 

❖ Assume : entropy generated is linear in perturbation strength

❖ True in most physical scenarios (as seen in examples) 
— defines order of perturbation : eg, linear change in Hamiltonian

❖ General nonequilibrium second order response:

❖ Around equilibrium?

S D

S′ ′ ε = 0

A = D −
1
2

S

d2

dε2
⟨O(ω)⟩ = − ⟨D′ ′ O⟩ε + ⟨(D′ )2O⟩ε +

1
4

⟨(S′ )2O⟩ε − ⟨S′ D′ O⟩ε



Second order response around equilibrium
❖ Unperturbed state is equilibrium

❖ Response of state observable 

❖ Take : anti-symmetric under time reversal 

⟨O(xt)⟩

Y(ω) = O(xt) − O(x0)

d2

dε2
⟨Y⟩

0
= − ⟨D′ ′ Y⟩0 + ⟨(D′ )2Y⟩0 +

1
4

⟨(S′ )2Y⟩0 − ⟨S′ D′ Y⟩0

= − ⟨S′ D′ [O(xt) − O(x0)]⟩0

d2

dε2
⟨O(xt)⟩

0
= − 2⟨S′ D′ O(xt)⟩0 χ2 = − ⟨S′ D′ O(xt)⟩0



❖ Nonlinear fluctuation dissipation relation around equilibrium:

❖ Only linear excesses appear

❖ Observable: current (anti-symmetric) 

❖ Nonlinear extension of Green-Kubo relation

⟨O(xt)⟩ε = ⟨O(xt)⟩0 + ε⟨S′ O(xt)⟩0 − ε2⟨S′ D′ O(xt)⟩0

⟨J⟩ε =
ε
2

⟨S′ J⟩0 −
ε2

2
⟨S′ D′ J⟩0



❖ Kinetic details (friction, coupling, dwelling times) enter explicitly even 
around  equilibrium 

❖ There is no “the” second order response, depends on the kinetic aspects

❖ Two perturbations which are thermodynamically same can give rise to 
different second order response 

❖ Examples?



Boundary driven SEP
• Symmetric exclusion process on a 1D lattice: 


• Symmetric hopping at the bulk 10 <—> 01 with rate 1


• Particles enter and exit at the boundaries: reservoirs with same 
chemical potential 


• Perturbation: increase chemical potential of the left reservoir  

si = 0,1; i = 1,2,…L

μL = μR

α
κ

= eβμL
γ
δ

= eβμR

μL = μREquilibrium



❖ Change in boundary drive:  at the left reservoir 

❖ Only terms involving jumps at the left boundary

❖ Entropy 

❖ Net influx at the left boundary 

❖
Excess entropy  

μL → μL + dμL

S(ω) = N→
L log

α
κ

+ N←
L log

κ
α

= Jin
L log

α
κ

= Jin
L βμL

Jin
L = N→

L − N←
L

dS(ω)
dμL μL=μR

= βJin
L

 independent terms +μL



❖ Frenesy 

❖  time during which  respectively 

❖ Excess depends on the specific dependence  of  on chemical potential

❖ Examples:  
I.  (ie, )

❖ II. 

D(ω) = −
1
2

(N→
L + N←

L )log ακ + αt0 + κt1

t0, t1 s1 = 0,1

α, β

α = eβμL/2, κ = e−βμL/2 ακ = 1

α = eβμL, κ = 1

 independent terms +μL

D′ (ω) =
β
2

(αt0 − κt1)
μL=μR

D′ (ω) = −
β
2

N + βαt0
μL=μR



❖ Perturbations are thermodynamically identical: same change in 
chemical potential

❖ Differ in kinetic details: specific coupling to the reservoir 

❖ Excess entropy same : linear response is identical 

❖ Second order response of observables (density, current,…) are very  
different



Extrapolation
❖ Second order response depends only on linear excesses of entropy and 

frenesy  
                                          

❖ Possibility of extrapolation: if we can measure the linear excesses with a small 
perturbation, second order response can be predicted

