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2016 Nobel prize in physics awarded 
to David Thouless, Duncan Haldane 

and Michael Kosterlitz 

For theoretical discoveries of topological 
phase transitions and topological phases of 
matter



Although first to mention topological phases, not 
really the first Nobel prize for topological phases 

First, 1982 - Nobel to Klaus von Klitzing for 
‘discovery of quantised Hall effect’ 

Second, 1998- Robert Laughlin, Horst Stormer 
and Daniel Tsui for ` discovery of a new form of  
quantum fluid with fractionally charged 
excitations’ 

Can expect many more in the future!
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Thus expect many new phenomena and many 
more Nobel prizes for topological materials
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Topological Quantum Chemistry (TQC) links the chemical and symmetry structure of a given
material with its topological properties. This field tabulates the data of the 10398 real-space atomic
limits of materials, and solves the compatibility relations of electronic bands in momentum space.
A material that is not an atomic limit or whose bands do not satisfy the compatibility relations, is a
topological insulator/semimetal. We use TQC to find the topological stoichiometric non-magnetic,
“high-quality” materials in the world. We develop several code additions to VASP which can com-
pute all characters of all symmetries at all high-symmetry points in the Brillouin Zone (BZ). Using
TQC we then develop codes to check which materials in ICSD are topological. Out of 26938 sto-
ichiometric materials in our filtered ICSD database, we find 2861 topological insulators (TI) and
2936 topological semimetals (2505 and 2560 non-f electron, respectively). Our method is uniquely
capable to show that none of the TI’s found exhibit fragile topology. We partition the topological
materials in different physical classes. For the majority of the 5797 “high-quality” topological mate-
rial, we compute: the topological class (equivalence classes of TQC elementary band representations
- equivalent to the topological index), the symmetry(ies) that protects the topological class, the rep-
resentations at high symmetry points and the direct gap (for insulators), and the topological index.
For topological semimetals we then compute whether the system becomes a topological insulator
(whose index/class we compute) upon breaking symmetries - useful for experiments. 2152 more TI’s
are obtained in this way. For almost all 5065 non-f-electron topological materials, we provide the
electronic band structures, allowing the identification of quantitative properties (gaps, velocities).
Remarkably, our exhaustive results show that a large proportion ( ∼ 24% !) of all materials in nature
are topological (confirmed by calculations of “low-quality” materials). We confirm the topology of
several new materials by Wilson loop calculations. We added an open-source code and end-user
button on the Bilbao Crystallographic Server (BCS) which checks the topology of any material. We
comment on the chemistry of each compound and sample part of the “low-quality” ICSD data to
find more materials.

How many topological materials exist in nature? What
are they? What is their abundance? The remarkable field
of topological insulators and semimetals has combined
deep theoretical insights with almost immediate mate-
rial predictions and their experimental discovery. Since
the start of the field of topological insulators 13 years ago
[1–3], the prevalent thought in the physics and chemistry
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community is that topological materials represent an in-
finitesimal proportion of the whole number of materials
existing in nature. Even though it led to a comparatively
large number of successes, the method of predicting new
topological classes and corresponding materials is based
on educated guesses. In this way, Time-Reversal [2, 3],
Mirror symmetric, Non-Symmorphic topological insula-
tors [4, 5] and Dirac [6, 7], Weyl [8–11], Nodal Chain [12],
New Fermions [13] and many others have been predicted
in realistic materials. However, the deficiencies of the
method are clear: only 10-20 topological semimetals have
been realistically predicted so far. The underlying prob-
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most materials, we provide chemistry-based comments on
the compound growth difficulty, air stability, and possi-
ble Mott or Magnetic tendencies. We also provide some
“low-quality” ICSD materials which are topological

Conclusion We found that roughly 24% of the materi-
als in the world are topological. Roughly 12% are topo-
logical insulators. With these findings, we now enter an
important era of topological material design. One im-
portant future research direction is be to compute and
discover the physical properties of our large set of mate-
rials. Slab calculations should be performed for all our
topological insulator compounds, in order to reveal their
surface states. Compounds whose topological character
is protected by symmetries which are locally preserved by
specific surfaces are expected to exhibit surfaces states
on those surfaces. Compounds whose topological char-
acter is protected by symmetries which are not locally
preserved by any specific surface, should exhibit hinge
state phenomena. Rod calculations should be performed
for these compounds, with the rods exhibiting the sym-
metries that protect the topological class (e.g. Bismuth
[27]).Wilson loop calculations should be performed on
all the compounds in our paper, to find the many non-
trivial Wilson loop windings that they can exhibit. The
f-electron compounds we have predicted should be an-
alyzed by more sophisticated DMFT codes which can
properly take into account interactions; they can po-
tentially give us many new interacting materials with
strong topology. Another step is to analyze the full ICSD
database, and not only the “high-quality” compounds.
Since about 1/4 of all materials are topological, we are
guaranteed to find many others.
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Note added: In the finalizing stage of the current

paper, we became aware of the three recent preprints
that use similar diagnosis of topological materials [39–
41], which have covered one, five and eight out of 230
space groups in their searches, respectively.
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Current day generalisations and prospects



I-
Introduction



What are phases of matter?

