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Brief Introduction to BMS3 Symmetry

BMS3 algebra is the asymptotic symmetry algebra of
asymptotically flat three dimensional spacetimes at null infinity.

It contains as a subgroup the Poincare group, which is the
symmetry group of flat space.

Besides from actual symmetry analysis, BMS3 algebra has also
been derived as a suitable contraction of two copies of Virasoro
algebra.

The algebra for the N = 1 supersymmetric version is also known.
Here we extend the analysis to the N = 2 and N = 4
supersymmetric BMS3 algebras.
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Guiding Principle

We will first derive the extended supersymmetric BMS algebras by
contracting the corresponding superconformal algebras.

For correct contraction and identification of the resulting algebra
as the super-BMS algebra, we will impose the following conditions:

I None of the terms should blow up!

I The resulting algebra must contain the corresponding
super-Poincare algebra as a subalgebra.

I The anticommutators of a supercharge with its Hermitian
conjugate must be proportional to a translation generator
with a positive coefficient.
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N=2 SBMS3 Algebra by Contraction:

We start with N=(1,1) superconformal algebra.

[Ln, Lm] = (n −m)Ln+m + c
12n(n2 − 1)δn+m,0

[Ln,Qr ] =
(n

2 − r
)

Qn+r

{Qr ,Qs} = Lr+s + c
6

(
r2 − 1

4

)
δr+s,0

[L̄n, L̄m] = (n −m)L̄n+m + c̄
12n(n2 − 1)δn+m,0

[L̄n, Q̄r ] =
(n

2 − r
)

Q̄n+r

{Q̄r , Q̄s} = L̄r+s + c̄
6

(
r2 − 1

4

)
δr+s,0
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We now need the correct contraction:

The scaling of the Virasoro part is already a known result
(asymmetric, with mixing of modes).

We found that the only way to get the correct physical algebra is
to scale the supercharges symmetrically.

Pm = lim
ε→0

ε
(
Lm + L̄−m

)
Jm = lim

ε→0

(
Lm − L̄−m

)
c1 = lim

ε→0
(c − c̄) c2 = lim

ε→0
ε(c + c̄)

Q1
r = lim

ε→0

√
εQr Q2

r = lim
ε→0

√
εQ̄−r

This results in the following algebra:
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[Jn, Jm] = (n −m)Jn+m + c1
12n(n2 − 1)δn+m,0

[Jn,Pm] = (n −m)Pn+m + c2
12n(n2 − 1)δn+m,0

[Jn,Qa
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(n
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)
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2δ

ab
[
Pr+s + c2

6

(
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4

)
δr+s,0

]
This is the most generically extended 3d N = 2 Super BMS3
algebra obtained by contraction.

The translation subgroup of the BMS algebra appears on the RHS
of the anti-commutator of both supercharges Q1,2, as expected in
supergravity.

We can identify the Super-Poincare group as
{J0, J±1,P0,P±1,Qa

± 1
2
}.
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N=4 Super BMS3 Algebra by Contraction:

We now consider the N=(2,2) superconformal algebra.

[Ln, Lm] = (n −m)Ln+m + c
12n(n2 − 1)δn+m,0

[Ln,Q±r ] =
(n

2 − r
)

Q±n+r [Ln,Rm] = −mRn+m

{Q+
r ,Q−s } = Lr+s + 1

2(r − s)Rr+s + c
6

(
r2 − 1

4

)
δr+s,0

{Q+
r ,Q+

s } = 0 {Q−r ,Q−s } = 0
[Rn,Rm] = c

3nδn+m,0 [Rn,Q±r ] = ±Q±n+r

and an exactly identical copy of the same algebra, with barred
generators and central charge.
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Let us now contract these generators.

The Virasoro part is contracted in the usual way.

The supercharges also scale in the same way as the previous case,
albeit there are more copies now.

Q1,±
r = lim

ε→0

√
εQ±r Q2,±

r = lim
ε→0

√
εQ̄±−r

The non-trivial part is now the R-symmetry, which appears first at
this level.