❖ Requires knowledge of all possible paths - not feasible in general 

❖ Useful in a coarse-grainined picture where only a few (macroscopic) dof 

❖ Eg - experiments where only some observables are accessible… 

χ2 = − ⟨S′ D′ O(xt)⟩0



❖ Coarse grained ‘macro’ states X in a complex system 

❖ X=0,1,2...n-1 depending on the microscopic configuration

❖ Examples: n=2
• Particle in a double well potential

• Classical Ising model 
•

magnetization

Extrapolation



Paths in the macro-space
❖ Path [ij;t] connecting states X=i (t=0) and X=j (time t)

❖
Probability 

❖ Action 

❖ Decompose 

❖ Entropy and frenesy in coarse-grained path space 

Pij(t) = ∫ij
dω p(ω)

𝒜ij = 𝒟ij −
1
2

𝒮ij

2

detailed balance and time reversal symmetry.

We aim to compute the response of the system to a
perturbation, whose strength is quantified by the dimen-
sionless parameter ". The perturbation can for example
be a force, an external field, or a change in the transition
rates of a jump process. We restrict here to perturbations
which are switched on at time t = 0, but are otherwise
time independent. We build on path integrals, in terms
of which response theory has been worked out for the mi-
crosystem [22, 24, 25]: The probability weight p(!) of a
microscopic path ! in the perturbed process di↵ers from
its equilibrium weight peq(!). This is captured by the ac-
tion a(!), i.e., p(!) = e�a(!)peq(!). a, which vanishes
for " = 0, is expanded in powers of ",

a= "

✓
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2
"2d00 + O("3), (1)

where the primes denote derivatives w.r.t. ". In the spirit
of Refs. [11, 22, 24], a= d� 1

2s is split into a part sym-
metric under time reversal, d, and an antisymmetric part
s. We take the perturbation to be such that s is linear
in ", so that s00 and higher derivatives vanish, which is a
generic and useful case [1, 11, 34]. This may also be in-
terpreted as a definition of the order of perturbation: " is
the quantity, in which s is linear. For a perturbation via
potential forces this means that the perturbation Hamil-
tonian is linear in ".

The response of an observable, up to second order,
can then be expressed in terms of equilibrium correlation
functions involving combinations of s0 and d

0 [11, 22, 24]
(we will refer to the corresponding response formula when
introducing Eq. (6) below).

On the coarse grained level the probability Pij of the
macro-path which connects X = i at t = 0 and X = j at
time t [35], follows from integration over microstates, and
the corresponding macro-action Aij is (in the following,
we omit the time arguments for brevity, keeping in mind
that, e.g., Aij = Aij(t))

Aij ⌘ � log
Pij

P eq
ij

= log

"
1

P eq
ij

Z

ij
d! peq(!)e
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#
. (2)

Here,
R
ij denotes integration over only those micro paths

! which connect the macrostates i (at t = 0) and j (at
time t). Using the definition,

R
ij d!peq(!) = P eq

ij , the

right hand side of Eq. (2) may be expanded in a series
of ", to obtain the macroscopic analog of Eq. (1). For
" = 0, the argument of the log is unity, and we use its
expansion around that value to obtain, with the notation
A= D� 1
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The first derivatives, S0 and D
0, are thus given in terms

of the microscopic counterparts, while notably, the coarse
graining in general generates a finite S00 in the last line of
Eq. (3), although the microscopic counterpart s00 is zero.
The expected value of a macro-observable O(X) at

time t under the perturbation is given by the average
over the macroscopic paths. Expanding A in powers of
", we obtain, up to second order in ",

hO(Xt)i =
X

ij

PijO(j) = hO(X)ieq + "
X

ij

S
0
ijP

eq
ij O(j)

� "2
X
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ijD

0
ijP

eq
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S
00
ijP

eq
ij O(j).