All of you are familiar with states of matter like 
gas, liquid,  and solid 

If you reduce the temperature of water, it 
freezes, becomes solid 

If you increase temperature of water, it boils 
and turns into vapour



Phase = collection of particles with some 
property that distinguishes them from 
other phases 

Earlier phases  classified in terms of 
symmetries -e.g. ferromagnets break the 
rotational symmetry in the spin space



In the last 10-15 years,  a paradigm shift in the 
way of classifying phases - now based on 
topology  - more correctly on the interplay of 
topology and symmetry



Why are topological phases 
interesting?

New phases of matter always exciting! 

Topological phases have excitations, which can obey 
unusual statistics 

 Anyonic,   and also  non-abelian statistics  - expected 

to be relevant in making quantum computers 

Various exotic excitations  such as monopoles, dyons, 
axions, etc may actually be found in these phases - in  
low energy condensed matter systems 



What is Topology ?
Topology is a branch of 
mathematics dealing with shapes 

Topological implies not changed 
by small perturbations, depends 
on the system as a whole 

For example, only whether or 
not       is enclosed and how 
many times and in which 
direction

Brief introduction to topological materials

Theory and experiment have led 
to new class of materials 

classified by topology and not 
by Landau paradigm of broken 

symmetries and order 
parameters 

Topology implies not changed 
by small perturbations 

Cannot be classified by local 
order parameters. They depend 
on the system as a whole. Only 
global distinction between a 

torus and a disc

z0
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More technically,                                           
Mappings from one space (e.g., 2D space with 
one point       removed)  to the space of wave 
functions  are classified by a topological 
invariant - the winding number  

Similarly other mappings classified by a 
number 

z0
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For a quantum condensed matter system, the 
space turns out to be something called a 
Brillouin zone, which could for instance be a 
torus in momentum space 

Topological classification is of mappings of 
Brillouin zone (BZ) to space of gapped single 
particle Hamiltonians (wavefunctions for 
every band define a map from BZ to space of 
physical states) 



Definition of topological phases 

Topological phases have some physical  
property  to which an integer can be assigned 
which depends only on global properties and 
cannot be destroyed by impurities or disorder  

For example, conductance in the quantum Hall 
effect 



To change the topological phase, need to make a `hole 
in the surface’ - do something drastic  

In real physical systems, idea is that as long as the 
system has a mass gap, physical states can be 
changed slightly and the topological invariant will not 
change - `topological protection’  

But when the system becomes massless or gapless, 
then even small changes can make a big difference- 
topological invariant no longer protected 



II - First topological phase   
- 35 years ago  

Integer quantum Hall effect 



Conventional Hall effect 

In the steady state,  charges are not moving 
perpendicular to the current, leads to charge build 
up and Hall voltage proportional to magnetic field 

F = qE+ qv ⇥B
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Integer quantum Hall effect- 1982 

Phenomenon that occurs in two dimensional 
electron systems at low temperatures and in the 
presence of strong magnetic fields 

Hall conductance quantised in terms of integers 

Longitudinal resistance is zero except when Hall  
current changes from one integer to another

von Klitzing, 1982
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Experimentally, find that Hall conductance 
quantised in units of            . The unit of 
resistance now called von Klitzing is given by               
= 25.812807557 (18) - standard of resistance
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Quantum problem of single electron 
moving in a perpendicular magnetic field

Quantum mechanical problem to solve is for 
an electron moving in two dimensions in a 
magnetic field in the z-direction 

Solutions are highly degenerate Landau levels 

H (x, y) =
(p� eA)2

2m
 (x, y) = En,px (x, y)

<latexit sha1_base64="nTsW+umgvXVPw9+WNEy5NKxROzM="></latexit><latexit sha1_base64="nTsW+umgvXVPw9+WNEy5NKxROzM="></latexit><latexit sha1_base64="nTsW+umgvXVPw9+WNEy5NKxROzM="></latexit><latexit sha1_base64="nTsW+umgvXVPw9+WNEy5NKxROzM="></latexit>

A = (Bzy, 0, 0)
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En,px = (n+ 1/2)~!, ! = eBz/m
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So when you put electrons in Landau levels, you 
get gaps in the energy, so you may think that it 
should be an insulator. But it is not! 

As we already know classically, the electrons drift 
when we apply a magnetic field, and one gets the 
Hall current perpendicular to the electric field

Could be explained in terms of single 

particle quantum mechanics of non-

interacting electrons in a magnetic field  

The Landau level energies                                                         

for integer     and are highly degenerate. 

The number  of independent states in each 

Landau level (per unit area) is  equal to the 

number of flux quanta =  

In terms of  the density  of electrons    , the 

filling factor of  the Landau level is given 

by                   When     = integer,  integer  

number of Landau levels are filled

n

= eB/hc



Degenerate Landau levels spread out into 
localised states and extended states because 
of disorder

EN = (N + 1/2)~!