We found that only the asymmetrical scaling of the R-symmetries
(with mixing of modes) gives the correct algebra satisfying all the
physical requirements:

Rm = lim
ε→0

(Rm − R̄−m) Sm = lim
ε→0

ε(Rm + R̄−m)
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This gives the following algebra:
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This is a version of the N = 4 SBMS3 algebra.

The anticommutator of each supercharge with its Hermitian
conjugate closes into a linear combination of P and S plus a
central term.

However the algebra can be more generalised!

Note that in the above algebra the central charges appearing in the
[Jn, Jm] and [Rn,Rm] are related.

This feature turns out to be too restrictive! Jacobi identity puts no
such restriction on these two central charges, hence one can write
a more generic version of the algebra with the two central charges
to be independent.
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However, we later found out that the extended superconformal
algebra contains non-linear terms! [Henneaux, Maoz, Schwimmer:
hep-th/9910013v2].

We are therefore trying to find the correct algebra by direct
asymptotic analysis of both the ADS and the flat case.
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N=4 SBMS3 by Asymptotic Symmetry Analysis

Three dimensional gravity is equivalent to a very specific gauge
theory called Chern-Simons theory.

We start with a set of global or bulk generators.

We then expand the Chern-Simons gauge field A = Aµdxµ in
terms of these global symmetry generators.

The dynamical fields are then studied at asymptotic infinity.

Using the canonical formulation, we then find the asymptotic
algebra.

As we are interested in null infinity we will work in the BMS
coordinates (u, r , ϕ), with the radial direction r being null.
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Let us start with the global generators Ja,Pa and Q1,±
α ,Q2,±

α

where (a = 0, 1, 2) and (α = ±1
2 ). They satisfy the algebra

[Ja,Jb] = εabcJ c
[
Ja,Q1±

α

]
= 1

2(Γa)βαQ
1,±
β

[Ja,Pb] = εabcPc
[
Ja,Q2±

α

]
= 1

2(Γa)βαQ2±
β

{Q1,±
α ,Q1,∓

β } = −1
2(CΓa)αβPa ∓

1
2CαβS [R,Q1±

α ] = ±1
2Q

1±
α

{Q2,±
α ,Q2,∓

β } = −1
2(CΓa)αβPa ±

1
2CαβS [R,Q2±

α ] = ∓1
2Q

2±
α

We also construct the supertrace elements:

< Ja,Pb >= ηab, < Q1,2±
α ,Q1,2∓

β >= Cαβ, < R,S >= −1



The gauge field is expanded in terms of the basis generators:

A = eaPa + ωaJa +
∑
α=±

ψ1α
± Q1±

α +
∑
α=±

ψ2α
± Q2±

α + υR+ σS

Here ea is the vielbein field, ωa is the corresponding dual spin
connection, ψ1α

± , ψ
2α
± are Majorana gravitini and υ, σ are internal

gauge fields.

Using the form of the Chern-Simons action

I[A] = k
4π

∫ 〈
A, dA+ 2

3A
2
〉

we can write it explicitly in terms of the generators and fields and
show its invariance under supersymmetry.
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Now we perform a change of basis to a new set of generators:
{Mn,Ln, q1,2±

α ,R,S} related to the old basis as:

Mn = PaUa
n , Ln = JaUa

n , q1±
α =

√
2Q1±

α , q2±
α =

√
2Q2±

α

where n,m = {−1, 0, 1} and α = {1
2 ,−

1
2}.

The metric also changes from ηab from γnm.

In terms of these new generators the super Poincare algebra reads:

[Ln,Lm] = (n −m)Ln+m
[
Ln, q1±

α

]
=
(n

2 − α
)

q1±
n+α

[Ln,Mm] = (n −m)Mn+m
[
Ln, q2±

α

]
=
(n

2 − α
)

q2±
n+α

{q1,±
α , q1,∓

β } = Mα+β ± (α− β)S [R, q1±
α ] = ±1

2q1±
α

{q2,±
α , q2,∓

β } = Mα+β ∓ (α− β)S [R, q2±
α ] = ∓1

2q2∓
α
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We now choose the gauge field in the boundary in the radial gauge

A = b−1(a + d)b, b = exp
( r

2M−1

)
where now a(u, ϕ) = aϕdϕ+ audu with

au = M1 −
1
4MM−1 −

iρ
2 S

aϕ = L−1 −
1
4ML−1 −

1
4NM−1 −

iφ
2 S −

iρ
2 R

−1
4
(

Ψ1
+q1+
− −Ψ1

−q1−
−

)
+ 1

4
(

Ψ2
+q2+
− −Ψ2

−q2−
−

)
where the various charges are functions of u and ϕ.

