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Brownian motion

« Brownian motion is the random motion of large particles suspended in a large bath.
d?x dx : .
m——o=-my—_—+ f(t) — Langevin equation

* Fluctuation dissipation theorem relates the two force components.

KnT . .
D = == — Einstein’s relation

my
(Ax?) = 2Dt
a2y = 2Tt
my

How does the Brownian particle diffuse in quantum regime?
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Linear response theory

H = Hy+ HF(t) where, HF (t) = —Af(t) is the perturbation.

p is equilibrium density matrix.
p’ is non equilibrium density matrix.

d _1 '(—) = p is the initial condition.
= '(t) = h[H,O(t)] p(_ )=p|s e initial condition
f(=o) =0.
(AB(t)) = (B(t))ne — (B(E))eq
=Tr p'(t)B—Tr pB = TrAp(t)B———Trf dt'[A, p]B(t =t f(t")

j dt'R(t — t")f(t)

R(t—t") = —% Tr [A,p]B(t—t') = % Tr p[A,B(t —t')] = % ([4,B(t — t")])

Rt—-tH)=0t<t
1
R(t—t") = T ([A,B(t —tH])e(t — t")

Ryogo Kubo, J. Phys. Soc. Jpn. 12, pp. 570-586 (1957).
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Fluctuation dissipation theorem
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A general relationship between the response of a given system to an external disturbance and the
internal fluctuation of the system in the absence of the disturbance is fluctuation dissipation theorem.

R(E) = = (14, BODO()

1
C(t) =5 {ABOY

oo

ﬁ(w):j dt e'tR(t)
0

C(w) = joodt ei9EC ()



ﬁ((l)) — j dt elth(t) C~(CL)) == j dt el(j)tC(t) Raman Research Institute
0 —00

1 (° . 1(® .
=£j dt e'“t Tr p[A, B(t)] :Ej dt e'“t Tr p{A, B(t)}
0 —00
11 0 : .
lhzzze ,BEn(l eﬁhwnm)j dt el®te ltwnmAntmn Efzze_ﬁ]sn(l + eﬁhwnm)f dt elwte—ltwnmAntmn
n o m -
1
== Zz Z e~BEn (1 — eBM) 18(w — Wym) A By =2 ) eFE(1 + eFM) 18(0 — ) Anm B
n m

—tanh
an >

C(w) h@Q+ePro)y n

m (R(w)) _ 1(1-efre) 1 <ﬁhw)

C(v) = A coth(mBhv)Im R(v)

R. Balescu, Equilibrium and Non-Equilibrium Statistical Mechanics (John Wiley & Sons, 1975) pp 663-669.
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Fluctuation dissipation theorem
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A general relationship between the response of a given system to an external disturbance and the
internal fluctuation of the system in the absence of the disturbance is fluctuation dissipation theorem.

C(v) = Acoth(nBhv)Im R(v)

C(t) = % joodt’ R(t") lcoth (t’t; t) + coth (t’t:,_l t)]
0

ph .
tin = 0 Is thermal time

Mean square displacement
(Ax?) = {[x() — x(0)]%) = (x(£)?) + (x(0)?) — ({x(£),x(0)}) = 2C(0) —2C(¢)

I t' t'—t t'+t
(Ax?) = —j dt' R(t) [2 coth <—> — coth< ) — coth( )]
B Jo Len Len Len

Supurna Sinha and Rafael D. Sorkin, Phys. Rev. B. 45, 8123 (1992).
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Step function R(t)

Supurna Sinha and Rafael D. Sorkin, Phys. Rev. B. 45, 8123 (1992).

R(t) = uo(t — 1)

U is mobility
T is relaxation time

1 r® t' t' —t t"+t
(Ax?) = —j dt' R(t') |2 coth{ — ) — coth — coth
BJo ttn ttn ttn

f

20 Jsinh (—ltt_ Tl) sinh (—ltt+ Tl)
(Ax?) = —t; R In th th

b sinh (ti)
! th

Fort — 7, L.H.Sis +ve but R.H.S is —ve.