! = eB/m

degeneracy =
B

hc/e
= eB/hc

⌫ =
N

eB/hc



When the density of electrons is such that 
integer  number of Landau levels is filled, state 
is stable, gap to excitations 

Due to disorder, there are states in the gap 
but they do not conduct electricity 
( localised) 

Only states near centre of band carry current 
which is quantised

Halperin,1982
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Remarkable fact is that the quantisation is  so 
extra-ordinarily accurate                       
(measured accuracy, 1 part in billion) 

Measurement  made in  complex, macroscopic 
many-body state, with impurities, at different 
temperatures, different sized and shaped 
materials, etc 

How does this happen? Answer - topological 
protection

�xy = ne2/h with n = integer
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Topological explanation of the 
quantisation 

Thouless recognised  that the Hall current is related to 
a topological quantum number (like the winding 
number) 

Wave-functions for each Landau band define a map 
from the Brillouin zone ( 2-torus) to the space of 
physical states 

Can compute a number called Chern number (or TKNN 
number) for each Landau band



Wave-functions for each Landau band define a 
map from the Brillouin zone ( 2-torus) to the 
space of physical states  

Phase of wave-function winds as we move around 
the Brillouin zone - captured by magnetic 
potential  

Integrating the magnetic field  over the Brillouin 
zone gives the Chern number of the band   

Ai(k) = �i < uk|@ki |uk >
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Conductance                              where          is the 
Chern number and the sum is over all filled 
bands 

This explains the extra-ordinary accuracy of 
the conductance quantisation - related  to an 
integer which does not change in the presence 
of impurities - depends only on number of 
filled Landau levels
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III - Edge states  
and bulk-boundary 

correspondence 



What is the consequence of the fact that 
every quantum Hall state has a topological 
number attached to it? 

Most important is what happens at the 
boundary between different topological 
states



Semi-classical argument 

If sample has an edge,  a semi-classical picture implies 
electrons move in Landau orbits in the bulk, but have 
skipping orbits at the edges - implies one way  transport 
at the edges 

So bulk is insulating and transport occurs at the edges



Quantum mechanically, the edge 
states are `chiral Dirac fermions’ 
at top and bottom edges  

In real space, bulk spectrum 
consists of degenerate Landau 
levels which bend at the edges 
due to the confining potential 

One edge state per Landau level 
at the edge 

y=0 y=L

Quantum mechanical - bulk edge correspondence 

velocity vx =
1

eB

@E

@y



Bulk-boundary correspondence                             
Chern number in the bulk = number of edge 
states  (related to index theorems in 
mathematics)



The direction of flow at both edges is uni-directional, fixed 
by sign of magnetic field and only edge states carry current.  

Because of spatial separation of left and right movers at 
the edges, no possibility of back-scattering due to 
impurities 

Explains robustness and accuracy of quantum Hall effect 
and why it is not affected by impurities or disorder

Electrons at edges carry current -  uni-
directional flow of current dictated by 
sign of field - upper edge forward movers 
and lower edge backward movers
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Can argue that when the system evolves from one IQH 
state to another, the number edge states change.  

Cannot happen when the bulk remains insulating - else 
the invariant cannot change
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The bulk gap has to close , implies current 
through the bulk,  when the Chern invariant 
changes 

So main  points  of topological phase            
(a ) bulk is an insulator and the current in only 

carried by   edge states                                            

 (b) quantised transport since there is no 

back-scattering                                                                     



The quantum Hall effect was initially seen to 
occur in two dimensional (2DEG) formed in a 
layer of AlGaAs sandwiched between GaAs 
material 

In recent times, quantum Hall effect seen in 
other 2D materials like graphene as well



But this topological transport in IQHE  happens at 
very low temperatures and very high magnetic fields 

The recognition that topological phases  can exist 
in bands, even without the need for magnetic fields 
is what has led to the whole new revolution of 
topological materials in the last decade



IV- Topological 
materials  
Post -2005



The topological revolution 10-15 
years ago - Topological insulators

Realisation that strong magnetic fields were not 
required for topological phases 

Prediction of insulating materials with metallic 
surface states without magnetic field or time-reversal 
breaking - these were the topological insulators 

Haldane, prl(1988); Kane-Mele, prl (2005); Bernevig, Zhang, Wu, Hughes, (2006) ; R. 
Roy, archives (2006); Moore and Balents, prl (2007); Fu,Kane and Mele, prl (2007); 
Konig et al, science (2007); hasan et al, nature (2008).



Materials with strong spin-orbit coupling  can 
`behave’ like a quantum Hall state 

Insulating in the bulk but with conducting edge 
states - rather like block of wood covered with 
a metal, except that it is made of a single 
material - these are Topological insulators 

Joke - (R. Shankar from Yale) -`Do not stand 
on a topological insulator to change a light 
bulb’



Not discovered earlier for many reasons, including 
need for sophisticated instruments that can map 
local density of states to know which states carry 
current 

Theoretically, require understanding of Berry 
phases and structures of mappings of Brillouin 
zone  to the Hamiltonian - more information than 
just the dispersion ( energy of the states) 

Predicted first, and then experimentally observed - 
unlike the quantum Hall effect



Topological band theory
Most basic and most `boring’ state of matter - insulators 

Electrons are bound to atoms and cannot conduct 
electricity 

Atomic states broaden into bands and occupied states 
form valence band and unoccupied states form 
conduction band 

Can gradually move from atomic insulator to band or 
covalent insulator - topologically equivalent



Size of the band - gap or shape does not 
matter - topologically equivalent to trivial 
insulator

B. The quantum Hall state

The simplest counterexample is the integer quantum
Hall state !von Klitzing, Dorda, and Pepper, 1980;
Prange and Girvin, 1987 ", which occurs when electrons
confined to two dimensions are placed in a strong mag-
netic field. The quantization of the electrons’ circular
orbits with cyclotron frequency !c leads to quantized
Landau levels with energy "m=#!c!m+1/2". If N Lan-
dau levels are filled and the rest are empty, then an en-
ergy gap separates the occupied and empty states just as
in an insulator. Unlike an insulator, though, an electric
field causes the cyclotron orbits to drift, leading to a Hall
current characterized by the quantized Hall conductivity,

$xy = Ne2/h . !1"

The quantization of $xy has been measured to 1 part in
109 !von Klitzing, 2005 ". This precision is a manifestation
of the topological nature of $xy.

