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Formulating the problem



Soft Graviton Theorem

¢ An amplitude M,,;; which involves a graviton carrying a soft
momentum ¢, and n arbitrary finite energy particles carry-
ing momenta p; is related to the amplitude without the soft
particle, M,,, by the so called soft graviton theorem

Moui1(g; {pi}) = Kati {S(_l) +8O0 4+ S(l)} Ma({pi}) + 0(q*)

e The leading and subleading soft operators are given by
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Here k44 is the d + 1 dimensional gravitational coupling
constant.



Soft Graviton Theorem

e JMN denotes the total angular momentum operator acting on
the polarization tensors of finite energy states inside M,,.

e |t is given by the sum of the orbital and spin angular mo-
mentum

JMN LMN + SMN . LMN M 9 N 9
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* The spin angular momentum operator S¥V takes different
representations depending on what finite energy state it acts
upon. E.g., its action on a spin-2 state is given by

(SMN G)PQ - (SMN)PQABGAB — (5P € 5P€ Q + 5M€P 5N )



Soft Graviton Theorem

e The leading and the subleading soft operators S(-1) and $©
are universal and hence independent of the particular the-
ory we consider.

* Moreover, the above soft theorem statement is valid for any
kind of finite energy particles.

e On the other hand, the subsubleading operator S(!) is not
universal and depends upon the specific interactions of the
theory under considerations. (Ladhdha, Sen)



Soft Graviton Theorem

e The universality of the leading and subleading terms allow
us to apply the theorem to an arbitrary theory describing
gravity in d 4+ 1 dimensions and consider the scenario in
which one of the direction is compactified on S'.

e We shall show that the soft graviton theorem in the higher
dimension breaks into the soft factorization statement of
graviton, vector and scalar fields in the lower dimension.



Review of compactification on S!



Compactification on S’

* We consider gravity in d + 1 dimensions which is described
by the Einstein-Hilbert action

S=—— / d™'xv/—GR
2Hd+l

The k441 is related to the (d + 1) dimensional Newton’s cou-
pling constant as 2«3, | = 167Gy.

e We parametrize the compact direction by z and expand the
metric in terms of its fourier modes on the circle as

m

Z GMN ; z € [0, 27R]
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where R; is the radius of the compact direction.



Compactification on S’

e The compactification ansatz for the metric is taken to be
G = g, + P4 A, G, =ePA, G, =P
where « and 8 are some arbitrary constants

e The inverse metric and the determinant are given by

G — 672a¢guuj GHt — _872a¢A;¢, G% = 872’8(25 + 672a¢AHA/L

det(G,,) = 24etH? det(g,,)

* The fields g,.(x, z), ¢(x, z) and A,(x, z) depend on the full
d + 1 space-time coordinates.



Compactification on S’

For the above metric ansatz, the Einstein-Hilbert action, up to
total derivative terms, takes the form (Cho and Zoh)
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where F,,,, denotes the field strength of the vector field A,

Fu, =0,A, —0,A,



Compactification on S’

e We now focus on the zero modes in the KK expansion.
These zero modes do not depend on the compact coor-
dinate and represent the massless degrees of freedom in d
dimensional theory.

* More precisely, these zero modes describe the metric, a
gauge field and a scalar field in d dimensions.

e There are some specific choices for the constants « and
g for the zero modes. E.g., if we want to obtain the dimen-
sionally reduced action in the Einstein frame with the canon-
ically normalized scalar kinetic term, we need to choose
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Compactification on S’

with these choices, the action for the zero modes of the
metric reduces to (dropping the zero index from the fields)

So = a'dx\ﬁ[R —78;@8% 1 oV 2(d=1)/(d— 2¢F JFHY

2k 2

2
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where we defined x; = 577"

Similarly, for going to the string frame, we need to choose

3 d 4
“=1-a - P=a
With these choices, for d + 1 = 11, the action for the zero
modes in d = 10 becomes
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Compactification on S’

¢ The analysis for the non-zero modes is more involved.
(Cho, Zoh; Nappi, Witten; Duff,Dolan)

¢ Assuming d-dimensional Poincaré invariance of the vacuum,
we can impose the conditions

<g,u,1/> = Nuv ; <A#> =0 ; <€¢> =1
and expand the metric around this background as

G#V = N + 2/<;d+1SW(x, Z), G,=1+ 2"<5d+ISZZ7 G,uz = 2""7d+IS,uz

e The KK expansion for the non zero modes is given by
Sy = ZSEL"V) et P Sy = ZSL’? et 0 S, = ng) ek
n#0 n#0 n#0

where S denotes the non zero modes of the KK expansion
of the metric.