\

- t>71

Does not satisfy positivity conditions.
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Positivity conditions ?
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1. Wightman positivity

2. Passivity
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Wightman positivity
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Two point Wightman function: W (t) = {(x(¢t)x(0))

Wightman positivity | W(v) = 0

W(t) — W(—t) = —ihR(t), W(=t) = (x(0)x(t))
Equivalent odd Response function:

R(t) = sgn(®)R(|t])

R(v) = 2ilm R(v)

W (=v) = e2™BMVig (v)

ih
1 — e2nBhv

~Q

W) = (v)| Iff R.H.Sis positive.
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Passivity ;
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The work done on the system:
wW=0

W = j dt F(O)0)

t
Using Linear Response Theory, (x(t)) — (x(0)) = J dt' R(t —t')f(t")

dR(t)
dt

t
(D) = j dt' K(t — t)f (&) K(t) =

0 rt
sz dtf(t)J dt' K(t —t")f(t)

— 00

- [ avkmlfof

_, j " dv Re RO |f)[*
0

ReK(v) =0
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Positivity conditions
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1. Wightman positivity | W(v) = 0

2. Passivity | Re K(v) = 0

ImR(w) = %tanh(nﬁhv)(f (v)

- v ~
Re K(v) = - (2™ — W (v)

Urbashi Satpathi, Supurna Sinha and Rafael D. Sorkin, J. Stat. Mech. 2017, 123105



R(t) = u(1 — e‘t/T) o(t)

u is mobility, T is relaxation time
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Urbashi Satpathi, Supurna Sinha and Rafael D. Sorkin, J. Stat. Mech. 2017, 123105
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Positivity conditions: R(t) = u(1 —e~7)0(t)

u is mobility, T is relaxation time
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Wightman positivity

ih
1 — e2mPhv

I

W) =

(v)=0

iR(v) = It [—2 ImJ dt e?™vt 4 2 Imj dt eZ”i"te_t/T]

W) = — r* > 0
TV (T—z + (27‘[1/)2) (e2mhhv — 1)

Passivity
ReK(v) =0
_dR(t)
K@) = dt
U
K(v) = 4
— — 2miv
e
Re K(v) = 7 t >0
(—2 + (27‘[1/)2)

Urbashi Satpathi, Supurna Sinha and Rafael D. Sorkin, J. Stat. Mech. 2017, 123105

25-07-2018

15



Mean square displacement
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R(t) = u (1 - e‘t/T) 16

1 ” / ! t’ t, —t t’ +t
(Ax?) = —f dt' R(t) [2 coth <—> — coth< ) — coth( )]
B Jo Len Len Len

2u t ten 27 ten te, 2L
Ax?) = —tp 3 In |2 sinh [ — 0(1 —) — | F (1, —,1+—,e tern ]| =1

25

Y, is polygamma function.
y is Euler-Macheroni constant.

20 ; . .
,F; is hypergeometric function.

t : observation time
T : relaxation time
tip ¢ thermal time

Mean square displacement
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> Case 1:

> Case 2:

> Case 3:

> Case 4:

> Case 5:

> Case 6:

t KT Kty
t Lty KT
ten Kt KT
T Kt Kty
T Kty Kt

ten K TKL ¢t

Limiting Cases

p—

p—

tKT

t>T

17
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Mean square displacement : Case 1
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t KT Kty

S = = =
[ [7%] = 7]
T T T | T | T I T
| | | |

Mean square displacement
o
|
|

=
= T

| | | | | |
0.02 0.04 0.06 0.08 0.1
Time (t)

2uh (t t T T=10 us
2y 20 i (2) =y 4+ —
(Ax%) = T {T[l ln(r) y-l_tth} t~ns, T~ ukK

