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Pulsar Timing Preliminaries
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Figure 19. Timing summary for PSR J1643-1224. Colors are: Blue: 1.4 GHz, Purple: 2.3 GHz, Green: 820 MHz, Orange: 430 MHz, Red: 327 MHz. In the top
panel, individual points are semi-transparent; darker regions arise from the overlap of many points.
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Figure 20. Timing summary for PSR J1713+0747. Colors are: Blue: 1.4 GHz, Purple: 2.3 GHz, Green: 820 MHz, Orange: 430 MHz, Red: 327 MHz. In the
top panel, individual points are semi-transparent; darker regions arise from the overlap of many points.



Sources of GWs: SMBHBs

Figure 3: Left: Comparison of GW detectors, showing measured (solid lines) and projected (dotted lines) characteristic
strain (hc) sensitivity vs. GW frequency along with expected source strengths. Sensitivity corresponds to the projected
upper limits assuming no GWs; the 2010 curve illustrates the upper limit presented in the first all-NANOGrav paper
[2]. Pulsar timing probes a complementary area of parameter space to other detectors. Right: Probability of detection
for the SB produced by SMBH mergers as a function of time. We used the number of MSPs for the five years of the
project listed in Fig. 4, with the same precisions as the current NANOGrav MSPs. We included the expected increases
in timing precision and cadence due to wideband receivers at the GBT in 2016 and Arecibo in 2017. The red, green, and
blue curves correspond to recent, conservative estimates for upper (2⇥ 10�15), mid (1⇥ 10�15), and lower (5⇥ 10�16)
bounds on the strength of the SB [7]. The MSPs being monitored by NANOGrav do not show strong evidence for red
spin noise but, conservatively, we have included red noise with an induced RMS residuals of 5 ns after 5 years. In Fig. 4
we list the probability of detection for an amplitude 1⇥10�15 SB background and the amplitude which we would expect
to detect with 90% confidence for all five years of the project.

C Detecting and characterizing gravitational wave sources

As shown in Fig. 3, as the total timespan of our observations grows, we become more sensitive to the lower
GW frequencies that induce larger signatures in our data. A discovery is likely within a decade if the Universe
evolves as current models and evidence suggest. It is therefore critical that we develop techniques to detect all three
types of signals, to understand the source populations, and to carry out electromagnetic (EM) counterpart searches.

Stochastic background: For the first NANOGrav upper limit paper, the correlation analysis was performed
separately from the timing fit, with the properties of the fit used to determine the amount of GW power ab-
sorbed. Ideally, however, one must fit for both the timing model and the GW signal simultaneously. In this
case, signal characterization and parameter estimation are very challenging because likelihood evaluations
involve the inversion of large matrices, requiring several thousand CPU years to search the full parameter
space of MSP and GW signal model parameters. We will therefore develop likelihood parallelization meth-
ods to use on large computing clusters. Initial work indicates that these methods can increase computational
speeds by factors of ⇠1000, with additional acceleration by factors of ⇠100 if GPUs are used.

Continuous waves and bursts from individual SMBH binaries: It is possible that our first detection will
not be of the SB but of some other signal, such as quasi-sinusoidal continuous waves (CWs) from orbit-
ing SMBHs or bursts from highly elliptical periastron passages of SMBH binaries or from SMBH mergers.
Cosmic strings also produce low-frequency CWs and bursts. For CWs, we will model the eccentricity and
frequency evolution and integrate these techniques into the parallelized code described above. We will ap-
ply this code to all-sky searches and searches of published SMBH candidates from EM observations. We will
study possible EM counterparts to provide input template parameters in targeted CW or burst searches. EM
observations may also permit host identification in the event of a blind GW detection via pulsar timing.

As our sensitivity improves we are likely to see several individual sources that stand out from the SB. A
combined CW and SB search will enable full characterization of the GW signal from SMBHs. The num-
ber of pulsars and the large parameter space will require the development of analytic approximations and
integration of the code into the parallelized likelihood-evaluation system described above.

