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Brief Introduction to BMS3 Symmetry

BMS3 algebra is the asymptotic symmetry algebra of
asymptotically flat three dimensional spacetimes at null infinity.

It contains as a subgroup the Poincare group, which is the
symmetry group of flat space.

Besides from actual symmetry analysis, BMS3 algebra has also
been derived as a suitable contraction of two copies of Virasoro
algebra.

The algebra for the N = 1 supersymmetric version is also known.
Here we extend the analysis to the N =2 and N =4
supersymmetric BMSs algebras.
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Guiding Principle

We will first derive the extended supersymmetric BMS algebras by
contracting the corresponding superconformal algebras.

For correct contraction and identification of the resulting algebra
as the super-BMS algebra, we will impose the following conditions:

» None of the terms should blow up!

» The resulting algebra must contain the corresponding
super-Poincare algebra as a subalgebra.

» The anticommutators of a supercharge with its Hermitian
conjugate must be proportional to a translation generator
with a positive coefficient.
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N=2 SBMS; Algebra by Contraction:

We start with N=(1,1) superconformal algebra.
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We now need the correct contraction:



We now need the correct contraction:

The scaling of the Virasoro part is already a known result
(asymmetric, with mixing of modes).

We found that the only way to get the correct physical algebra is
to scale the supercharges symmetrically.

P = lim e (Lm+ L m) Jm = lim (Lm =L m)
c1:€||_r>%(c—c) CQZ!RG(C+C)
Or = lim VeQ, Q? = lim \/eQ-_,
e—0 e—0

This results in the following algebra:
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This is the most generically extended 3d N = 2 Super BMS;
algebra obtained by contraction.
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This is the most generically extended 3d N = 2 Super BMS;
algebra obtained by contraction.

The translation subgroup of the BMS algebra appears on the RHS
of the anti-commutator of both supercharges Q'?, as expected in
supergravity.
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This is the most generically extended 3d N = 2 Super BMS;
algebra obtained by contraction.

The translation subgroup of the BMS algebra appears on the RHS
of the anti-commutator of both supercharges Q'?, as expected in
supergravity.

We can identify the Super-Poincare group as
{Jo, Jx1, Po, P+1, Qi%}-
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N=4 Super BMS; Algebra by Contraction:

We now consider the N=(2,2) superconformal algebra.

C
[Lns L] = (n— m)Lpym + En(n2 —1)8nt-m.0

[Ln, Qi] = ( - r) Qn+r [Ln, Rm] = —mRnim
1 1

{Q } r+s 2(!‘ - S)Rr-‘rs + % <r2 - 4> 5r+s,0
{@F, Q+}=0 {Q7,Q}=0

[Rn; Rm] n5n+m 0 [Rm Qi] = :l:Qn_H

and an exactly identical copy of the same algebra, with barred
generators and central charge.
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Let us now contract these generators.
The Virasoro part is contracted in the usual way.

The supercharges also scale in the same way as the previous case,
albeit there are more copies now.

Qr® = lim VeQ QF* = lim \/eQ?,
e—0 e—0

The non-trivial part is now the R-symmetry, which appears first at
this level.

We found that only the asymmetrical scaling of the R-symmetries
(with mixing of modes) gives the correct algebra satisfying all the
physical requirements:

Rm = lim(Rm — R_pm) Sm = lime(Rm + R_m)
e—0

e—0



This gives the following algebra:

[Jn, Im] = (n— m)dpim + ﬂn(n2 —1)dntm,o0

12
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This is a version of the N = 4 SBMS;3 algebra.
The anticommutator of each supercharge with its Hermitian
conjugate closes into a linear combination of P and & plus a

central term.

However the algebra can be more generalised!



This is a version of the N = 4 SBMS;3 algebra.

The anticommutator of each supercharge with its Hermitian
conjugate closes into a linear combination of P and & plus a
central term.

However the algebra can be more generalised!
Note that in the above algebra the central charges appearing in the
[Jn, Im] and [Rn, Rpm| are related.