Chu S, Hollberg L, Bjorkholm J E, Cable A and Ashkin A 1985
Phys. Rev. Lett. 55 48.
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Mean square displacement : Case 2
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t Kty KT

g i

1_ —
S
Q
S 08 |
> |
E 0.6 -
—
=
=
T 04 -
2 L
S 02 B
=a

L Y T 0.:)2_ 003 004 005

Time (t)
o 2uh(t 2t\ mity, T T=10us
(Ax?)y=—AF-|11-In|—|———+— t~ns or less
T (T tin 12 Tty

T~ uK tomK



Mean square displacement : Case 3
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t, KtKT
100

=
L
=

o 80— —
Q
=
73

I'QEJ 60— -
=
=
=3

= 40 —
<
L
>

2?)1 0|.2 013 0|4 0.5

Time (t)
2 7?2, T =10 us
Ax?y = — 1t + —— ~
(Ax“) 3 { 17 r} t~us

T~mK



t>T
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2u t ten 27 ten ten 2L
ax?) = Loy in [2sinh (= )|+ 90 (1422 )y | o (1,200,142 e )| - 1
) =2t zsinn () [+ 90 (14 52) 4y o 2o (15 4 2

Urbashi Satpathi, Supurna Sinha and Rafael D. Sorkin, J. Stat. Mech. 2017, 123105

.

-\/sinh (—lt — Tl) sinh (—lt + Tl) \
(Ax?) = Z—Mtuﬁ In ten ten /|| For, R(t) = u0(t — 1)

p sinh (ti)
.- th 1)

Supurna Sinha and Rafael D. Sorkin, Phys. Rev. B. 45, 8123 (1992).
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Mean square displacement : Quantum

T Kt Kty

Mean square displacement

11

60 80 | 100
Time (t)
T =10 us
t~ms
T~nK

22
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Mean square displacement : Classical

ten KT Kt

10000

8000 -

4000 -

Mean square displacement

2000

20

(Ax?) = —t

40

60
Time (t)

80 100

T=10us
t~s
T~mKtoK
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Mean square displacement : Intermediate

T Kty L t

o o
wm =)
T T

[
£ =9
T

11

Mean square displacement
@

| | | | | | | | |
00 120 140 160 180 200
Time (t)

(Ax?) = %’u{t + te lln (tt—D + yl} T :j?(l)sﬂs

T~ uK

25-07-2018
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Experimental implication

Laser-cooled

atoms o,

N

”

c+

Optical molasses

25-07-2018
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W 4—0 atom

Laser Photon

atom absorbs photon
and 1s slowed

A.
w . i N
SPO'W}{‘?OUS e On average atom
In random PRT il (cooled)

direction o, el i
“ | ".'_,A

Emitted light
1s detected
to observe atom

Collaboration with Dr. Sanjukta Roy, LAMP, RRI
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Conclusions

On the basis of FDT and a choice of RF, MSD temporal growth is analysed.
R(t) = u(l — e‘t/f)e(t), satisfies positivity requirements: Wightman positivity and linear order passivity.
Probe the short time regime: t < 7.

The logarithmic behaviour is robust.
The law of diffusion: can be tested in cold atom laboratory experiments.

an Research Institute
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« Quantum Brownian motion in a magnetic field: Transition from

monotonic to oscillatory behaviour

» Independent Oscillator (10) model
» Generalized quantum Langevin equation
» Mean square displacement
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o~ SVStem » P,

_. i-th oscillator, p;, q;

N2 mw? e \2
H=t_L1vy +z Al Y (P (1)
ZM + (q) =~ Zmi 2 ql mia)iz q

25-07-2018 28




Equation of motion for system degrees of freedom

Equation of motion for bath degrees of freedom

Generalized Langevin equation

N
dv
==t 3o
q

=1

et

mg; = —m;wiq; + ¢;q

q;(t) = q;(ty) cos(a)l-(t — to)) + —

pl( 0)

l

to

tds sin(w;(s — ty)) q(s)