Landau levels can be viewed as a “band structure.”
Since the generators of translations do not commute
with one another in a magnetic field, electronic states
cannot be labeled with momentum. However, if a unit
cell with area 2%#c /eB enclosing a flux quantum is de-
fined, then lattice translations do commute, so Bloch’s
theorem allows states to be labeled by 2D crystal mo-
mentum k. In the absence of a periodic potential, the
energy levels are simply the k independent Landau lev-
els Em!k"="m. In the presence of a periodic potential
with the same lattice periodicity, the energy levels will
disperse with k. This leads to a band structure that looks
identical to that of an ordinary insulator.

1. The TKNN invariant

What is the difference between a quantum Hall state
characterized by Eq. !1" and an ordinary insulator? The
answer, explained by Thouless, Kohmoto, Nightingale,
and den Nijs !1982" !TKNN", is a matter of topology. A
2D band structure consists of a mapping from the crystal
momentum k !defined on a torus" to the Bloch Hamil-
tonian H!k". Gapped band structures can be classified
topologically by considering the equivalence classes of
H!k" that can be continuously deformed into one an-
other without closing the energy gap. These classes are
distinguished by a topological invariant n!Z !Z denotes
the integers" called the Chern invariant.

The Chern invariant is rooted in the mathematical
theory of fiber bundles !Nakahara, 1990", but it can be
understood physically in terms of the Berry phase
!Berry, 1984 " associated with the Bloch wave functions
#um!k"$ . Provided there are no accidental degeneracies
when k is transported around a closed loop, #um!k"$ ac-
quires a well defined Berry phase given by the line inte-
gral of Am= i% um#!k#um$ . This may be expressed as a sur-
face integral of the Berry flux Fm=!& Am. The Chern
invariant is the total Berry flux in the Brillouin zone,

nm =
1

2%
& d2k Fm. !2"

nm is integer quantized for reasons analogous to the
quantization of the Dirac magnetic monopole. The total
Chern number, summed over all occupied bands, n
='m=1

N nm is invariant even if there are degeneracies be-
tween occupied bands, provided the gap separating oc-
cupied and empty bands remains finite. TKNN showed
that $xy, computed using the Kubo formula, has the
same form, so that N in Eq. !1" is identical to n. The
Chern number n is a topological invariant in the sense
that it cannot change when the Hamiltonian varies
smoothly. This helps to explain the robust quantization
of $xy.

The meaning of Eq. !2" can be clarified by a simple
analogy. Rather than maps from the Brillouin zone to a
Hilbert space, consider simpler maps from two to three
dimensions, which describe surfaces. 2D surfaces can be
topologically classified by their genus g, which counts
the number of holes. For instance, a sphere (Fig. 1!c")
has g=0, while a donut (Fig. 1!f")has g=1. A theorem in
mathematics due to Gauss and Bonnet !Nakahara, 1990"
states that the integral of the Gaussian curvature over a
closed surface is a quantized topological invariant, and
its value is related to g. The Chern number is an integral
of a related curvature.

2. Graphene, Dirac electrons, and Haldane model

A simple example of the quantum Hall effect in a
band theory is provided by a model of graphene in a
periodic magnetic field introduced by Haldane !1988".
We briefly digress here to introduce graphene because it
will provide insight into the conception of the 2D quan-
tum spin Hall insulator and because the physics of Dirac
electrons present in graphene has important parallels at
the surface of a 3D topological insulator.

B

Insulating State

Quantum Hall State

E

k

0

E

k

EG

(a) (b) (c)

(d) (e) (f)

/a−π/a−π

0 /a−π/a−π

hωc

FIG. 1. !Color online" States of matter. !a"– !c" The insulating
state. !a" An atomic insulator. !b" A simple model insulating
band structure. !d"– !f" The quantum Hall state. !d" The cyclo-
tron motion of electrons. !e" The Landau levels, which may be
viewed as a band structure. !c" and !f" Two surfaces which
differ in their genus, g. !c" g=0 for the sphere and !f" g=1 for
the donut. The Chern number n that distinguishes the two
states is a topological invariant similar to the genus.
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Adiabatic continuity and topology

Insulators are topologically equivalent if they 
can be continuously deformed into each other 
while keeping the energy gap fixed 

Just like the donut can be deformed into a 
coffee cup continuously 



Are there phases that are not topologically 
equivalent to the trivial band insulator? 

If an orange is the analog of the trivial phase, then 
the donut is the analog of the non-trivial phase which 
cannot be adiabatically connected to an orange



Have found the quantum Hall phases which are 
topological, but they need strong magnetic field and 
break  time-reversal invariance 

Are there topological phases with unbroken time 
reversal invariance?