The boundary gauge field so chosen satisfies the condition that it
reproduces the asymptotically flat metric

ds2 = γnmenem =Mdu2 − 2dudr +Ndudϕ+ r2dϕ2
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Let us consider the most general gauge transformations:
Λ = ΥnLn + ξnMn + +λRR+ λSS

+ ζ1α
+ q1+

α + ζ1α
− q1−

α + ζ2α
+ q2+

α + ζ2α
− q2−

α

Now we solve the equations of motion: dA+ 1
2 [A,A] = 0

and construct the set of gauge transformations which leave the
aymptotic condition invariant: δA = dΛ + [A,Λ]

Then we calculate the variation of the charges using the relation:

δC[Λ] = − k
2π

∫
< Λ, δAϕ > dϕ

and get the charge as

C = − k
4π

∫
dϕ
(

ΥJ + TM+ Ψ1
+ζ

1
− −Ψ1

−ζ
1
+

−Ψ2
+ζ

2
− + Ψ2

−ζ
2
+ + iλRφ+ iλSρ

)
where N = J (ϕ) + uδϕM.
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Now from the relation δΛ1C[Λ2] = {C[Λ1], C[Λ2]} we can
calculate the Poisson brackets.

Before that let us define the modes as Fourier transforms of the
fields:

Jn= k
4π

∫
dϕeinϕJ , Mn = k

4π

∫
dϕeinϕM,

Rn= k
4π

∫
dϕeinϕφ, Sn = k

4π

∫
dϕeinϕρ,

Ψ1,2±
r = k

4π

∫
dϕeirϕΨ1,2±, [Ψ1,2±S]r = k

4π

∫
dϕeirϕΨ1,2±φ,

[SS]α= k
4π

∫
dϕeiαϕφφ, δn,0 = 1

2π

∫
dϕeinϕ.

The inverse Fourier transform is given, for example, as

J (ϕ) = 2
k
∑

n
e−inϕJn



In terms of modes, the Poisson brackets are:

i{Jn,Jm}PB= (n −m)Jn+m i{Rn,Sm}PB = cM
12 nδn+m,0

i{Jn,Mm}PB= (n −m)Mn+m + cM
12 n3δn+m,0

i{Jn,Ψ1,2±
r }PB=

(n
2 − r

)
Ψ1,2±

r+n ∓
1
4
[
Ψ1,2±S

]
n+r

i{Rn,Ψ1±
r }PB= ±1

2Ψ1±
r+n i{Rn,Ψ2±

r }PB= ∓1
2Ψ2±

r+n

{Ψ1+
r ,Ψ1−

s }PB=Mr+s + (r − s)Sr+s + 1
4[SS]r+s + cM

6 r2δr+s,0

{Ψ2+
r ,Ψ2−

s }PB=Mr+s − (r − s)Sr+s + 1
4[SS]r+s + cM

6 r2δr+s,0

where cM = 12k.



Note the presence of spurious non-linear terms in the {J ,Ψ}PB
and {Ψ,Ψ}PB Poisson brackets!

Also the Poisson brackets i{Jn,Rm}PB and i{Jn,Sm}PB are zero!

Resolution: Since we are dealing with a theory with one internal
U(1) symmetry, the physical energy-momentum tensor should have
a contribution from the corresponding U(1) current.

So we add a Sugawara-like term to Jn:

Ĵn = Jn + 1
2(RS)n

Finally, we also need to perform a shift in Mn: (Justification for
this will become clear later)

M̂n =Mn + 1
4(SS)n



Note the presence of spurious non-linear terms in the {J ,Ψ}PB
and {Ψ,Ψ}PB Poisson brackets!