Raman Researc h Institute

(2)

(4)

dv

Mé[.=—E—

1=1

ma)

+Z

mll

j ds sm(a) (s — to)) q(s) + Z C; (ql(to) COS(CU (t — to)) +

pi( 0)

sin(w;(t — to))>

25-07-2018
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Generalized Langevin equation ;

av t
MGj=———M/| dsu(s—ty) q(s) + F(t) (5)
dq to

N 2

1
uit) = Mchw

— cos(w;t)8(t) —> Memory friction kernel
i=1 ;

N
Random force —— F(t) = Z Ci ((Ch(to) - mcwz Q(t0)> cos(w;(t —to)) + pl;t()) sin(w;(t — to))>

i=1 L™
(F(£)) = 0
(F@,FE) =h ) —

2 .
ia)i coth ('Bf;wl> cos(w;(t —t"))



Generalized Langevin equation In the ;
Presence of mag netic field A

t
M#(t) = —3—‘; - Mf u(t —t")7(e)dt’ + % (7(t) x B) + F(t)

u(t) = MZ

N
F(t) Z Ci ((Ch(to) _ 2 Q(t0)> COS((U (t tO)) + pl O) sin (w (t tO))>
1

=

(F(©) =0 2
({(F(0) Fg(¢)}) = hbap ) ——coth (ﬁ f;“”) cos(w;(t — t'))

cos(a) 1)0(t)




Generalized Langevin equation in the ;
Presence of mag netic field A

t
M#(t) = —Z—Z - Mf u(t —t")7(e)dt’ + % (7(t) x B) + F(t)

N 2

1
u(t) = Mchwz

=1 L

cos(w;t)O(t)

N
F(t) Z Ci ((Ch(to) — i T w? Q(t0)> COS((U (t — to)) + it O) sin (wi(t — to))>

i=1
(F(t))=0

h
({Fa(®), Fy(t))}) = j dw hw coth ( : k(:T

) Re[u(@)] cos(@(t — ¢)

X.L. Li, G.W. Ford, R.F. O’Connell, Phys. Rev. A 41 (1990) 5287, X.L. Li, G.W. Ford, R.F. O’Connell, Phys. Rev. A 42 (1990) 4519.
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Quantum Brownian motion in a magnetic field ;
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Quantum Langevin equation of a charged particle in the presence of a magnetic field:

t
mi(t) = —f u(t — eH7F()dt' + % (7(t) x B) + F(t)
- (1)
(t) | u(t)

t
F(t) = — j_ K(t — tHF(t)dt' + —(r(t) X B) 4 K(t) = —
(F(t))=0
({F.(®), Fg (H}) = %f _o:o dw m hw coth <ZZ:T> Re[K(w)] p—iw(t—t")

Urbashi Satpathi and Supurna Sinha, Physica A 506, 692 (2018).
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Quantum Brownian motion in a magnetic field ;
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N t
Let B = (0,0,B),then,  34) = — j K(t —t)x(t)dt' + w.y(t) + Fxngt) (2a)

t
y(t) = — j K(t —tHy(t)dt' — w.x(t) + 5O (2b)
CIB —00 m

We = —— IS the cyclotron frequency

mowlw? — w2 — K(w)? — 2iwK (w)] (3a)

1 —iwcF(0) — (0 — iK(0))F,(w)
y(w) = mow[w? — w2 — K(w)? — 2i0K (0)] (30)

Urbashi Satpathi and Supurna Sinha, Physica A 506, 692 (2018).
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Mean square displacement ;
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1 1
Cx(t) = 5 (x (), x(0)}), Cy(8) =7 {y(®), y(0)})

Re[K (w)] coth (ZZ T) [(w + Im[K(0)])? + w2 + Re[K (w)]?] e~i@t
o{[(w + Im[K (@)])? + wZ + Re[K (w)]?]? = [2w.(w + Im[K (@) D]?}

h (0 0)
Cx(t) = Cy(t) = %f dw
(Ax?) = Z(Cx(o) - Cx(t))