Tests of our pipelines and mock data challenges: We will develop pulsar-timing simulation software that
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Demorest et al. (2009)
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f
yr�1
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The hierarchical formation of BCGs 5

Figure 1. BCG merger tree. Symbols are colour–coded as a function of B - V colour and their area scales with the stellar mass. Only
progenitors more massive than 1010 M⊙ h−1 are shown with symbols. Circles are used for galaxies that reside in the FOF group inhabited
by the main branch. Triangles show galaxies that have not yet joined this FOF group.

Figure 2. Merger tree of the FOF group in which the BCG sits at redshift zero. Only the trees of subhalos with more than 500 particles
at z = 0 are shown. Their progenitors are shown down to a 100 particle limit. Symbol coding is the same as in Fig. 1. The left-most tree
is that of the main subhalo of the FOF, while the trees on the right correspond to other substructures identified in the FOF group at
z = 0. In green, we mark the subhalo that contains the main branch of the BCG.

c⃝ 2006 RAS, MNRAS 000, 1–13

De Lucia et al, 2006

Fig. 2.— The M•�L relation for the 44 early-type galaxies with reliable measurements of the V-band bulge luminosity in our sample. The
symbols are the same as in Figure 1. The black line represents the best-fitting power-law log10(M•/M�) = 9.23+1.11 log10(Lv

/1011 L�).

M/L from stellar population synthesis models (e.g., Cap-
pellari et al. 2006; Conroy & van Dokkum 2012). For this
reason, we adopt a conservative approach and assign a
minimum error of 0.24 dex to each value of M

bulge

. The
corresponding confidence interval (0.58 - 1.74) ⇥M

bulge

spans a factor of 3. To test how well our M
bulge

values
represent the stellar mass of each galaxy, we also have fit
the M•�M

bulge

relation using a sample of 18 galaxies for
which M

bulge

is computed from the stellar mass-to-light
ratio, M

?

/L. Our fits using the dynamical M
bulge

and
stellar M

bulge

samples are consistent.

3. BLACK HOLE SCALING RELATIONS AND FITS

In this section we present results for the fits to black
hole scaling relations for the full sample of dynamically
measured M• listed in Table A1, the full sample of M•
plus 92 upper limits on M•, and various subsamples di-
vided by galaxy properties.

3.1. Fitting methods

Our power law fit to a given sample is defined in log
space by an intercept ↵ and slope �:

log
10

M• = ↵+ � log
10

X , (2)

where M• is in units of M�, and X = �/200 km s�1,
L/1011L�, or M

bulge

/1011M� for the three scaling re-
lations. We have also tested a log-quadratic fit for the
M• � � relation:

log
10

M• = ↵+ � log
10

X + �
2

[log
10

X]2 , (3)

where X = �/200 km s�1. Results for the quadratic fit
are discussed separately in Sec. 3.2.6 below.
For the power-law scaling relations, we have com-

pared three linear regression estimators: MPFITEXY,
LINMIX ERR, and BIVAR EM. MPFITEXY is a least-squares
estimator by Williams et al. (2010). LINMIX ERR is a
Bayesian estimator by Kelly (2007). Both MPFITEXY and
LINMIX ERR consider measurement errors in two variables
and include an intrinsic scatter term, ✏