(4)

Here h· · · i and h· · · ieq denote averages over the perturbed
and equilibrium processes, respectively. Other terms in
this expansion disappear because of time reversal sym-
metry of the equilibrium process, manifest here in the
symmetry of the matrix P eq

ij . The last term in Eq. (4)
is not present in the microscopic version [24], and it ap-
pears here because of the non-vanishing S

00 in Eq. (3).
The extrapolation scheme proposed below is applicable
if the last term in Eq. (4) vanishes. In particular, it
is instructive to consider perturbations which couple to
the coarse grained variable X. One example is a per-
turbation potential "V (X), i.e., a perturbation poten-
tial which is sensitive to the macrostates. In that case,
s
0(!) = �[V (X0)� V (Xt)] [11], with inverse thermal en-
ergy � = (kBT )�1. It is thus equal for all the micropaths
connecting macro states i and j. Consequently, the term
in the last line of Eq. (3) simplifies to
Z
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It immediately follows that S00 = 0 in Eq. (3), and there-
fore, Eq. (4) simplifies to a form

hO(Xt)i = hO(X)ieq + "
X

ij

S
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ijP

eq
ij O(j)
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X

ij

S
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0
ijP
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ij O(j). (6)

Equation (6), an intermediate result, is the response for-
mula for the coarse grained phase space X. It is remi-
niscent of the microscopic version [24], however here we

Microscopic Peq
ij (t) = Peq

ji (t)

Equilibrium: time-reversible

Ref: Phys. Rev. Lett 120,180604 (2018) 



❖ Observable in coarse grained space 

❖ Second order response formula for coarse-grained observable

❖ Excesses 

O(Xt)
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0, are thus given in terms

of the microscopic counterparts, while notably, the coarse
graining in general generates a finite S00 in the last line of
Eq. (3), although the microscopic counterpart s00 is zero.
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time t under the perturbation is given by the average
over the macroscopic paths. Expanding A in powers of
", we obtain, up to second order in ",

hO(Xt)i =
X

ij

PijO(j) = hO(X)ieq + "
X

ij

S
0
ijP

eq
ij O(j)

� "2
X

ij

S
0
ijD

0
ijP

eq
ij O(j) +

"2

2

X

ij

S
00
ijP

eq
ij O(j).

(4)

Here h· · · i and h· · · ieq denote averages over the perturbed
and equilibrium processes, respectively. Other terms in
this expansion disappear because of time reversal sym-
metry of the equilibrium process, manifest here in the
symmetry of the matrix P eq

ij . The last term in Eq. (4)
is not present in the microscopic version [24], and it ap-
pears here because of the non-vanishing S

00 in Eq. (3).
The extrapolation scheme proposed below is applicable
if the last term in Eq. (4) vanishes. In particular, it
is instructive to consider perturbations which couple to
the coarse grained variable X. One example is a per-
turbation potential "V (X), i.e., a perturbation poten-
tial which is sensitive to the macrostates. In that case,
s
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Equation (6), an intermediate result, is the response for-
mula for the coarse grained phase space X. It is remi-
niscent of the microscopic version [24], however here we
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where the primes denote derivatives w.r.t. ". In the spirit
of Refs. [11, 22, 24], a= d� 1

2s is split into a part sym-
metric under time reversal, d, and an antisymmetric part
s. We take the perturbation to be such that s is linear
in ", so that s00 and higher derivatives vanish, which is a
generic and useful case [1, 11, 34]. This may also be in-
terpreted as a definition of the order of perturbation: " is
the quantity, in which s is linear. For a perturbation via
potential forces this means that the perturbation Hamil-
tonian is linear in ".

The response of an observable, up to second order,
can then be expressed in terms of equilibrium correlation
functions involving combinations of s0 and d

0 [11, 22, 24]
(we will refer to the corresponding response formula when
introducing Eq. (6) below).

On the coarse grained level the probability Pij of the
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time t [35], follows from integration over microstates, and
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Here h· · · i and h· · · ieq denote averages over the perturbed
and equilibrium processes, respectively. Other terms in
this expansion disappear because of time reversal sym-
metry of the equilibrium process, manifest here in the
symmetry of the matrix P eq

ij . The last term in Eq. (4)
is not present in the microscopic version [24], and it ap-
pears here because of the non-vanishing S

00 in Eq. (3).
The extrapolation scheme proposed below is applicable
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turbation potential "V (X), i.e., a perturbation poten-
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Equation (6), an intermediate result, is the response for-
mula for the coarse grained phase space X. It is remi-
niscent of the microscopic version [24], however here we

