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Post detection, Gravitational Wave Astronomy is entering into  
a new era

The Dawn of Gravitational Wave Astronomy

Because of weak signal buried in the noise, the Statistical 
Data Analysis  plays an important role in GW Astronomy

Astronomy/Astrophysics part comes from the source 
modelling and parameter estimation



Detection Problem

Data recorded at the detector may be considered as Radom 
with certain statistical properties which changes in presence 
of signal.

And detection problem reduces to ability to distinguish 
between these two statistics!

Detection Probability False Alaram Probability

PD(R) =

Z

R
p1(x)dx PF (R) =

Z

R
p0(x)dx

PDF corresponding to signal 
being present

PDF corresponding to only 
noise



Detection Neyman-Pearson Approach

In this approach, fix a pre-determined false alarm prob. Say,  ↵

and maximise the detection prob. 
And the solution is region R defined by, 

R = [x : ⇤(x) � k]

Where         is likelihood ratio defined as:⇤(x) ⇤(x) =
p1(x)

p0(x)

k is given by, PF [⇤(x) � k] = ↵

Given the nature of noise ( Say Gaussian !) and the model of 
the signal one can construct  the likelihood function which can 
be maximised for given ↵



Detection vs Parameter Estimation

The likelihood function             depend on signal model and  
maximisation has to be performed over all source parameters 

⇤(x; ✓)

✓

To reduce the computational cost and speed up the detection 
process, the parameter space is spanned efficiently, in other 
words as coarsely as possible. This done by template 
placement 

This coarse sampling of likelihood function              not good

⇤(x; ✓)⇤(x; ✓)

enough for accurate parameter estimation



Signal Model

One of the promising source of GW signal is compact binary 
system

Parameter set ✓ =
n

m1,m2, ~S1, ~S2, ta,�0, ,↵, �, ✓J,N
o



Parameter Estimation Problem
A more precise estimation of source parameter is needed 
form Astrophysics point of view.

In maximum likelihood estimator,  the source parameters         
which maximises the likelihood function gives the source 
parameters
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The error/the accuracy is represented by Fisher information 
matrix
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Parameter Estimation Bayesian Approach 

p (✓|d,H) =
p(✓|H)p(d|✓, H)

p(d|H)

p (✓|d,H)

p (✓|H)

p (d|✓, H)

Here, Bayes theorem is  the basis for computing posterior 
prob. distribution. According to the Bayes theorem 

Prior distribution, i.e. prior knowledge or 
ignorance about the problem

Likelihood function, for the hypothesis

Posterior prob. function -> The joint probability 
distribution on the multidimensional space                
describes the collective knowledge about all 
parameters as well as their relationships. 



the likelihood, LðdjθÞ ¼ pðdjθ; HÞ, multiplied by the prior
over all parameters of the model H,

Z ¼ pðdjHÞ ¼
Z

dθ1…dθNpðdjθ; HÞpðθjHÞ: ð4Þ

This is the normalization constant that appears in the
denominator of Eq. (1) for a particular model. Because
we cannot exhaustively enumerate the set of exclusive
models describing the data, we typically compare two
competing models. To do this, one computes the ratio of
posterior probabilities

Oij ¼
PðHijdÞ
PðHjjdÞ

¼ PðHiÞ
PðHjÞ

×
Zi

Zj
ð5Þ

where Bij ¼ Zi=Zj is the Bayes factor between the two
competing models i and j, which shows how much more
likely the observed datad is undermodel i rather thanmodel j.
While the Bayesian methods described above are con-

ceptually simple, the practical details of performing an
analysis depend greatly on the complexity and dimension-
ality of the model, and the amount of data that is analyzed.
The size of the parameter space and the amount of data to be
considered mean that the resulting probability distribution
cannot tractably be analyzed through a fixed sampling of
the parameter space. Instead, we have developed methods
for stochastically sampling the parameter space to solve the
problems of parameter estimation and model selection,
based on the MCMC and nested sampling techniques, the
details of which are described in Sec. III. Next we will
describe the models used for the noise and the signal.