Compactification on S’

* The d + 1 dimensional parametrization invariance allows us
to gauge fix the fields S,,; and S_; to zero. (Nappi, Witten)

¢ This corresponds to fixing the non zero modes of the scalar
and gauge fields to zero.

e Essentially, we can gauge away these fields because S,(j?
and s act as Goldstone fields and S,(f‘,,) eats them to be-

come a massive spin 2 field.



Compactification on S’

* For the rescaled non zero modes qSW = 27Ry SW one
gets, for each level n of the Kaluza-Klein mode expansion
and at lowest order in the field expansion, the Fierz-Pauli
lagrangian in d dimension

n 1 —n n)Y —n)HV n 1 —n n
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with ¢ = ¢/}, and m? RZ'
* The <z>,j’y represent an infinite tower of massive modes with

masses given by m? Rz



Compactification on S’

* These massive KK modes are also charged with respect to
the massless U(1) gauge field A,SO).

¢ This happens because the zero mode of the diffeomorphism
along the compact direction, namely, 6z = —&(x*), be-
comes a local gauge transformation for the d-dimensional
vector field, A\ — ALY + 9, (x).

e Under this transformation, the massive modes S,({L) trans-

n

form as S\ — S\)e=inS"/Ri and therefore carry the charge
e = p; = g With respect to this U(1) group.



Compactification on S’

e The interaction between the massive KK modes and the
massless gauge field is usually introduced by minimal cou-
pling procedure 9, — D,, = 0, + ie,A,,.

e Due to the ordering ambiguity in covariant derivatives, the
minimal coupling procedure turns out to be ambiguous and
this ambiguity is parametrized by a constant g called the
gyromagnetic ratio.

e The minimally coupled Fierz-Pauli Lagrangian is thus given
by (Deser,Waldron;...)

1 * v * 1 * 1 *
L= 5Dug}, D¢ = Dy D $p, — SDud* D 6 + Dy Dy

1 N m2 . . o
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with ¢* = (7).



Compactification on S’

e For the compactification of 11 dimensional theory on S', the
massive KK modes form the short 256-dimensional susy
multiplets and are all BPS states.

* As mentioned above, the mass (or equivalently conserved
U(1) charge) of these states is given by m = |n|/R,.

e |t turns out that in type IIA string theory in 10 dimensions,
there are objects with precisely the same properties, namely
DO branes. (Witten; Sen)



Compactification on S’

¢ They also form the short 256-dimensional representation of
susy algebra. The tension (or mass) of the DO branes is
given by 1/(g,v/a’). Hence, being the BPS states, they also
carry the U(1) charge in multiples of 1/(g;va/).

¢ This means that a single DO brane can be identified with
the n = 1 KK modes for the radius of compactification Ryg =
gsV/o/. The higher KK modes are then identified with the
bound states of DO branes.



Soft graviton theorem and compactification



Identifying the physical polarizations

The polarization tensor of the d + 1 dimensional on-shell
graviton field Sy = epye ™", satisfies the following condi-
tions

MN N . _ Con2
:OZGN, emy =¢evm ;3 p- =0

PmeE
withM,N =0...d.

We denote by u,v = 0,--- ,d — 1 the indices along the d
dimensional non compact space-time and by z the index
along the compact direction.

The mass shell condition is

P =pup" +p;=0



Identifying the physical polarizations

The conditions on the d + 1 dimensional polarization tensor
can be written as

pu€"” +p e’ =0, pue+pec=0 , €, +e,=0

We denote the d dimensional graviton polarization by ¢,,,.. It
is demanded to satisfy

14 v . —
Pep=¢c,=0; ep==¢cyu,

The d dimqnsional vector and scalar fields will be denoted
by ¢, and ¢ respectively.

For the soft particles, we need to necessarily set the com-
ponent of the momentum along the compact direction to be
zero, i.e., p, = 0, since we want it to remain massless under
the compactification.



Identifying the physical polarizations

e The identification between the d dimensional polarization
tensors and the d + 1 dimensional polarization tensors is
taken to be

K 200 ~
wlp) = L (s,w@“) i) mt) L o0
. Kq K;Z . _ Kd ~
Eﬂz(pu) = \ﬁ"fd+1 5#(]7“) + 0( d) ; ezz(p“) 24 \ﬁ/‘id-f—l ¢(pu)

where,
77/J[u =Ny —PuPv —PvPu 5 P-P= I P“??,fu(P) =0 )

where p* is a reference null vector.