This feature turns out to be too restrictive! Jacobi identity puts no
such restriction on these two central charges, hence one can write

a more generic version of the algebra with the two central charges

to be independent.



The algebra finally becomes:

[Jn, Im] = (n— m)dpim + ﬂn(n2 —1)dntm,o0
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However, we later found out that the extended superconformal
algebra contains non-linear terms! [Henneaux, Maoz, Schwimmer:
hep-th/9910013v2].



However, we later found out that the extended superconformal
algebra contains non-linear terms! [Henneaux, Maoz, Schwimmer:
hep-th/9910013v2].

We are therefore trying to find the correct algebra by direct
asymptotic analysis of both the ADS and the flat case.
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N=4 SBMS; by Asymptotic Symmetry Analysis

Three dimensional gravity is equivalent to a very specific gauge
theory called Chern-Simons theory.

We start with a set of global or bulk generators.

We then expand the Chern-Simons gauge field A = A, dx" in
terms of these global symmetry generators.

The dynamical fields are then studied at asymptotic infinity.

Using the canonical formulation, we then find the asymptotic
algebra.

As we are interested in null infinity we will work in the BMS
coordinates (u, r, ), with the radial direction r being null.



Let us start with the global generators 7,, P, and QL% Q2+
where (a=0,1,2) and (= £1). They satisfy the algebra

(5. T6] = €abeT© 7., 0] = S(rgek*

(2, Po] = cancP* 7., Q2] = (303
(QL%.Q5T) = =3 (CM)usPaF 5CasS  [R.QH] =+, 04
(@25 04T} =3 (CMusPot 5CasS [R.QH = 5,02

We also construct the supertrace elements:

< Jas Py >=nap, < Q5% Q5%T >=Cip, <R.S>=-1



The gauge field is expanded in terms of the basis generators:

A=eP,+w T+ > Y0+ Y 93 Q2F + vR + 08
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The gauge field is expanded in terms of the basis generators:

A=eP,+w T+ > Y0+ Y 93 Q2F + vR + 08
a== a=+

Here e? is the vielbein field, w? is the corresponding dual spin
connection, ¥, 3% are Majorana gravitini and v, o are internal
gauge fields.

Using the form of the Chern-Simons action

I[A] = 4/;/<A, dA + §A2>

we can write it explicitly in terms of the generators and fields and
show its invariance under supersymmetry.



Now we perform a change of basis to a new set of generators:
{Mp, L, qt%* R, S} related to the old basis as:

Mn — PaU;?? En = jaU,‘?, qéﬂ: = \/EQ(l;ta qiﬂ: = \/Egii
where n,m = {—1,0,1} and a = {3, —3}.

The metric also changes from 7, from v,p,.



Now we perform a change of basis to a new set of generators:
{Mp, L, qt%* R, S} related to the old basis as:

Mn = PaU;?? En = jaUﬁa qéﬂ: = \/EQ};ta qiﬂ: = \/Egi:t
where n,m ={-1,0,1} and a = {%7_%}
The metric also changes from 7,5 from .

In terms of these new generators the super Poincare algebra reads:

(o L] = (0= M) L nat®] = (5 - o) ait

[£n, Min] = (n = m)Mp . (L a2%] = (g - a) Tna
{a5*,q57} = Mayg £ (0 = B)S [R.q:"] = i%qéi
(@4 T = Mays T (0= B)S (R 62 = 52"



We now choose the gauge field in the boundary in the radial gauge
A=b"Ya+d)b, b= exp (;M_1>

where now a(u, p) = a,dy + a,du with

1 ip
au= M — MM~ LS
1 1 g i
ap =L~ ZMLg = ZNM %S - IR

—% (Vigtt —wlql )+ % (Vi —v2e?)

where the various charges are functions of u and .



We now choose the gauge field in the boundary in the radial gauge
A=b"Ya+d)b, b= exp (;M_1>
where now a(u, p) = a,dy + a,du with

1 ip
au= M — MM~ LS
1 1 g i
ap =L~ ZMLg = ZNM %S - IR

Lol b wl i) o Lfy2 20 g2 .2
—Z<\U+q, —\Il_q,)%—z(\lﬁr < —W_q,)
where the various charges are functions of u and .