A. Data model

The data obtained from the detector is modeled as the
sum of the compact binary coalescence signal h (described
in Sec. II B) and a noise component n,

d ¼ hþ n: ð6Þ

Data from multiple detectors in the network are analyzed
coherently, by calculating the strain that would be observed
in each detector:

h ¼ Fþðα; δ;ψÞhþ þ F×ðα; δ;ψÞh× ð7Þ

where hþ;× are the two independent GW polarization
amplitudes and Fþ;×ðα; δ;ψÞ are the antenna response
functions (e.g. [46]) that depend on the source location
and the polarization of the waves. Presently we ignore the
time dependence of the antenna response function due to
the rotation of the Earth, instead assuming that it is constant
throughout the observation period. This is justifiable for the
short signals considered here. Work is ongoing to include
this time dependence when analyzing very long signals
with a low frequency cutoff below 40 Hz, to fully exploit

the advanced detector design sensitivity curves. The wave-
forms hþ;× are described in Sec. II B.
As well as the signal model, which is discussed in the

next section, we must include a description of the observed
data, including the noise, which is used to create the
likelihood function. This is where knowledge of the
detectors’ sensitivity and the data processing procedures
are folded into the analysis.
We perform all of our analyses using the calibrated strain

output of the GW detectors, or a simulation thereof. This is
a set of time-domain samples di sampled uniformly at times
ti, which we sometimes write as a vector d for convenience
below. To reduce the volume of data, we down-sample the
data from its original sampling frequency (16384 Hz) to a
lower rate fs ≥ 2fmax, which is high enough to contain the
maximum frequency fmax of the lowest mass signal
allowed by the prior, typically fs ¼ 4096 Hz when ana-
lyzing the inspiral part of a BNS signal. To prevent aliasing
the data is first low-pass filtered with a 20th order
Butterworth filter with attenuation of 0.1 at the new
Nyquist frequency, using the implementation in LAL
[47], which preserves the phase of the input. We wish to
create a model of the data that can be used to perform the
analysis. In the absence of a signal, the simplest model
which we consider is that of Gaussian, stationary noise with
a certain power spectral density SnðfÞ and zero mean.
SnðfÞ can be estimated using the data adjacent to the
segment of interest, which is normally selected based on the
time of coalescence tc of a candidate signal identified by a
search pipeline. The analysis segment d spans the period
½tc − T þ 2; tc þ 2&, i.e. a time T which ends two seconds
after the trigger (the 2s safety margin after tc allows for
inaccuracies in the trigger time reported by the search, and
should encompass any merger and ringdown component of
the signal). To obtain this estimate, by default we select a
period of time (1024s normally, but shorter if less science
data is available) from before the time of the trigger to be
analyzed, but ending not later than tc − T, so it should not
contain the signal of interest. This period is divided into
nonoverlapping segments of the same duration T as the
analysis segment, which are then used to estimate the PSD.
Each segment is windowed using a Tukey window with a
0.4s roll-off, and its one-sided noise power spectrum is
computed. For each frequency bin the median power over all
segments is used as an estimate of the PSD in that
bin. We follow the technique of [48] by using the median
instead of the mean to provide some level of robustness
against large outliers occurring during the estimation
time.
The same procedure for the PSD estimation segments is

applied to the analyzed data segment before it is used for
inference, to ensure consistency.
For each detector we assume the noise is stationary, and

characterized only by having zero mean and a known
variance (estimated from the power spectrum). Then the
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Results for a specific parameter are found by marginalising 
over the unwanted parameters

(i) standard methods of accessing GW detector data,
using LAL methods for estimating the power spec-
tral density (PSD), and able to simulate stationary
Gaussian noise with a given noise curve;

(ii) the ability to use all the waveform approximants
included in LAL that describe the evolution of point-
mass binary systems, and waveforms under develop-
ment to account for matter effects in the evolution of
binary neutron stars (BNSs) and generalizations of
waveforms beyond general relativity;

(iii) likelihood functions for the data observed by a
network of ground-based laser interferometers given
a waveform model and a set of model parameters;

(iv) three independent stochastic sampling techniques of
the parameter space to compute PDFs and evidence;

(v) dedicated “jump proposals” to efficiently select
samples in parameter space that take into account
the specific structure of the likelihood function;

(v) standard postprocessing tools to generate probability
credible regions for any set of parameters.