Non-zero in general

𝒮ij = − 𝒮ji

𝒟ij = 𝒟ji



❖ Consider perturbations acting on the coarse-grained variable X only

❖ Example: potential  

❖ Microscopic entropy same for all macro-paths 

❖ Response formula reduces to: 

❖ For n=2 and O=X

V(X)
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The first derivatives, S0 and D
0, are thus given in terms

of the microscopic counterparts, while notably, the coarse
graining in general generates a finite S00 in the last line of
Eq. (3), although the microscopic counterpart s00 is zero.
The expected value of a macro-observable O(X) at

time t under the perturbation is given by the average
over the macroscopic paths. Expanding A in powers of
", we obtain, up to second order in ",
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Here h· · · i and h· · · ieq denote averages over the perturbed
and equilibrium processes, respectively. Other terms in
this expansion disappear because of time reversal sym-
metry of the equilibrium process, manifest here in the
symmetry of the matrix P eq

ij . The last term in Eq. (4)
is not present in the microscopic version [24], and it ap-
pears here because of the non-vanishing S

00 in Eq. (3).
The extrapolation scheme proposed below is applicable
if the last term in Eq. (4) vanishes. In particular, it
is instructive to consider perturbations which couple to
the coarse grained variable X. One example is a per-
turbation potential "V (X), i.e., a perturbation poten-
tial which is sensitive to the macrostates. In that case,
s
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It immediately follows that S00 = 0 in Eq. (3), and there-
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Equation (6), an intermediate result, is the response for-
mula for the coarse grained phase space X. It is remi-
niscent of the microscopic version [24], however here we
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Extrapolation scheme
❖ Measure macroscopic  and   from near equilirium (linear regime) 

experiments 
 
 
  

❖ Use these to predict far away from equilibrium (second order) reponse 

❖  No detail about system required!  
• Price: an extra nonequilibrium experiment 

S′ D′ 

Assumption: perturbation in X



Example I: 4-state jump process 

❖ Perturbation: change in rate B—> C 
    (coupled to X)

❖ Analytically solvable

❖ Response calculated directly and using  
equilibrium prediction: identical 

Observable

Does not rely on fast equilibration of  
integrated degrees!



Example II: 2d Ising model
❖ Near-critical Ising model

❖ Perturbation: change in magnetic field

❖
Coarse-grained observable 

❖ Perturbation not in X-space 

X = Θ(∑
i

si)
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FIG. 2. Top: Sketch of the macrostates of the order parameter
m for di↵erent n. Bottom: (a) S

0
01 and D

0
01 (exemplarily

shown for n = 2), measured at " = 0.0005 along with P
eq
01

as a function of time t (in Monte-Carlo steps). (b) Second
order response: Open symbols show �

rf
2 , found using Eq. (8b),

for the di↵erent values of n. The curve denoted ‘per’ uses
the conventional way [see Eq. (7b)] of determining response
functions for " = 0.003. Horizontal dashed line gives the limit
�
st
2 = �2(t ! 1) [36]. Inset shows �2 � �

st
2 (logarithmic

scale). All curves are obtained from averaging more than 108

trajectories.

is asymmetric due to the presence of a magnetic field h
(included to allow for a finite �2). " gives the strength of
perturbation which acts on N N spins, and the unit-
step function ⇥(t) = 0 if t < 0 and ⇥(t) = 1 otherwise.
With kB = 1, h and temperature T are dimensionless.
For h = 0, the 2d Ising model shows a paramagnet-
ferromagnet-transition at temperature Tc ' 2.269 [39].
Our finite system with a lattice of size N = 16 ⇥ 16
and T = 2.45 shows ferromagnetic order, however ran-
domly flipping collectively the sign of the magnetization
m = 1

N

PN
i=1 si, on a slow time scale.

For the macrovariable X =
P

N

i=1 si, corresponding to
n = N+ 1 macrostates, the perturbation in Eq. (11) is
of the form V (X) (namely V (X) = X). An extreme
limit is a local perturbation (N= 1), where only a single
tagged spin is perturbed. Here, the interpolation scheme
is applied by only tracking (measuring) the dynamics of
that tagged spin (n = 2), while the configuration of the
surrounding spins need not be known [40].