Identifying the physical polarizations

e The relation between the graviton polarizations in d + 1 and
d dimension involves the transverse metric nj,,- The reason
is as follows:

e At the massless level, the d + 1 dimensional fields do not
depend upon momentum p, along the compact direction.

® Hence, the transversality condition of the d + 1 dimensional
polarization tensor, namely, py Y = 0 immediately gives
puct’ = 0.



Identifying the physical polarizations

* Now, the 4 dimensional polarization tensor ¢, is also de-
manded to satisfy the same relation, namely, p,,c#” = 0.

* However, both these conditions are not compatible with each
other if we use 7, in the identification between the two po-
larizations.

¢ By using nj,,, both the transversality conditions become com-

patible with each other.



Soft factorization under compactification

¢ Using the identification between the polarization tensors,
the soft graviton amplitude M, can be expressed as the
sum of three terms in d dimensions

Mg, €€,pi) = Hd+1€MNM/r‘ﬁV1 (q; € pi)
= Ky EWMZL(Q,E;EhPi)
+rac Ml 1 (g, €560, i)

+ V2 adM?, (g, p1) + O(K3)

where we have denoted M}, | = M/ | and defined

M = kamh, (M (g, 6560, pi) — 1" MZ, (g, €0, 01))



Soft factorization for leading term

* The finite energy states inside M,,; in the right hand side
depend upon the momentum along the d non compact di-
rections. The massive states also depend upon the com-
pact direction through their mass/charge.

¢ By replacing the d + 1 dimensional graviton polarization ey
in terms of the d dimensional polarizations in the leading
soft theorem in 4+ 1 dimensions, we find the structure men-
tioned above.

® |n other words, the d+1 dimensional soft theorem statement
breaks into soft factorizations for three particles, namely
graviton, vector and scalar, in d dimension.



Soft factorization for leading term

¢ For the graviton, we get

Epv i i
Mﬁﬂ(‘]a {pi}) = ragw M dz pobi p ———=M,({pi}),

e For the scalar, we get

(2 —d)(p§)* +p7
MGy (g, 4pi}) = & {2+ ’ }Mn({ i});
G AE ‘ 121:[ (Pi - q) ] g

¢ Finally, for the vector field, we get

eie pt
Mﬁ-ﬁ-l(qa {pl 2/<5d Z L IM {pl ) ; ei:pf



Soft factorization for subleading term

¢ For the subleading term also, the analysis is similar though
more involved.

e We replace the d + 1 dimensional graviton polarization in
terms of the d dimensional polarizations in the subleading
term of the soft graviton theorem. This gives,

Mt1(€, g5 €, pi)
5#‘1p(PHJ?p +piJ}")

= Kq Z[gl“’plqp \b(zpi.q)

N 2(8piap)i’ + amhpl'ap ") o
ﬂ( i’ LI)

Mn(eiapi)




Soft factorization for subleading term

e The terms corresponding to soft graviton, vector and scalar
fields can be simplified to give a more familiar looking ex-
pressions.

¢ The subleading term for the soft graviton is universal. Hence,
we just get the standard result in this case.

¢ For the soft vector field, the expression simplifies to give

My

eic, qu (2L + SM)  euqup? (S6p)H S
M1 = ZKdZ[ 2pi-q * 2pi-q

where,

(Zap);w = NouMpv — Nov Npp



Soft factorization for subleading term

* The action of the broken generator S;” on the finite energy
states can be worked explicitly. Its action on the massive
spin 2 states annihilates them.

¢ On the massless fields, its’ action is given by

. Y 1 2NN .
ST M| = [771/0 ny + 1) Nop — (puu] My

VA% d—2)
(Zgi> Mb

€i
SEh = \/

e Clearly, it converts one type of particle into another type and

implies the existence of specific interaction vertices.

ﬁ



Soft factorization for subleading term

e For the scalar field, the subleading contribution is simplified
to give

M

“ 0 (2—-de-m* 0 0
= 2 — i e T T (2 — d)e— .
Kd{ ;[p b g op (2= d)e 9e;) [

where ¢; = pi = Rid.



Some explicit checks



* \We now consider the case of soft vector field in d dimension
in some more details.

¢ In particular, we shall consider the soft vector field interact-
ing with finite energy graviton, vector, scalar and massive
spin 2 fields.

e We start by considering the interaction of soft vector field
with the massless fields.



Soft factorization with massless fields

e The interaction between graviton, scalars and the 1-form
field is described by the following effective action

So = e /7[ 3;@5“@5 _ %e\/zw—l)/w—zw Fo 1

22

¢ This implies that there are total 5 diagrams which can con-
tribute to amplitudes with one soft vector.