Also the Poisson brackets i{Jn,Rm}PB and i{Jn,Sm}PB are zero!

Resolution: Since we are dealing with a theory with one internal
U(1) symmetry, the physical energy-momentum tensor should have
a contribution from the corresponding U(1) current.

So we add a Sugawara-like term to Jn:
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With these modifications all the non-linear terms get cancelled or
absorbed in the modified generators.

Also the Poisson brackets of Ĵn with Rm and Sm give the correct
RHS.

In addition we get an extra non-zero Poisson bracket:

i{M̂n,Rm} = −mSn+m

Finally we quantize the algebra following the rule:

i{, }PB → [, ] and {, }PB → {, }

and get the algebra in terms of (anti-)commutators:



Final Algebra after Central Extension:

[Ĵn, Ĵm]= (n −m)Ĵn+m + cJ
12 n3δn+m,0

[Ĵn,M̂m]= (n −m)M̂n+m + cM
12 n3δn+m,0

[Ĵn,Rm]= −mRn+m , [Ĵn,Sm] = −m Sn+m

[M̂n,Rm]= −m Sn+m, [Rn,Ψ2±
r ] = ∓1

2 Ψ2±
r+n

[Ĵn,Ψ1,2±
r ]=

(n
2 − r

)
Ψ1,2±

r+n , [Rn,Ψ1±
r ] = ±1

2 Ψ1±
r+n

[Rn,Rm]= cJ
12 n δn+m,0, [Rn,Sm] = cM

12 n δn+m,0

{Ψ1+
r ,Ψ1−

s }= M̂r+s + (r − s)Sr+n + cM
6 r2δr+s,0

{Ψ2+
r ,Ψ2−

s }= M̂r+s − (r − s)Sr+n + cM
6 r2δr+s,0



Energy Bound and Killing Spinors:

Considering all possible positive-definite combinations of the
supercharges Ψ1,2±

± 1
2

, we get the bound on the shifted charge M̂0.

M̂0 = 1
4
∑
i ,α

[
Ψi ,+
α Ψi ,−

−α + Ψi ,−
−αΨi ,+

α

]
− k

2 ≥ −
k
2 = − 1

8G

We then found the asymptotic supersymmetries that preserve the
asymptotically flat backgrounds.

Imposing that both the gravitinos and their generic variations are
zero at infinity, we get the asymptotic Killing spinor equation,
which (under some assumptions) has the solutions:



ζ i
+= e−i ρ

4

(
c i

1e
√

M
2 ϕ + c i

2e−
√

M
2 ϕ

)
ζ i
−= ei ρ

4

(
d i

1e
√

M
2 ϕ + d i

2e−
√

M
2 ϕ

)
for arbitrary c i

1,2 and d i
1,2 constatnt spinors (i = 1, 2).

The solutions are well-defined, given the periodicity of ϕ only when
M = −n2 and n > 0, a strictly positive integer without loss of
generality.

For n = 1, ρ = 0 we find the Killing spinors for the Minkowski
vacuum, M = −1. For n > 1, the energy bound is violated and we
have angular defect solutions.



Global Killing Spinors:

These describe the globally defined supersymmetry transformations
that leave the pure bosonic solutions in the asymptotic region
invariant.

The global Killing spinor equation is given as

Dζ1
± =

(
d + ω ± 1

2υ
)
ζ1
± = 0

Now from the gauge fields au and aφ we can find the values of the
spin connection and the R-gauge field.

Using these we can solve the above equation and get the final
solution for the global Killing spinor:

ζ1
±gen = Λ−1ζ̃1e∓i 1

2φϕ



Here ζ̃1 is a constant spinor.

Λ = exp
[1

2

(
Γ̃+1 −

M
4 Γ̃−1

)
ϕ

]

Γ̃−1 =
(

0 −2
0 0

)
Γ̃1 =

(
0 0
2 0

)

Like the asymptotic case, the Killing spinors are globally
well-defined when M = −n2, with n being a positive integer.