Re[K(w)] coth (ZZ T) [((w + Im[K(0)])? + w? + Re[K(w)]?] (1 — e~ 'Y
w{[(w + Im[K(w)])? + wé + Re[K (w)]?]? — [2w.(w + Im[K (w)])]?}

h (00]
(Ax?) = (ay?) = — f_wd‘”

e[K(w)] coth (22 T) [((w + Im[K(w)])? + w? + Re[K(w)]?] (1 — e~ ')

o{[(w + Im[K (w)])* + i + Re[K (w)]?]* — [2w.(w + Im[K (w)])]*}

(Ar?) = J da)

Urbashi Satpathi and Supurna Sinha, Physica A 506, 692 (2018).
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Ohmic bath

K(t) = 2y0(t)ds(t)

K(w) =v,Re[K(w)] = y,Im|K(w)] =0

This is memoryless kernel

Raman Research Institute

(Ar?) = j da)

e[K(w)] coth (22 T) |

(w + Im[K(w)])? + w? + Re[K(w)]?] (1 — et

o{[(w + Im[K(w)])* + wZ + Re[K (w)]?]* — [2w.(w + Im[K (w)])]*}

In the high temperature limit:

(Ar?) =

AkgT

t — w? 2 — w?
Y v’ C Y cos(w, t)e Yt +

m

|

)ﬂ+@:(y+wﬁz(y+wﬂz

2y W

C . —
7 sin(w,t)e Vt}

(VZ + W¢

25-07-2018

36



Mean square displacement
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20 T T T

High temperature
Y > W,

Mean square displacement

20

Urbashi Satpathi and Supurna Sinha, Physica A 506, 692 (2018).
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Mean square displacement
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03| i High temperature
< We DY
g ]
b
2
=
02 -
=l ﬂ
b
|
o H 4
=
g
oo
S o1 _
V]
=
ﬂ | | | | | |
0 5 10 15 20

Urbashi Satpathi and Supurna Sinha, Physica A 506, 692 (2018).
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Ohmic bath ;
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K(t) = 2y0(t)ds(t)

K(w) =v,Re[K(w)] = y,Im|K(w)] =0

This is memoryless kernel

Re[K (w)] coth (22 T) [( + Im[K(@)])? + 02 + Re[K(@)]?] (1 — e~it)
2\ —
Ar) = om f_ood‘“ o{[(@ + MK (@)])? + wf + ReK@T'T = Zan(@ + ImIK@)D]3)

In the low temperature limit:

2yh TW, W,
Ar?) = 2 1n t/ 2 4 w2 |+ 2y + — — e "t |—<cos(w.t) + sin(w.t
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Mean square displacement
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- Low temperature
Y > W,

Mean square displacement

Urbashi Satpathi and Supurna Sinha, Physica A 506, 692 (2018).
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Mean square displacement ;
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0.8 |
(] ¥ 1 Low temperature

= ) we >y
2 0.6 m D —
>
E
&
; 0.4 [H
)
. n
S 02 U \1 |
= | | | U

D[fl.l ; llﬂ 1|5 20

Urbashi Satpathi and Supurna Sinha, Physica A 506, 692 (2018).
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Single relaxation time bath

K(t) = %@(t)e_%

14

K = )
(@) 1+ w?t?

,Re[K(w)] =

1—iwt

This kernel has inbuild memory through relaxation time

Re[K(w)] coth (22 T) [((w + Im[K(0)])? + w? + Re[K(w)]?] (1 — e '®Y)

Ot = | e T K+ o Rl = & KT

Raman Research Institute
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Mean square displacement
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o High temperature

i | Y > w,

30— —

Mean square displacement

Urbashi Satpathi and Supurna Sinha, Physica A 506, 692 (2018).
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Mean square displacement
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High temperature
We > Y

= =
o o
| |
| |

Mean square displacement
=
[#F%]
i
|

Urbashi Satpathi and Supurna Sinha, Physica A 506, 692 (2018).