0

, in log(M•).
LINMIX ERR can be applied to galaxy samples with upper
limits for M•. For the M• � � sample with upper limits,
we also use the BIVAR EM algorithm in the ASURV soft-
ware package by Lavalley et al. (1992), which implements
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Fig. 1.— The M• � � relation for our full sample of 72 galaxies listed in Table A1 and at http://blackhole.berkeley.edu. Brightest
cluster galaxies (BCGs) that are also the central galaxies of their clusters are plotted in green, other elliptical and S0 galaxies are plotted
in red, and late-type spiral galaxies are plotted in blue. NGC 1316 is the most luminous galaxy in the Fornax cluster, but it lies at the
cluster outskirts; the green symbol here labels the central galaxy NGC 1399. M87 lies near the center of the Virgo cluster, whereas NGC
4472 (M49) lies ⇠ 1 Mpc to the south. The black-hole masses are measured using the dynamics of masers (triangles), stars (stars) or gas
(circles). Error bars indicate 68% confidence intervals. For most of the maser galaxies, the error bars in M• are smaller than the plotted
symbol. The black dotted line shows the best-fitting power law for the entire sample: log10(M•/M�) = 8.33 + 5.57 log10(�/200 km s�1).
When early-type and late-type galaxies are fit separately, the resulting power laws are log10(M•/M�) = 8.41 + 5.08 log10(�/200 km s�1)
for the early-type (red dashed line), and log10(M•/M�) = 8.07 + 5.06 log10(�/200 km s�1) for the late-type (blue dot-dashed line). The
plotted values of � are derived using kinematic data over the radii rinf < r < re↵ .

excluded. Setting r
min

= r
inf

produces an alternative
definition of � that reflects the global structure of the
galaxy and is less sensitive to angular resolution. We
compare the two definitions of � for 12 galaxies whose
kinematics within r

inf

are notably di↵erent from kine-
matics at larger radii. As shown in Table 1, excluding
r < r

inf

can reduce � by up to 10-15%. Ten of the 12 up-
dated galaxies are massive (� > 250 km s�1 using either
definition). Rusli (2012) presented seven new stellar dy-
namical measurements of M• along with central velocity
dispersions. We have used the long-slit kinematics from
Rusli (2012) and references therein to derive � according
to Equation 1; our � values appear in Tables A1 and 1.
For the M• � M

bulge

relation, we have compiled the
bulge stellar masses for 35 early-type galaxies. Among
them, 13 bulge masses are taken from Häring & Rix

(2004), who used spherical Jeans models to fit stellar
kinematics. For 22 more galaxies, we multiply the V -
band luminosity in Table A1 with the bulge mass-to-
light ratio (M/L) derived from kinematics and dynam-
ical modeling of stars or gas (see Table A1 for refer-
ences). Where necessary, M/L is converted to V -band
using galaxy colors. The values of M

bulge

are scaled to
reflect the assumed distances in Table A1.
Most of the dynamical models behind our compiled val-

ues of M
bulge

have assumed that mass follows light. This
assumption can be appropriate in the inner regions of
galaxies, where dark matter does not contribute signifi-
cantly to the total enclosed mass. Still, several measure-
ments are based on kinematic data out to large radii.
Furthermore, some galaxies exhibit contradictions be-
tween the dynamical estimates of M/L and estimates of
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Challenges
• Physical:

• Do we understand the noise in our data? 
• Are we confident in our GWB signal model? 

• Statistical:
• How do we model several different kinds of noise processes 

simultaneously? 
• Are the data really gaussian? 
• How do we assess detection significance? 
• How do we sample the large parameter spaces? 

• Computational:
• How do we model and sample all processes simultaneously 

while still allowing a decent run time?
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A PTA noise model: everything is a Gaussian process

Basis picture
Search over basis coefficients 
and hyperparameters
ygp = Fa

p(a) � e�a
T�(�)�1a/2

p(ygp) � e�y
T
gpK(�)�1ygp/2
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PRD 90, 104012 (2014)
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Stochastic GWs as correlated Gaussian process

[Jenet et al. 2015][Burke-Spolaor 2015]
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daily averaged residuals, one must include this effect as it results
in larger averaged uncertainties on the averaged residuals. In
essence this allows for a way to visually determine which pulsars
may be dominated by pulse phase jitter.