Asymptotic Analysis of AdS3 :

There are two inequivalent locally supersymmetric extensions of
AdS3 theories containing an R-symmetry: the (2, 0) and the (0, 2)
theories.

We will denote these as the unbarred and barred sectors
respectively.

The action is a functional of two independent connections:

I = I[A+] + [Ā−]

Here we have defined x± = u
l ± ϕ, where l is the identical AdS

radius in both the sectors.

The (2, 0) sector asymptotically only depends on x+ and the (0, 2)
sector on x−.
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The global generators for the unbarred sector Ln,Q±α and R(
a = 0, 1, 2;α = ±1

2

)
and satisfy the algebra:

[Ln, Lm]= (n −m)Ln+m [Ln,Q±α ] =
(n

2 − 1
)
Q±n+α

{Q+
α ,Q−β }= Lα+β + (α− β)R {Q±α ,Q±β } = 0

and the supertrace elements:

〈Ln, Lm〉 = 1
2γnm,

〈
Q±α ,Q∓β

〉
= Cαβ, 〈R,R〉 = −1

2

The barred sector satisfies exactly same algebra as the unbarred
sector while its supertrace elements are equal but opposite in sign.
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The asymptotic behaviours of the gauge fields can be taken as:

A+ = dr
2l L−1+(

L1 + r
l L0 + r2

4l2 L−1 −
1
2L+L−1 −

1
2ψ+Q+

− + 1
2ψ−Q

−
− − iφA

RR
)

dx+

Ā− = dr
2l L̄1+(

L̄−1 −
r
l L̄0 + r2

4l2 L̄1 −
1
2L−L̄−1 −

1
2 ψ̄+Q̄+

+ + 1
2 ψ̄−Q̄

−
+ − i φ̄A

R R̄
)

dx−

and the transformation parameters as:

Λ+= χnLn + εα+Q+
α + εα−Q−α + λA

RR
Λ−= χ̄nL̄n + ε̄α+Q̄+

α + ε̄α−Q̄−α + λ̄A
R R̄



Following a similar procedure as in the BMS case, we get the
Poisson brackets:

i{L+
n ,L

+
m}PB= (n −m)L+

n+m + c
12n3δn+m,0

i{L+
n , ψ

±
α }PB=

(n
2 − α

)
ψ±α+n ∓

1
2
[
ψ±R

]
n+α

i{Rn, ψ
±
α }PB= ±1

2ψ
±
α+n i{Rn,Rm}PB = c

12n δn+m,0

{ψ+
α , ψ

−
β }PB= L+

α+β + (α− β)Rα+β + 1
2[RR]α+β + c

6α
2δα+β,0

where c = 6kl and kl is the Chern-Simons level.

As before, the modes are defined, for example, as

[RR]n = kl
4π

∫
dϕeinϕφA

Rφ
A
R(ϕ)



Again for similar reasons as in BMS, we need to redefine

L+
n → L̂+

n = Ln + 1
2(RR)n

After quantizing, we finally get the algebra:

[L̂+
n , L̂

+
m]= (n −m)L̂+

n+m + c
12n3δn+m,0

[L̂+
n , ψ

±
α ]=

(n
2 − α

)
ψ±α+n [L̂+

n ,Rm] = −m Rn+m

[Rn, ψ
±
α ]= ±1

2ψ
±
α+n [Rn,Rm] = c

12n δn+m,0

{ψ+
α , ψ

−
β }= L̂+

α+β + (α− β)Rα+β + c
6α

2δα+β,0



Again for similar reasons as in BMS, we need to redefine

L+
n → L̂+

n = Ln + 1
2(RR)n

After quantizing, we finally get the algebra:

[L̂+
n , L̂

+
m]= (n −m)L̂+

n+m + c
12n3δn+m,0

[L̂+
n , ψ

±
α ]=

(n
2 − α

)
ψ±α+n [L̂+

n ,Rm] = −m Rn+m

[Rn, ψ
±
α ]= ±1

2ψ
±
α+n [Rn,Rm] = c

12n δn+m,0

{ψ+
α , ψ

−
β }= L̂+

α+β + (α− β)Rα+β + c
6α

2δα+β,0



Performing a similar analysis for the barred sector, we get an exact
copy of the above algebra (with c̄ = 6kl ) where the Sugawara
shift is now