Quantum spin Hall effect 

Independent and opposite  IQHE for spin up and 
spin down electrons - no net magnetic field      

                         Is quantised as an integer modulo 2                    ���������	
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Topological insulators

Interestingly, even without          conservation,  
for time-reversal invariant systems with 1/2 
integer spins,  the two classes survive 

But can no longer interpret it as independent 
QHE for spin up and spin down electrons 

Why does this happen?

Sz



Time reversal symmetry
Microscopic Laws of physics remain 
the same when you evolve a system 
backwards in time. But under reversal 
of direction of time  

Right moving edge states go to left 
moving edge states 

Spin up electrons go to spin down 
electrons

B ! �B
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Kramer’s theorem
For time-reversal  invariant systems,                        
for spin 1/2 particles, the time-reversal operator is 
anti-unitary  

All time-reversal invariant states are doubly 
degenerate. Proof : if they were the same state, 
then       

   

 But this contradicts the statement      

T | >= ei�| >

T 2| >= Tei�| >= e�i�T | >= e�i�ei�| >= | >

T 2 = �1

T 2 = �1

[T,H] = 0



Energy bands are TR invariant and hence doubly degenerate 
at        

Hence, there are two classes of possibilities for the states in 
an insulating gap - second case has at least one state 
crossing the Fermi level, whereas first case has even number of 
levels crossing Fermi level 

but even without     
conservation, for  time-
reversal invariant systems 
with 1/2 integer spin - 
kramer’s theorem implies 
all states are doubly 
degenerate 

leads to double degeneracy 
at time-reversal invariant k 
points -  k=0 and k=pi= -pi 

hence real difference if 
number of bands crossing 
fermi point are even or odd

Sz

but even without     
conservation, for  time-
reversal invariant systems 
with 1/2 integer spin - 
kramer’s theorem implies 
all states are doubly 
degenerate 

leads to double degeneracy 
at time-reversal invariant k 
points -  k=0 and k=pi= -pi 

hence real difference if 
number of bands crossing 
fermi point are even or odd

Sz
k = 0 and k = ⇡



What are the consequences ?

Essentially expect to see edge states like in the 
quantum Hall problem - 2  states of opposite 
chirality at each edge - time-reversed partners 
states 

Expect two terminal conductance of                 for 
a rectangular 2D sample - one edge at top and 
one edge at bottom moving in same direction

2e2/h
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Real material and experiments in 2D

When thickness d is very small, not a TI and conductance 
not quantised (samples 1 and II) 

III and IV, thickness d is large enough and conductance is 
quantised 

which the edge states are populated according to the
chemical potential of the lead that they emanate from.
This leads to a quantized conductance e2 /h associated
with each set of edge states. Figure 6!d" shows the resis-
tance measurements for a series of samples as a function
of a gate voltage which tunes the Fermi energy through
the bulk energy gap. Sample I is a narrow quantum well
that has a large resistance in the gap. Samples II–IV are
wider wells in the inverted regime. Samples III and IV
exhibit a conductance 2e2 /h associated with the top and
bottom edges. Samples III and IV have the same length
L=1 !m but different widths w=0.5 and 1 !m, indicat-
ing that transport is at the edge. Sample II !L=20 !m"
showed finite temperature scattering effects. These ex-
periments convincingly demonstrate the existence of the
edge states of the quantum spin Hall insulator. Subse-
quent experiments have established the inherently non-
local electronic transport in the edge states !Roth et al.,
2009".

IV. 3D TOPOLOGICAL INSULATORS

In the summer of 2006 three theoretical groups inde-
pendently discovered that the topological characteriza-
tion of the quantum spin Hall insulator state has a natu-
ral generalization in three dimensions !Fu, Kane, and
Mele, 2007; Moore and Balents, 2007; Roy, 2009b".
Moore and Balents !2007" coined the term “topological
insulator” to describe this electronic phase. Fu, Kane,
and Mele !2007" established the connection between the
bulk topological order and the presence of unique con-

ducting surface states. Soon after, this phase was pre-
dicted in several real materials !Fu and Kane, 2007", in-
cluding Bi1−xSbx as well as strained HgTe and "-Sn. In
2008, Hsieh et al. !2008" reported the experimental dis-
covery of the first 3D topological insulator in Bi1−xSbx.
In 2009 second-generation topological insulators, includ-
ing Bi2Se3, which has numerous desirable properties,
were identified experimentally !Xia, Qian, Hsieh, Wray,
et al., 2009" and theoretically !Xia, Qian, Hsieh, Wray, et
al., 2009; Zhang, Liu, et al., 2009". In this section we
review these developments.

A. Strong and weak topological insulators

A 3D topological insulator is characterized by four Z2
topological invariants !#0 ;#1#2#3" !Fu, Kane, and Mele,
2007; Moore and Balents, 2007; Roy, 2009b". They can
be most easily understood by appealing to the bulk-
boundary correspondence, discussed in Sec. II.C. The
surface states of a 3D crystal can be labeled with a 2D
crystal momentum. There are four T invariant points
$1,2,3,4 in the surface Brillouin zone, where surface
states, if present, must be Kramers degenerate #Figs. 7!a"
and 7!b"$. Away from these special points, the spin-orbit
interaction will lift the degeneracy. These Kramers de-
generate points therefore form 2D Dirac points in the
surface band structure #Fig. 7!c"$. The interesting ques-
tion is how the Dirac points at the different T invariant
points connect to each other. Between any pair $a and
$b, the surface-state structure will resemble either Fig.
3!a" or 3!b". This determines whether the surface Fermi
surface intersects a line joining $a to $b an even or an
odd number of times. If it is odd, then the surface states
are topologically protected. Which of these two alterna-
tives occurred is determined by the four bulk Z2 invari-
ants.