During the several years of development, initial imple-
mentations of these Bayesian inference algorithms and
LALInference have been successfully applied to a variety
of problems, such as the impact of different network
configurations on parameter estimation [28], the ability
to measure masses and spins of compact objects [17,29,30],
to reconstruct the sky location of a detected GW binary
[19,31,32] and the equation of state of neutron stars [33],
the effects of calibration errors on information extraction
[34] and tests of general relativity [35–37]. Most notably
LALInference has been at the heart of the study of detection
candidates, including the blind injection, during the last
LIGO/Virgo science run [38], and has been used for the
Numerical INJection Analysis project [39]. It has been
designed to be flexible in the choice of signal model,
allowing it to be adapted for analysis of signals other than
compact binaries, including searches for continuous waves
[40], and comparison of core-collapse supernova models
based on [41].
The paper is organized as follows: Section II provides a

summary of the key concepts of Bayesian inference, and
specific discussion about the many waveform models that
can be used in the analysis and the relevant prior assump-
tions. In Sec. III we describe the conceptual elements
concerning the general features of the sampling techniques
that are part of LALInference: Markov chain Monte Carlo,
nested Sampling and MultiNest/BAMBI. Section IV deals
with the problem of providing marginalized probability
functions and (minimum) credible regions at a given con-
fidence level from a finite number of samples, as is the case
of the outputs of these algorithms. In Sec. V we summarize
the results from extensive tests and validations that we have
carried out by presenting representative results on a set of
injections in typical regions of the parameter space, as well
as results obtained by running the algorithms on known

distributions. This section is complemented by Sec. VI in
which we consider efficiency issues, and we report the run
time necessary for the analysis of coalescing binaries in
different cases; this provides a direct measure of the latency
time scale over which fully coherent Bayesian inference
results for all the source parameters will be available after a
detection candidate is identified. Section VII contains our
conclusions and points to future work.

II. BAYESIAN ANALYSIS

We can divide the task of performing inference about the
GW source into two problems: using the observed data to
constrain or estimate the unknown parameters of the
source1 under a fixed model of the waveform (parameter
estimation), and deciding which of several models is more
probable in light of the observed data, and by how much
(model selection). We tackle both these problems within the
formalism of Bayesian inference, which describes the state
of knowledge about an uncertain hypothesis H as a
probability, denoted PðHÞ ∈ ½0; 1$, or about an unknown
parameter as a probability density, denoted pðθjHÞ, whereR
pðθjHÞdθ ¼ 1. Parameter estimation can then be per-

formed using Bayes’ theorem, where a prior probability
distribution pðθjHÞ is updated upon receiving the new data
d from the experiment to give a posterior distribution
pðθjd;HÞ,

pðθjd;HÞ ¼ pðθjHÞpðdjθ; HÞ
pðdjHÞ

: ð1Þ

Models typically have many parameters, which we collec-
tively indicate with θ ¼ fθ1; θ2;…; θNg. The joint proba-
bility distribution on the multidimensional space pðθjd;HÞ
describes the collective knowledge about all parameters as
well as their relationships. Results for a specific parameter
are found by marginalizing over the unwanted parameters,

pðθ1jd;HÞ ¼
Z

dθ2…dθNpðθjd;HÞ: ð2Þ

The probability distribution can be used to find the expect-
ation of various functions given the distribution, e.g., the
mean

hθii ¼
Z

θipðθijd;HÞdθi; ð3Þ

and credible regions, an interval in parameter space that
contains a given probability (see Sec. IV).
Model selection is performed by comparing the fully

marginalized likelihood, or evidence, for different models.
The evidence, usually denoted Z, is simply the integral of