L−n → L̂−n = L−n + 1
2(R̄R̄)n

The only difference is that for the barred sector the Fourier modes
are defined according to the convention

[R̄R̄]n = kl
4π

∫
dϕe−inϕφA

Rφ
A
R(ϕ)

This difference in sign in the Fourier transform is essential in
deriving the BMS algebra by contracting the two copies of AdS
algebras.



N = 4 Super-BMS3 from N = (2, 2) Super-AdS3

Contraction of two copies of super-conformal algebra gives us the
super-Poincare algebra.

The contraction is defined in the large AdS radius limit l →∞.

The level of the corresponding Chern-Simons actions are related as
kl = k.l .

The generators are related as

Ln= Ln − L̄−n, Mn = Ln + L̄−n
l , R = R − R̄

q1±
α =

√
2
l Q
±
α , q2±

α =

√
2
l Q̄
±
−α, S = R + R̄

l



The asymptotic gauge field and the gauge transformation
parameters of the flat theory is obtained from the AdS ones in the
limit l →∞

A = A+ + A−, Λ = Λ+ + Λ−

We further need to contract the various parameters and charges.

Finally we can recover the N = 4 BMS3 algebra from the two
identical copies of the asymptotic (2, 0) and (0, 2) AdS3 algebras
with the identification:

Jm= lim
ε→0

(L+
m − L−−m) Mm = lim

ε→0
ε(L+

m + L−−m)

Rm= lim
ε→0

ε(Rm − R̄−m) Sm = lim
ε→0

(Rm + R̄−m)

Ψ1,±
r = lim

ε→0

√
εψ±r Ψ2,±

r = lim
ε→0

√
εψ̄±−r

cJ= lim
ε→0

(c − c̄) cM = lim
ε→0

ε(c + c̄)

where ε = 1
l .



This then gives the final SBMS3 algebra that we had obtained
before, complete with the Sugawara shifts.

Note that the Sugawara shifts in the two AdS sectors,
L̂+ = L+ + 1

2φ
2
A and L̂− = L− + 1

2 φ̄
2
A, when written in terms of

the BMS fields, gives the correct Sugawara shifts of both J and
M in the limit l →∞. For example,

M= (L+ + L−) = (L̂+ + L̂−)− 1
2(φ2

A + φ̄2
A)

= M̂ − 1
4
(
ρ2 + (φ/l)2

)
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Conclusions:

I We constructed extended supersymmetric BMS algebra using
Inonu-Wigner contraction of extended superconformal algebra.

I We showed that only asymmetric scaling of bosonic and
symmetric scaling of fermionic generators give correct
extended super BMS algebra.

I We were able to reproduce the correct BMS algebra by an
asymptotic symmetry analysis using a suitable set of boundary
conditions.

I We repeated the same analysis for AdS space and again
obtained the BMS algebra as a correct contraction of two
copies of AdS algebras.
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Current work and Future Directions:

Note that in the final AdS algebra we did not get the non-linear
terms that appears explicitly in the paper mentioned before!

It appears that the case we considered is a very special
representation in which the non-linear terms get
cancelled/reabsorbed after the Sugawara shifts.

We have thereafter done the analysis for more generic
representations and found the non-linear terms survive even after
the Sugawara shifts (for both AdS and BMS).

Non-linear terms will also change the energy bounds and will have
other effects.

We also want to apply our results on cosmological solutions.



Thank You!



Appendix:

Γ0 = iσ2, Γ1 = σ1, Γ2 = σ3

σ1 =
(

0 1
1 0

)
σ2 =

(
0 −i
i 0

)
σ3 =

(
1 0
0 −1

)

γnm =

 0 0 −2
0 1 0
−2 0 0


Cαβ = Cαβ =

(
0 1
−1 0

)

Ua
n =

−1 0 −1
−1 0 1
0 1 0