The simplest nontrivial 3D topological insulators may
be constructed by stacking layers of the 2D quantum
spin Hall insulator. This is analogous to a similar con-
struction for 3D integer quantum Hall states !Kohmoto,
Halperin, and Wu, 1992". The helical edge states of the
layers then become anisotropic surface states. A pos-
sible surface Fermi surface for weakly coupled layers
stacked along the y direction is shown in Fig. 7!a". In this
figure a single surface band intersects the Fermi energy
between $1 and $2 and between $3 and $4, leading to the
nontrivial connectivity in Fig. 3!b". This layered state is
referred to as a weak topological insulator and has #0
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FIG. 6. !Color online" Experiments on HgTe/CdTe quantum
wells. !a" Quantum well structure. !b" As a function of layer
thickness d the 2D quantum well states cross at a band inver-
sion transition. The inverted state is the QSHI, which has he-
lical edge states !c" that have a nonequilibrium population de-
termined by the leads. !d" Experimental two terminal
conductance as a function of a gate voltage that tunes EF
through the bulk gap. Sample I, with d% dc, shows insulating
behavior, while samples III and IV show quantized transport
associated with edge states. Adapted from König et al., 2007.
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FIG. 7. !Color online" Fermi circles in the surface Brillouin
zone for !a" a weak topological insulator and !b" a strong to-
pological insulator. !c" In the simplest strong topological insu-
lator the Fermi circle encloses a single Dirac point.
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which the edge states are populated according to the
chemical potential of the lead that they emanate from.
This leads to a quantized conductance e2 /h associated
with each set of edge states. Figure 6!d" shows the resis-
tance measurements for a series of samples as a function
of a gate voltage which tunes the Fermi energy through
the bulk energy gap. Sample I is a narrow quantum well
that has a large resistance in the gap. Samples II–IV are
wider wells in the inverted regime. Samples III and IV
exhibit a conductance 2e2 /h associated with the top and
bottom edges. Samples III and IV have the same length
L=1 !m but different widths w=0.5 and 1 !m, indicat-
ing that transport is at the edge. Sample II !L=20 !m"
showed finite temperature scattering effects. These ex-
periments convincingly demonstrate the existence of the
edge states of the quantum spin Hall insulator. Subse-
quent experiments have established the inherently non-
local electronic transport in the edge states !Roth et al.,
2009".

IV. 3D TOPOLOGICAL INSULATORS

In the summer of 2006 three theoretical groups inde-
pendently discovered that the topological characteriza-
tion of the quantum spin Hall insulator state has a natu-
ral generalization in three dimensions !Fu, Kane, and
Mele, 2007; Moore and Balents, 2007; Roy, 2009b".
Moore and Balents !2007" coined the term “topological
insulator” to describe this electronic phase. Fu, Kane,
and Mele !2007" established the connection between the
bulk topological order and the presence of unique con-

ducting surface states. Soon after, this phase was pre-
dicted in several real materials !Fu and Kane, 2007", in-
cluding Bi1−xSbx as well as strained HgTe and "-Sn. In
2008, Hsieh et al. !2008" reported the experimental dis-
covery of the first 3D topological insulator in Bi1−xSbx.
In 2009 second-generation topological insulators, includ-
ing Bi2Se3, which has numerous desirable properties,
were identified experimentally !Xia, Qian, Hsieh, Wray,
et al., 2009" and theoretically !Xia, Qian, Hsieh, Wray, et
al., 2009; Zhang, Liu, et al., 2009". In this section we
review these developments.

A. Strong and weak topological insulators

A 3D topological insulator is characterized by four Z2
topological invariants !#0 ;#1#2#3" !Fu, Kane, and Mele,
2007; Moore and Balents, 2007; Roy, 2009b". They can
be most easily understood by appealing to the bulk-
boundary correspondence, discussed in Sec. II.C. The
surface states of a 3D crystal can be labeled with a 2D
crystal momentum. There are four T invariant points
$1,2,3,4 in the surface Brillouin zone, where surface
states, if present, must be Kramers degenerate #Figs. 7!a"
and 7!b"$. Away from these special points, the spin-orbit
interaction will lift the degeneracy. These Kramers de-
generate points therefore form 2D Dirac points in the
surface band structure #Fig. 7!c"$. The interesting ques-
tion is how the Dirac points at the different T invariant
points connect to each other. Between any pair $a and
$b, the surface-state structure will resemble either Fig.
3!a" or 3!b". This determines whether the surface Fermi
surface intersects a line joining $a to $b an even or an
odd number of times. If it is odd, then the surface states
are topologically protected. Which of these two alterna-
tives occurred is determined by the four bulk Z2 invari-
ants.