The boundary gauge field so chosen satisfies the condition that it
reproduces the asymptotically flat metric

ds® = Yome"e™ = Mdu? — 2dudr + Ndudp + r2d<p2



Let us consider the most general gauge transformations:
AN=T"L,+E"M, 4+ +AgR + AsS
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Let us consider the most general gauge transformations:
AN=T"L,+E"M, 4+ +AgR + AsS
+G0a + e + G + el

Now we solve the equations of motion: ~ dA + 1[A, A] =0

and construct the set of gauge transformations which leave the
aymptotic condition invariant: 04 = dA + [A, ]

Then we calculate the variation of the charges using the relation:
k
0CIN = —— AW d
C[A] o / <N0A, > dy
and get the charge as
k
C= fﬂ/dgp(TJ FTM v it
— W22+ W22 +idge + i)\g,o>

where N' = J(¢) + ud, M.



Now from the relation da,C[A2] = {C[A1],C[A2]} we can
calculate the Poisson brackets.

Before that let us define the modes as Fourier transforms of the
fields:

k . k .
TIn= — /dgoe"wj, M, = —/dgpe'”@./\/l,
47, 47
k inp k iny
Ro= o= [doe™o,  Sy= = [ doep,
Wl z:‘/d@eiwwl,zi’ [w172:l:8]r_4k/dweir¢w172i¢’
s T

k . 1 .
[SS]a= — / dpe®Phh,  Gno = — / dipel™®.
4 T 2w

The inverse Fourier transform is given, for example, as

2 .
T (p) = P > e ™,



In terms of modes, the Poisson brackets are:

{Tn, Im}pe= (n— m)Tnim i{Rn;Sm}pe = %n5n+m,o
{Tns Mim}pe= (0= M)Masm + T3 0°00 1m0
e (3 ]
i{Rn, W1} pp= %W%ﬁ i{Rn, W2} pp= %\l@fh
(W Wi bpg= Mis + (r — 5)Srps + %[SS],JrS + %wr%,ﬂ,o
(W W2 Y pg= Moys — (r = 5)Srps + %[55]r+5 + %V’r25,+570

where ¢y = 12k.
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Resolution: Since we are dealing with a theory with one internal
U(1) symmetry, the physical energy-momentum tensor should have

a contribution from the corresponding U(1) current.

So we add a Sugawara-like term to J,:
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Note the presence of spurious non-linear terms in the {7, V}pg
and {W, V}pp Poisson brackets!

Also the Poisson brackets i{7,, Rm}ps and i{Jn,Sm}pp are zero!
Resolution: Since we are dealing with a theory with one internal
U(1) symmetry, the physical energy-momentum tensor should have
a contribution from the corresponding U(1) current.

So we add a Sugawara-like term to J,:

A 1
jn — jn + §(R8)n

Finally, we also need to perform a shift in M,: (Justification for
this will become clear later)

./\A/ln == Mn + %(Ss)n



With these modifications all the non-linear terms get cancelled or
absorbed in the modified generators.

Also the Poisson brackets of jn with R, and S, give the correct
RHS.

In addition we get an extra non-zero Poisson bracket:
i{Mn,Rm} = —m8n+m
Finally we quantize the algebra following the rule:

i{v}PB_>[7] and {7}PB_>{7}

and get the algebra in terms of (anti-)commutators:



Final Algebra after Central Extension:

[T Tnl= (0 — M) Tnim + 12 L 1360 mo
s Minl= (0 = m) M + S5 10 mo
[T Ren]= —MRopm , [T, Sm) = —M Spim
[Mp, Rm]= —mSnym, (R, W] = $307F,
VAT <ﬁ SV R VE] = 3V,
Ry Renl= 5 19t mo0; (Ras Sml = 73 M0ntmo

v
{\U}+7 \Ui }= Mr+s +(r —5)Sryn + 6

W)= WM — (= 9)Srin + ¢ Porisg

r 5r+s,0



Energy Bound and Killing Spinors:

Considering all p055|ble positive-definite combinations of the
supercharges Wit e get the bound on the shifted charge M.

il’
oL iy iyt K k1
Mo_4§[w U el 7 } 5> 5 e

We then found the asymptotic supersymmetries that preserve the
asymptotically flat backgrounds.