More challenging, we consider a global perturbation
(N= N), aiming at the sign of the magnetization as cho-
sen observable of interest, specifically O = ⇥(m). With
h = 0.005, hOieq ' 0.613 in the equilibrium state. Does
one need N + 1 = 257 macrostates in this case? Practi-
cally, a much smaller number turns out to be su�cient.
We use n = 2, 4 and 6 (see sketch in Fig. 2), ruling out
odd values for symmetry.

In our simulations, we measure S0 and D
0 with a small

value of " = 0.0005 using Eq. (9) [41]. This yields the

curves in Fig. 2(a) (for ease of presentation, we only show
the case n = 2). The predicted second order response,
�rf
2 (t), is then given by Eq. (8b), i.e., summing over the

matrix elements of S0, D0 and P eq. For n = 2, this sum in
given in Eq. (10b), and contains only one term: It is the
product of the functions in Fig. 2(a). For larger n, more
terms are summed. This yields the curves in Fig. 2(b).
We also measured the second order response using the
conventional way (see Eq. (7b)), for which we have used
a larger value of " = 0.003; see the (blue) curve denoted
‘per’ in Fig. 2(b). The very good agreement in Fig. 2(b)
confirms the main claim of the paper: We used simula-
tions at " = 0 and " = 0.0005, and obtained the nontrivial
extrapolation to a larger perturbation " = 0.003. As a
practical aspect, the conventional way of determining �2

(using Eq. (7b)) needs about ten times the amount of
computational e↵ort to obtain curves with similar statis-
tics. The curves for di↵erent n can only be distinguished
in a logarithmic presentation (Fig. 2(b) inset), where the
long time limit, found in a static measurement [36], is
indeed aproached better and better for increasing n. We
note that for other systems, the convergence with n may
be slower.
The scheme amounts to measuring transitions rates be-

tween the di↵erent values of X which are, in suitable sys-
tems, obtained much more easily compared to the measu-
ments needed for microscopic response theory. Once ex-
perimental trajectories are obtained, the transition rates
can be evaluated for di↵erent n, so that, larger ns do not
necessarily require more experimental measuring time.

Recapitulating, V = V (X) is a su�cient condition for
accuracy of the proposed scheme. It means that unper-
turbed degrees of freedom can be coarse grained straight-
forwardly. In our examples, these are the unperturbed
links or spins, but, in general, these can also include spa-
tial or momentum degrees of freedom. Practically, we
noted that the condition V = V (X) is not necessary, so
that much coarser descriptions as implied by this condi-
tion can su�ce. By testing convergence with n, the accu-
racy of the method can be controlled. Because naturally,
the obtained resolution for the observable is limited by
the number of macrostates, this approach is especially
useful if the behavior of a low dimensional observable is
sought, such as the order parameter of a (phase) transi-
tion.

The presented coarse graining and extrapolation
scheme constitute a conceptually new approach to nonlin-
ear response theory. Because micro-degrees do not have
to be monitored, it has a large range of applicability in
complex systems. While circumventing the experimen-
tal need of applying strong perturbations, the scheme
can also be more e�cient regarding computation time
compared to the traditional way of obtaining response
functions, which is of additional advantage for slow sys-
tems. We note that at any order of perturbation, the
response formula contains the change of D in at most

• Excess entropy and dynamical activity  
determined at 

• Compared to direct measurement at 
• No system details needed

ε = 0.0005
ε = 0.003

H = − ∑
ij

sjsj − (h + ε)∑
i

si

Perturbation is not in X, still works quite well…fast convergence
T=2.45



❖ Prediction of second order response of coarse-grained observable

❖ Two sets of experiment needed: equilibrium and close-to-equilibrium

❖ No knowledge about dynamics needed 

❖ Easily applicable for complex systems

❖ Example: Colloid moving in viscoelastic medium



Overview
❖ Linear response theory around equilibrium

❖ Response in nonequilibrium : dynamical ensembles

❖ Entropic and frenetic components 

❖ Nonlinear response

❖ Untouched questions

❖ Thermal response - same formalism, but some additional nuances

❖ Nonequilibrium baths 

❖ Time-dependent rates 