The simplest nontrivial 3D topological insulators may
be constructed by stacking layers of the 2D quantum
spin Hall insulator. This is analogous to a similar con-
struction for 3D integer quantum Hall states !Kohmoto,
Halperin, and Wu, 1992". The helical edge states of the
layers then become anisotropic surface states. A pos-
sible surface Fermi surface for weakly coupled layers
stacked along the y direction is shown in Fig. 7!a". In this
figure a single surface band intersects the Fermi energy
between $1 and $2 and between $3 and $4, leading to the
nontrivial connectivity in Fig. 3!b". This layered state is
referred to as a weak topological insulator and has #0
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thickness d the 2D quantum well states cross at a band inver-
sion transition. The inverted state is the QSHI, which has he-
lical edge states !c" that have a nonequilibrium population de-
termined by the leads. !d" Experimental two terminal
conductance as a function of a gate voltage that tunes EF
through the bulk gap. Sample I, with d% dc, shows insulating
behavior, while samples III and IV show quantized transport
associated with edge states. Adapted from König et al., 2007.
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FIG. 7. !Color online" Fermi circles in the surface Brillouin
zone for !a" a weak topological insulator and !b" a strong to-
pological insulator. !c" In the simplest strong topological insu-
lator the Fermi circle encloses a single Dirac point.
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3D topological insulators
Topological insulators can exist in three dimensions as 
well 

Then, surface states replace edge states as current 
carrying states and the bulk states are insulating 

Turns out that the electrically conducting states on the 
surface are `Dirac cones’  - excitations that obey the 
Dirac equation instead of the usual Schrodinger 
equation that normal electrons obey



Real materials and experiments in 
3D

Material called Bismuth 
Selenide  - insulator, but 
has surface states 

ARPES ( picture of energy 
as a function of momentum ) 
and showed that surface 
states exist and formed 
Dirac cone as expected

All key properties of topological states have been
demonstrated for Bi2Se3 which has the simplest Dirac
cone surface spectrum and the largest band gap. In
Bi2Te3 the surface states exhibit large deviations from a
simple Dirac cone !Fig. 14" due to a combination of
smaller band gap !0.15 eV" and a strong trigonal poten-
tial !Chen et al., 2009", which can be utilized to explore
some aspects of its surface properties !Fu, 2009; Hasan,
Lin, and Bansil, 2009". The hexagonal deformation of
the surface states is confirmed by scanning tunneling mi-
croscopy !STM" measurements !Alpichshev et al., 2010";
Fig. 14. Speaking of applications within this class of ma-
terials, Bi2Te3 is already well known to materials scien-
tists working on thermoelectricity. It is a commonly used
thermoelectric material in the crucial engineering re-
gime near room temperature.

Two defining properties of topological insulators—
spin-momentum locking of surface states and ! Berry
phase—can be clearly demonstrated in the Bi2Se3 series.
The surface states are expected to be protected by T
symmetry which implies that the surface Dirac node
should be robust in the presence of nonmagnetic disor-
der but open a gap in the presence of T breaking pertur-
bations. Magnetic impurities such as Fe or Mn on the
surface of Bi2Se3 open a gap at the Dirac point #Figs.
15!a" and 15!b"$ !Xia et al., 2008; Hsieh, Xia, Qian, Wray,
et al., 2009a; Hor, Roushan, et al., 2010; Wray et al.,
2010". The magnitude of the gap is likely set by the in-
teraction of Fe ions with the Se surface and the T break-

ing disorder potential introduced on the surface. Non-
magnetic disorder created via molecular absorbent NO2
or alkali atom adsorption !K or Na" on the surface
leaves the Dirac node intact #Figs. 15!c" and 15!d"$ in
both Bi2Se3 and Bi2Te3 !Hsieh, Xia, Qian, Wray, et al.,
2009a; Xia, Qian, Hsieh, Shankar, et al., 2009". These
results are consistent with the fact that the topological

FIG. 12. !Color online" Helical fermions: Spin-momentum
locked helical surface Dirac fermions are hallmark signatures
of topological insulators. !a" ARPES data for Bi2Se3 reveal
surface electronic states with a single spin-polarized Dirac
cone. !b" The surface Fermi surface exhibits a chiral left-
handed spin texture. !c" Surface electronic structure of Bi2Se3
computed in the local-density approximation. The shaded re-
gions describe bulk states, and the lines are surface states. !d"
Schematic of the spin-polarized surface-state dispersion in
Bi2X3 !1;000" topological insulators. Adapted from Xia et al.,
2008, Hsieh, Xia, Qian, Wray, et al., 2009a, and Xia, Qian,
Hsieh, Wray, et al., 2009.
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FIG. 13. !Color online" Room temperature topological order
in Bi2Se3: !a" Crystal momentum integrated ARPES data near
Fermi level exhibit linear falloff of density of states, which
combined with the spin-resolved nature of the states suggest
that a half Fermi gas is realized on the topological surfaces. !b"
Spin-texture map based on spin-ARPES data suggest that the
spin chirality changes sign across the Dirac point. !c" The Dirac
node remains well defined up a temperature of 300 K suggest-
ing the stability of topological effects up to the room tempera-
ture. !d" The Dirac cone measured at a temperature of 10 K.
!e" Full Dirac cone. Adapted from Hsieh, Xia, Qian, Wray, et
al., 2009a.