We begin the derivation by introducing the probability
distribution of the group of residuals that belong to time bin38 k,

d d

d d d d
=

- - --⎡
⎣⎢

⎤
⎦⎥

t

t t

p t

O t C O t

C

exp
1
2

det
, 33

k k

k k
T

k k k

k

1

( )
( ) ( )

( )

¯

¯ ¯
( )

where dtk, dtk¯ , and Ck are the residuals in time bin k, the mean
residual in time bin k, and the covariance matrix of the
residuals in time bin k, respectively. Here, O is the design
matrix for the mean which in this case is a vector of ones of
length Nk, where Nk is the number of residuals in simultaneous
time bin k. In an identical manner as Appendix C we can
determine the maximum likelihood estimator and uncertainty
for the mean of the probability distribution function (i.e., the
daily averaged residual)

d d= - - - tt O C O O C 34k
T

k
T

k k
ML 1 1 1( )¯ ( )

s = - -
O C O , 35k

T
k

2 1 1( )¯ ( )

Figure 33. Timing summary for PSR B1937+21. Colors are blue: 1.4 GHz, purple: 2.3 GHz, green: 820 MHz, orange: 430 MHz, red: 327 MHz. In the top panel,
individual points are semi-transparent; darker regions arise from the overlap of many points.

Figure 32. Timing summary for PSR J1923+2515. Colors are blue: 1.4 GHz, purple: 2.3 GHz, green: 820 MHz, orange: 430 MHz, red: 327 MHz. In the top panel,
individual points are semi-transparent; darker regions arise from the overlap of many points.

38 In this work, we have used time bins of size 1 s, thus are only averaging sets
of multi-channel residuals measured simultaneously.
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Hierarchical likelihood
Computationally cheap  (0.07 s) 
Large number of parameters  (10,000)

Marginalized likelihood
Computationally cheap (2 s) 
Smaller number of parameters  (400)

Integrate over 
Gaussian-process 
coefficients

(all for NANOGrav 9-year dataset)



New and improved outlier 
model

• Previous outlier model was gaussian mixture model (Vallisneri 
van Haasteren 2016) required several complicated 
coordinate transformation + custom NUTS HMC sampler 
(required coding gradients of likelihood) 

• New method (see Tak’s talk) is gaussian + t-distribution. Uses 
simple Gibbs sampler and requires minimal changes to 
already existing MH based codes.
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Assessing detection 
significance

• “smoking gun” of GWB is specific cross correlation 
pattern 

• Model 1: 

• Model 2: 

• Want to compare Models 1 and 2 in order to separate 
spectral information from spatial correlation information. 

• There exist both Bayesian and frequentist versions of 
this test. 

10

Sab(f) = ↵abP (f)

Sab(f) = �abP (f)

PTA experiments in strong-field situations [17, 18].

FIGURE 1. Correlation between timing residuals for pulsar pairs as a function of the angular separation
of the two pulsars for an isotropic GW background in the Galaxy under general relativity [3]. The
computations are based on the PPTA sample of 20 pulsars with a strong GW signal that dominates the
timing residuals [18].

PULSAR TIMING ARRAYS AND GW APPLICATIONS

Currently there are about 35 MSPs that are both sufficiently strong and have sufficiently
narrow pulse profile features to make them useful for PTA projects, i.e., to give ToA
precisions of <

∼ 1µs with observations times of an hour or so. Most of these are being
regularly timed by one or more of the three major PTA projects: the European Pulsar
Timing Array (EPTA), the North American pulsar timing array (NANOGrav) and the
Parkes Pulsar Timing Array (PPTA). The EPTA combines data from the four large radio
telescopes in Europe: at Nançay, Effelsberg, Westerbork and Jodrell Bank, with a fifth in
Sardinia soon to be added [20]. NANOGrav uses data from the Arecibo radio telescope
and the Green Bank Telescope [23]. The PPTA uses data from the Parkes 64-m radio
telescope in Australia [24, 25, 26]. A collaboration exists between these three projects
to form the International Pulsar Timing Array (IPTA) [27].
The PPTA project commenced in 2004 and regular timing of 20 MSPs commenced

in 2005 March. The project is a collaboration principally between the groups at CSIRO
Astronomy and Space Science (led by RNM and G. Hobbs) and Swinburne University
of Technology (led by M. Bailes and W. van Straten) with major contributions from
the University of Texas at Brownsville (F. A. Jenet) and the University of California
at San Diego (W. A. Coles). Observations are made at intervals of 2 – 3 weeks in
three bands: 10 cm (3100 MHz), 20 cm (1400 MHz) and 50 cm (700 MHz). The
10 cm and 50 cm observations use a dual-frequency coaxial receiver while the 20 cm
observations are generally made using the centre beam of the Parkes 20-cm 13-beam
receiver. A number of back-end systems have been used since the project commenced:
the Wide-Band Correlator (maximum bandwidth 1024 MHz), a series of Parkes Digital
Filterbanks PDFB1 (256 MHz) and PDFB2, 3 and 4 (1024 MHz), the Caltech-Parkes-