Soft factorization with massless fields

‘n
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Soft factorization with massless fields

* The exchange diagrams can be evaluated explicitly. The
diagram withput any pole in soft momenta can be evalu-
ated by imposing the gauge invariance of the full amplitude
quM.,, = 0. The final result is

etpipdo E””)””S’

My = 21‘%!2 2p; - (ph""pi""p")
i
5Vp q EPH)UVSI bi
fsz Z . ;]?; M;gd)l)(pl)""pi""pn)

Ev\q)Ping VPSIU
ZHdZ b(q) szf;(‘ o) M, (p1,....Pi,-.-pa) + O(q)

i=1



Soft factorization with massless fields

e The action of the operators S* on various polarization ten-
sors is given by

. fd—1 ) d—1
1 e
V_po _ |0V Pl pv op =TT
877 =S| d—2 Jeu

¢ |f we compare these equations with the action of the broken
generators S* on the massless states, we immediately see
that they coincide if we identify S” with the angular momen-
tum operator $% //2 associated to broken generators of the
d + 1 dimensional Lorentz group.



Soft factorization with massive spin-2 field

e We now consider the interaction between the soft vector
and the massive KK fields.

* The non interacting Lagrangian for the massive KK modes
following from the compactification turns out to be Fierz-
Pauli Lagrangian. (Cho, Zoh:;...)

¢ We shall consider the minimally coupled Fierz Pauli La-
grangian to describe the interaction between the KK modes
and massless vector field. (Porrati, Rahman:...)



Soft factorization with massive spin-2 field

1 ', ! .. .
@1,?) ’/' -
2 - .
pi+q €. q

Figure: Diagrams contributing to the amplitude with a soft vector field
interacting with Kaluza-Klein states.



Soft factorization with massive spin-2 field

e The 3-point vertex giving the interaction among the vector
with momentum ¢ and polarization ¢# and two Kaluza-Klein
states at the same level n, having momenta and polariza-
tions (k2, ¢,) @nd (ks, ¢* ) is

vT;pcr;,u,V (6], k37 kZ)

i |1 1
Ee E(T]PﬂT]UV + NovNopu — 277pcr771/,u)(k2 - k3)7— + 5777'%77]#” (kz — k3)g

1 1 1
+§77'ra'7),uu(k2 - kS)p + 57]7'#77;)0(](2 - k3)l/ + 57]7'1/7]p0(k2 - k3),u

1 1 1
_EnTp(nG'l/kzu + nuakZdu) - 57770 (npukZM + npukZV) + EnT;L(kSpno'l/ + 77pdk3a)

1 g g
+§7ITV(7lauk3p + Nppkso) + 5777# (qonpy + qpnov) + EUTV(QUUW + qpNop)

8 8
_5777'0(51#77/)1/ + qunpu) - Enrp(anau + qunuo)



Soft factorization with massive spin-2 field

¢ The propagator of the massive states is given by

pHvpo i HPTIYO 4 IOV — 2 TIHVTTPO
p*+m? d—1

where,

[ — v pulzy

® The exchange diagram is evaluated by the above Feynman
rules and the contact diagram is evaluated by imposing the

gauge invariance of the full amplitude g, M*(q,p;) = 0.



Soft factorization with massive spin-2 field

¢ The final result is given by

n

o
_ ~ | Pi 4qp wp wpo
M, = E ; L — (2L S M, (p; o
S i=1 “ pPiq + 2p; - q( P eS| Malpi) + Ola)

e This equation is consistent with the result obtained from
the compactification of the soft graviton amplitude when we
specialize that to the case of the massive spin 2 finite en-
ergy states.

e However, this matching requires us to take the gyromag-
netic ratio to be g = 1.



Soft factorization with massive spin-2 field

¢ In general, the elementary particles have gyromagnetic ra-
tio g = 2. (Weinberg; Jackiw; Ferrara, Porrati, Telegdi )

e However, this holds when one demands the tree level uni-
tarity and good high energy behaviour. More precisely, this
holds when the energy regime satisfies (Weinberg)

M
M, > E > —
g 0

e The KK modes satisfy the BPS condition and hence they
are out of this regime.



Soft factorization with massive spin-2 field

¢ Thus, there is no contradiction with the value of gyromag-
netic ratio g = 1 for the massive KK modes interacting with
the photon fields. (Hosoya, Ishikawa, Ohkuwa, Yamagishi)

e This is also consistent with the value of gyromagnetic ratio
for the DO brane in type IlIA theory considered as black hole
carrying spin. (Duff, Liu, Rahmfeld)
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