Imposing that both the gravitinos and their generic variations are
zero at infinity, we get the asymptotic Killing spinor equation,
which (under some assumptions) has the solutions:



for arbitrary ¢f , and dj , constatnt spinors (i = 1,2).

The solutions are well-defined, given the periodicity of ¢ only when
M = —n? and n > 0, a strictly positive integer without loss of
generality.

For n =1, p = 0 we find the Killing spinors for the Minkowski
vacuum, M = —1. For n > 1, the energy bound is violated and we
have angular defect solutions.



Global Killing Spinors:
These describe the globally defined supersymmetry transformations
that leave the pure bosonic solutions in the asymptotic region

invariant.

The global Killing spinor equation is given as
1 1 1
Dgi: d+Wi§U CiZO

Now from the gauge fields a, and ay we can find the values of the
spin connection and the R-gauge field.

Using these we can solve the above equation and get the final
solution for the global Killing spinor:

~ 1
Chgen = N""C1eTi2%%



Here ¢! is a constant spinor.

1/~ M-

2 (r“ B 4“1) 4

~ 0 -2 ~ 00
=) ()

Like the asymptotic case, the Killing spinors are globally
well-defined when M = —n?, with n being a positive integer.

N =exp



Asymptotic Analysis of AdSs :



Asymptotic Analysis of AdSs :

There are two inequivalent locally supersymmetric extensions of
AdS3 theories containing an R-symmetry: the (2,0) and the (0, 2)
theories.

We will denote these as the unbarred and barred sectors
respectively.

The action is a functional of two independent connections:
I = I[A}] +[A]

Here we have defined x* = ¥ + ¢, where [ is the identical AdS
radius in both the sectors.

The (2,0) sector asymptotically only depends on x™ and the (0,2)
sector on x ™.



The global generators for the unbarred sector L,, OF and R
(a =0,1,2;,a= :l:%) and satisfy the algebra:

[Los Lnl= (1= M)y L 021 = (5 - 1) Qi
{Q4,Q5}=Lasg + (= B)R {Qs. 951 =0
and the supertrace elements:

<L,,, Lm> = 1'7nma <Qi:, Qﬁ> = a57 <R7 R> - _Z

2



The global generators for the unbarred sector L,, OF and R
(a =0,1,2;,a= :l:%) and satisfy the algebra:

(L, Lon]= (1= m) L m (L, O] = ( ) ox,.
{Qz7Q,g}: La+5+(a_6)R {Qi,Q?}zO

and the supertrace elements:

<L,,, Lm> = 1'7nma <Qi:, Qﬁ> = a57 <R7 R> - _Z

2

The barred sector satisfies exactly same algebra as the unbarred
sector while its supertrace elements are equal but opposite in sign.



The asymptotic behaviours of the gauge fields can be taken as:

Ay = %L_l—k
<L1 + §Lo + 4r/22L1 - %24,1 - %th - %w, Q- — i¢§R> dxt
A = %Zﬁ
(L_l S R PR S Mo R icBéf'?) dx~

and the transformation parameters as:

Ap=X"Lp+ €L QF + €2 Q) + ARR
N=X"L,+ &0 +& 0, + AzR



Following a similar procedure as in the BMS case, we get the
Poisson brackets:

C
12 n35n+m,0

1
i{er ¢i}PB— (2 - 06) ¢a+n 5 [wiR] nta

’{£+ £+}PB ( )Sj—&-m

C
En 5n+m,0

_ 1 c
W;f, % }PB: S;F_g_g + (Oé - B)Roz-l-ﬂ + E[RR]OH‘ﬁ + 6a25a+5,0

. 1 .
i{Rn, v} pe= 1202, , i{Rn, Rm}pg =
2

where ¢ = 6k; and k; is the Chern-Simons level.