Pulsar Timing Arrays and their Applications January 28, 2011 3



• Compute BF for real data 

• Draw new random sky positions for pulsars and use in constructing correction 
coefficients. Repeat this for many scrambles. 

• Add random phases to Fourier components. Repeat this for many shifts. 

• Because of finite number of pulsars there are only a few 100-1000 independent sky 
scrambles.  

• Can be extremely computationally expensive; however can also be used for less 
expensive frequentist techniques.
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Assessing detection 
significance (2) 4

Cgwb = F'gwbF
T

Phase Shifting Sky Scrambles

FIG. 1. The two detection significance techniques operate on
real pulsar timing datasets, and are naturally linked through
the common result of destroying cross-pulsar GWB signal cor-
relations.

The reduced rank description of the GW signal covari-
ance (as in Sec. II) provides two ways for us to remove the
GWB’s correlated influence between pulsars. The time-
domain covariance induced by a GWB takes the following
form:

Cgwb = hFagwba
⇤
gwb FT i

= F hagwba
⇤
gwbiFT

= F'gwbF
T , (13)

where F is the Fourier design matrix of the signal, and
'gwb is the variance of the zero-mean signal coe�cients
agwb. This variance is proportional to the power spectral
density of the GWB-induced time delays:

'gwb = hagwba
⇤
gwbi

= �ab ⇥
A2

gwb

12⇡2

1

T

✓
⌫i

1yr�1

◆��

yr2. (14)

With the following two techniques we destroy signal
covariance by either operating on the phase coherence
through F, or on the induced spatial correlations through
�ab. In Eq. (13) and Fig. 1 we see that these are naturally
linked through the common result of mitigating cross-
pulsar signal correlations in the data.

A. Phase shifting

Phase shifting attacks the phase coherence of the GWB
signal that is induced between di↵erent pulsars in the
PTA. There are two approaches one can take in phase
shifting — we can either construct phase shifted datasets
(data-driven), or we can search for the GWB with a phase
shifted model (model-driven).

Data-driven — In this approach we must first recon-
struct the signal in each individual pulsar. We determine
the maximum likelihood parameters of the intrinsic pul-
sar noise (without including a GWB in the model), then
solve Eq. (11) to obtain the maximum likelihood signal

coe�cients, bb. By selecting only the components, ba, that
correspond to the frequencies we want to shift, we can re-
construct the maximum likelihood signal realization with
s = Fba.

FIG. 2. Example of phase shifting on J2317+1439 in Simu-
lation 1 (blue points, top panel). The maximum-likelihood
signal realization for the lowest 3 frequencies is shown as a red
line in the top panel. We subtract this from the dataset to ob-
tain a set of residuals (middle panel), where there is still clear
structure left over. After phase shifting as in Section III A we
obtain the new signal (red line, bottom panel), which we add
back to the residuals to obtain a new, shifted dataset (blue
points, bottom panel).

We also construct a shifted signal, s0, using the ad-
justed matrix F0, defined as:

F 0(⌫, t) = sin (2⇡⌫t + �⌫) , (15)

and equivalent cosine terms, with �⌫ a frequency-
dependent random phase between 0 and 2⇡. This gives
our shifted signal as s0 = F0ba.