1The whole set of unknown parameters of the model can also
contain parameters not related to the source, such as noise and
calibration parameters [42–45].
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The Advanced LIGO and Advanced Virgo gravitational-wave (GW) detectors will begin operation in the
coming years, with compact binary coalescence events a likely source for the first detections. The
gravitational waveforms emitted directly encode information about the sources, including the masses and
spins of the compact objects. Recovering the physical parameters of the sources from the GWobservations is
a key analysis task. This work describes the LALInference software library for Bayesian parameter
estimation of compact binary signals, which builds on several previous methods to provide a well-tested
toolkit which has already been used for several studies.We show that our implementation is able to correctly
recover the parameters of compact binary signals from simulated data from the advanced GW detectors. We
demonstrate this with a detailed comparison on three compact binary systems: a binary neutron star, a neutron
star–black hole binary and a binary black hole, where we show a cross comparison of results obtained using
three independent sampling algorithms. These systems were analyzed with nonspinning, aligned spin and
generic spin configurations respectively, showing that consistent results can be obtained even with the full
15-dimensional parameter space of the generic spin configurations.We also demonstrate statistically that the
Bayesian credible intervals we recover correspond to frequentist confidence intervals under correct prior
assumptions by analyzing a set of 100 signals drawn from the prior. We discuss the computational cost of
these algorithms, and describe the general and problem-specific sampling techniques we have used to
improve the efficiency of sampling the compact binary coalescence parameter space.
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Effectively sampling parameter space, especially in higher 
dimensional space.



Monte Carlo Methods

Stochastic samplers are best bets for sampling 
multidimensional space. (Monte Carlo methods)

Markov Chain Monte Carlo(MCMC) samplers  powerful and  
promising samplers.  

One of the top 10 Algorithms of last century!

Success of the Bayesian methods are closely 
linked to success of  samplers like MCMC





MCMC 101

A Markov chain is a series of 
states of a system such that 
future state is conditionally 
independent of every prior state

Final goal is to sample the 
function with distribution function 
similar/close to the function itself

Markov chain consists of n 
states and a  transition 
probability  matrix describe 
change



Convergence of MCMC

Convergence is important 
property.

Convergence means, as number 
of samples                distribution 
of samples should converge to 
desired distribution.

N ! 1

This ensures, can do better as 
we take more and more sample



Convergence of MCMC
Tierney, Annals of statistics, 22, 1701(1994)

It has been shown that under three conditions Markov Chain 
converge: irreducibility, aperiodicity and invariance

irreducibility: A Markov chain is said to be irreducible if it is 
possible to get to any state from any state.

periodicity: A state in a Markov chain is periodic if the chain 
can return to the state only at multiples of some integer larger 
than 1.

periodicity:Invariance refers to the property that if we start 
with a state vector generated from the desired posterior 
distribution, then a further transition in the chain leave the 
distribution invariant.



Lal Inference in LIGO

LIGO tool, Lal-Inference extensively uses MCMC sampling 
with very good results



Beyond  Markovian Sampler

MCMC sampler is computationally intense. At least in 
gravitation wave astronomy, if more and more sources are 
detected, computation can be very challenging

As there is no theoretical studies such as Ergodic theorem 
(convergence), it is non-trivial to move away from MCMC or 
similar algorithms

It may be worth exploring! 



Particle swarm optimisation(PSO) 

Stochastic method Inspired by the Nature,

What is not achieved by one, is done in coordination with 
many. In the case of Biological system life depends on it! 

Nature might have it’s own rules. PSO as simple rule by 
which N particles, communicate with each others, to take 
successive step towards the global maximum. 



PSO Algorithm 

PSO Algorithm

1 Let f (~X) function we want maximize, in M dimensional domain.
2 We start with N particles, Uniformly distributed in the domain.
3 Each particle start with a random velocity ~V0, which is also

uniformly distributed.
4 Each particle keep track of it’s own best location, namely ~Xpbest.
5 ~Xgbest is the best location found by all particles.
6 Velocity for the next step is computed based on the rule

~Vn+1 = w~Vn + c1c1

⇣
~Xpbest �~X

⌘
+ c2c2

⇣
~Xgbest �~X

⌘

w, c1 and c2 are free parameters, used for tuning the walk. c1 and
c2 are uniformly distributed random number.

7 One can stop when sufficient convergence is obtained.
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Simple results, 1-D  Case

Problem is to sample the multimodal function using PSO 
sampler Samples and  Function valuesRun PSO with 100 ParticlesDistribution of samples and function value



Simple results
This can be extended to higher dimensions. PSO is effective 
in larger dimension too.

PSO ignores the local peaks, larger samples are taken at 
the global peak

Multidimensional integral using this samples.

However, distribution of samples does not match with the 
value of function except around global maxima