As before, the modes are defined, for example, as

k .
[RRIn = 4= [ dve™shor()



Again for similar reasons as in BMS, we need to redefine

A 1
& = & = 20+ 5(RR),



Again for similar reasons as in BMS, we need to redefine

gh s 8h =g+ (RR)

After quantizing, we finally get the algebra:
(85, 5l= (0= m)Ef p + S5 10nemo
(& val= < - 0‘> ¢a+n (&5, Rl = =M Rnym
(R, ]= £ zpw [Rn, Rm] = n(5n+m0

{@Z)a ) 7/}5 }: Sa—i-ﬁ + (Oé - B)Ra-i-ﬁ + 604 504-{-6,0



Performing a similar analysis for the barred sector, we get an exact
copy of the above algebra (with € = 6k;) where the Sugawara
shift is now

e, =& =2, +>(RR),
The only difference is that for the barred sector the Fourier modes
are defined according to the convention

__ k .
(RR1 = o [ doe ™ oop(s)

This difference in sign in the Fourier transform is essential in
deriving the BMS algebra by contracting the two copies of AdS
algebras.



N = 4 Super-BMS3 from N = (2,2) Super-AdS;

Contraction of two copies of super-conformal algebra gives us the
super-Poincare algebra.

The contraction is defined in the large AdS radius limit / — oo.

The level of the corresponding Chern-Simons actions are related as
ki = k..

The generators are related as

Ln=L,—L_, M,=-—"—"" R =

2 2 -
wefer @oe, s-FEF

|
X!

Py y)
+
ol



The asymptotic gauge field and the gauge transformation
parameters of the flat theory is obtained from the AdS ones in the
limit /| — oo

A=A +A_, N=NAy +A_
We further need to contract the various parameters and charges.

Finally we can recover the N = 4 BMS3 algebra from the two
identical copies of the asymptotic (2,0) and (0,2) AdSs3 algebras
with the identification:

Tm= lim (Lo — £2) M = lim e(€p, + L)
Rm=lim e(Rm — R_m) Sm = lim(Rm+ R_1)
e—0 e—0
WhE— fim eyt V2% = |im e t,
e—0 e—0
cy= EI|_r110(c—c) cMzell_%e(c—Fc)

where € = %



This then gives the final SBMS3 algebra that we had obtained
before, complete with the Sugawara shifts.



This then gives the final SBMS3 algebra that we had obtained
before, complete with the Sugawara shifts.

Note that the Sugawara shifts in the two AdS sectors,

£, =2+ (bA and & = ¢+ ()A when written in terms of
the BMS flelds gives the correct Sugawara shifts of both J and
M in the limit | — oo. For example,

A

M= (2, +£_) — (8 +8)- %(cbi\ + %)

= M3 (P +@/1Y)
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conditions.



Conclusions:

v

We constructed extended supersymmetric BMS algebra using
Inonu-Wigner contraction of extended superconformal algebra.

We showed that only asymmetric scaling of bosonic and
symmetric scaling of fermionic generators give correct
extended super BMS algebra.

We were able to reproduce the correct BMS algebra by an
asymptotic symmetry analysis using a suitable set of boundary
conditions.

We repeated the same analysis for AdS space and again
obtained the BMS algebra as a correct contraction of two
copies of AdS algebras.



Current work and Future Directions:

Note that in the final AdS algebra we did not get the non-linear
terms that appears explicitly in the paper mentioned before!

It appears that the case we considered is a very special
representation in which the non-linear terms get
cancelled /reabsorbed after the Sugawara shifts.

We have thereafter done the analysis for more generic
representations and found the non-linear terms survive even after

the Sugawara shifts (for both AdS and BMS).

Non-linear terms will also change the energy bounds and will have
other effects.

We also want to apply our results on cosmological solutions.



Thank You!



Appendix:

g =ioy,

M =o1,