We can then construct a new, shifted dataset �t0:

�t0 = �t � s + s0. (16)

An example of this shifting process is shown in Fig. 2
for J2317+1439 in Simulation 1.1 Crucially (as will be
shown in Sec. IVB) this process retains the statistical
properties of the original dataset, including any unmod-
elled stochastic or systematic e↵ects. However by shifting
the phases of the signal we have removed any correlations
between pulsars.2

1 Residuals in the top panel of Fig. 2 are given by Tempo2 perform-
ing a generalized least-squares fit of the timing-model parame-
ters, where the .par file has the following red-noise estimates:
TNRedAmp = �13.301, TNRedGam = 4.333, TNRedC = 50.

2 We have implicitly assumed a stationary GWB signal, since our
phase-shifting approach applies an independent random phase
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a) Simulation 1
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lnB
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Sky scrambling

Noise sims.
Phase shifting

b) Simulation 2

FIG. 4. The null hypothesis distribution of Bayes factors
for a GWB versus a common-uncorrelated red process is ob-
tained with di↵erent techniques. The result of 300 phase shifts
(green, long-dash) and 300 sky scrambles (red, short-dash)
on the real dataset are compared to the distribution from
noise simulations (blue, solid). The Bayes factor from the
real datasets are shown as a vertical dash-dot magenta line in
both panels.

model includes separate red noise per pulsar and a GWB.
Blue lines show parameter estimates from an analysis of
the unmodified dataset, where the model includes sep-
arate red noise per pulsar and a common-uncorrelated
red process. As desired, the shifting and scrambling
processes have not significantly a↵ected the parameter
estimates for individual pulsars. This indicates that
the underlying statistics of the dataset remain consis-
tent whether we analyze with a shifted/scrambled GWB
model or with a common-uncorrelated red process.

FIG. 5. One dimensional marginalized posterior distributions
for the log-amplitude (top) and spectral index (bottom) of the
intrinsic red noise for three of the pulsars in simulation 2.
Blue lines represent the analysis for the unmodified dataset
containing the uncorrelated common red noise term, red lines
are the mean of the posterior distributions over 50 realizations
of the combined phase and position shifted datasets.

C. Influence of unmodeled noise processes

So far we have shown that phase-shifting and sky-
scrambling provide null hypothesis distributions that
agree with what is given by noise simulations. We now
go further to show that phase-shifting and sky-scrambling
can in fact be superior. This occurs when our noise mod-
els are poor so that our understanding of noise processes
in the dataset is incomplete.

1. Simulation 3 (mismodeled intrinsic noise)

We generate an extreme example of a dataset with
large unmodeled noise that is intrinsic to each pulsar.
We inject loud independent glitches (negative ramps in
the residual time-series due to spontaneous increases in
the pulsar rotational frequency) into each pulsar of sim-
ulation 1 (described in Sec. IV A). This glitch term is
injected as:

sglitch(t) = �A ⇥ (t � te)H(t � te) ⇥ spd, (28)

where t is the MJD of a given pulsar observation, H(·) is
the Heaviside step function, A is the glitch amplitude,
te is the MJD of the glitch epoch, and spd = 86400
is the number of seconds per day. The glitch epochs
are randomly drawn as te 2 MJD U [53000, 54806], while
the glitch amplitudes are randomly drawn as log10 A 2
U [�18, �17].



Frequentist statistics and 
nuisance parameters

• Statistic               that depends on data     and noise 
parameters   . 

• Standard method is to use ML values        and compute 
statistic. 

• What if nuisance parameters are poorly constrained and/or 
correlated with parameters of interest (i.e. red noise and 
GWB)? 

• Possible solution: Compute             drawing     from posterior 
distribution            and compute a “meta-statistic” of this 
distribution.  

• What methods exist for dealing with this kind of problem?  
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Final thoughts/challenges
• Currently our samplers use adaptive metropolis (AM), single 

component adaptive metropolis (SCAM) and differential evolution 
(DE) along with parallel tempering. What other kinds of proposals 
can help improve mixing.  

• Kernel or Basis picture? 

• Other ways of determining detection significance for stochastic 
and deterministic GWs. 

• We have several frequentist statistics that are good proxies for the 
more expensive Bayesian runs, in principle. How do we properly 
construct these statistics in the presence of many nuisance 
parameters?
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