25-07-2018 44



Mean square displacement
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0.8 | | | |

Low temperature
Y > W,

=
=)

Mean square displacement
o= o=
2 +

0.1 5 10 15 20

Urbashi Satpathi and Supurna Sinha, Physica A 506, 692 (2018).
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Mean square displacement ;
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04

_ ﬂ p

1 Low temperature
We > Y

Mean square displacement
o
[

Urbashi Satpathi and Supurna Sinha, Physica A 506, 692 (2018).



Conclusions ;
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» In the magnetic field dominated regime for both classical and quantum cases, oscillatory
behaviour Is observed.

» A transition from a monotonic behaviour to a damped oscillatory behaviour, as the
magnetic field strength is increased.

» Qualitative features of the mean square displacement are essentially the same for an
ohmic dissipation model and a single relaxation time model for the memory kernel.



Future interests

Raman Research Institute

v The time dependent orbital diamagnetic moment of a charged particle in a magnetic field in a viscous medium via
the Quantum Langevin Equation.

v" Check the Bohr-Van Leeuwen theorem.

v Check the competition between different time scales.
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(Ar?) =

2 2
T[m()/ + a)C) TL'Q.th TC.Q.th TL'.Q.th

. h
2y i . ) 3 . .

. + w §2im — iw —y Loy +ilw
4 e Tt I[}f—|—1mc]-[¢’ (e—”ﬂm.lf’ th f)+¢(e—“”:ﬂ~1. Y th f)]

7T $2th 7T 2
—mti2 . —ti? },.r +Hﬂrh+lm[ w2 :V —.;Tﬂrh +fmc
+ e M (y —dwe) [P e T, +@ e T T, —
7 $24n 7T $2¢h

+ 2y [t +2In (1—e75) | + 7 (iy + wo) (1 - e707) coth (mcﬂ_ Iy)

th
) - we +1
+ =iy + @) (] — e_“_'“”f) ccnth( ‘ y)}
th

{()/ +iw.) (Hm + H_y—_iwc) + (y —iw,) (HLiwc +H ytio,

TL'.Q.th

)"
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Linear response theory

H = Hy+ HF(t) where, HF (t) = —Af(t) is the perturbation.

d
dt ih f(=) = 0.

p'(t) = p+Ap(t)

t
Ap(t) :f dt’e_i(t_t,)H/h[A,p]ei(t_t,)H/hf(t')

Ryogo Kubo, J. Phys. Soc. Jpn. 12, pp. 570-586 (1957).

Z o) = 1 [H,p' ()] p'(—o) = pis the initial condition.
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R(w)zJ dt e'tR(t) é(a))zj dt e'*tC(t)

0 — 00

1 (® s R

= | deetr e pla 5 =~ j dt et Tr p{A, B(D)}

. t t

(Em—En)7 (Em_En)_

Jdtemzz s el BT I 3 W o
th

el Bn=Bmdip 4 +elEnEnip A

11 . .
th Z BEn(]_ eﬁhwnm)j dt elwt ltwnmAntmn = EE z e_BE"(l + eﬁh“’nm) f_oodt elwte_ltwnmAntmTl
n m

1
mzz z e ﬁEn(l eﬁh‘”) 8 (w — Wpm) AnmBmn = Ez z e PEn(1+ eﬁh“)) 8 (w — Wpm) AnmBmn
n m

_ — Ztanh
(@) n(l+efro) pol

m(R@)  1(1-efe) 1 </3hw>
. 1 _

C(v) = hcoth(nBhv)Im R(v)

R. Balescu, Equilibrium and Non-Equilibrium Statistical Mechanics (John Wiley & Sons, 1975) pp 663-669.
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