FIG. 14. !Color online" Hexagonal warping of surface states in
Bi2Te3: ARPES and STM studies of Bi2Te3 reveal a hexagonal
deformation of surface states. Fermi-surface evolution with in-
creasing n-type doping as observed in ARPES measurements.
Adapted from Alpichshev et al., 2010.
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Topological superconductors

Superconductors are like insulators, and can have 
valence bands and conduction bands 

Gap to  bulk excitations exist, but can have edge states 

Only difference between  topological insulators and 
superconductors  -  topological superconductors are  
particle-hole symmetric (excitations are Boguliobons 
or Boguliobov-de Gennes quasiparticles)



Conduction band is a `mirror image’ of the valence band  - 
adding an electron to the conduction band is the same as 
removing an electron from the valence band (particle-hole 
symmetry) 

At zero energy, both these processes are the same - 
Majorana modes 

and ! the Schrödinger equation associated with HBdG is
known as the Bogoliubov–de Gennes !BdG" equation.

Since Eq. !13" has c and c† on both sides there is an
inherent redundancy built into the BdG Hamiltonian.
For !=0, HBdG includes two copies of H0 with opposite
sign. More generally, HBdG has an intrinsic particle-hole
symmetry expressed by

"HBdG!k""−1 = − HBdG!− k" , !15"

where the particle-hole operator "=#xK satisfies "2

=+1. Equation !15" follows from H0!−k"=H0!k"! and
the odd parity of the real !!k". It follows that every
eigenstate of HBdG with energy E has a partner at −E.
These two states are redundant because the Bogoliubov
quasiparticle operators associated with them satisfy $E

†

=$−E. Thus, creating a quasiparticle in state E has the
same effect as removing one from state −E.

The particle-hole symmetry constraint !15" has a simi-
lar structure to the time-reversal constraint in Eq. !8", so
it is natural to consider the classes of BdG Hamiltonians
that can be continuously deformed into one another
without closing the energy gap. In the simplest case,
spinless fermions, the classification can be shown to be
Z2 in one dimension and Z in two dimensions. As in Sec.
II.C, this can be most easily understood by appealing to
the bulk-boundary correspondence.

2. Majorana fermion boundary states

At the end of a 1D superconductor !Kitaev, 2000"
there may or may not be discrete states within the en-
ergy gap that are bound to the end #Figs. 4!a"–4!c"$. If
they are present, then every state at +E has a partner at
−E. Such finite-energy pairs are not topologically pro-
tected because they can simply be pushed out of the
energy gap. However, a single unpaired bound state at
E=0 is protected because it cannot move away from E
=0. The presence or absence of such a zero mode is
determined by the Z2 topological class of the bulk 1D
superconductor.

The Bogoliubov quasiparticle states associated with
the zero modes are fascinating objects !Kitaev, 2000;

Read and Green, 2000; Ivanov, 2001; Stern, von Oppen,
and Mariani, 2004; Nayak et al., 2008". Due to the
particle-hole redundancy the quasiparticle operators sat-
isfy $0=$0

† . Thus, a quasiparticle is its own antiparticle—
the defining feature of a Majorana fermion. A Majorana
fermion is essentially half of an ordinary Dirac fermion.
Due to the particle-hole redundancy, a single fermionic
state is associated with each pair of ±E energy levels.
The presence or absence of a fermion in this state de-
fines a two-level system with energy splitting E. Majo-
rana zero modes must always come in pairs !for in-
stance, a 1D superconductor has two ends", and a well
separated pair defines a degenerate two-level system,
whose quantum state is stored nonlocally. This has pro-
found implications, which we return to in Sec. V.B when
discussing the proposal of Kitaev !2003" to use these
properties for quantum information processing.

In two dimensions the integer classification Z gives the
number of chiral Majorana edge modes #Figs. 4!d" and
4!e"$, which resemble chiral modes in the quantum Hall
effect but for the particle-hole redundancy. A spinless
superconductor with px+ ipy symmetry is the simplest
model 2D topological superconductor. Such supercon-
ductors will also exhibit Majorana bound states at the
core of vortices !Caroli, de Gennes, and Matricon, 1964;
Volovik, 1999; Read and Green, 2000". This may be un-
derstood by considering the vortex to be a hole in the
superconductor circled by an edge mode #Fig. 4!d"$.
When the flux in the hole is h /2e the edge modes are
quantized such that one state is exactly at E=0.

Majorana fermions have been studied in particle phys-
ics for decades but have not been definitively observed
!Majorana, 1937; Wilczek, 2009". A neutrino might be a
Majorana fermion. Efforts to observe certain lepton
number violating neutrinoless double % decay processes
may resolve that issue !Avignone, Elliott, and Engel,
2008". In condensed-matter physics, Majorana fermions
can arise due to a paired condensate that allows a pair of
fermionic quasiparticles to “disappear” into the conden-
sate. They have been predicted in a number of physical
systems related to the spinless px+ ipy superconductor,
including the Moore-Read state of the &=5/2 quantum
Hall effect !Moore and Read, 1991; Greiter, Wen, and
Wilczek, 1992; Read and Green, 2000", Sr2RuO4 !Das
Sarma, Nayak, and Tewari, 2006", cold fermionic atoms
near a Feshbach resonance !Gurarie, Radzihovsky, and
Andreev, 2005; Tewari et al., 2007", and 2D structures
that combine superconductivity, magnetism, and strong
spin-orbit coupling !Lee, 2009; Sato and Fujimoto, 2009;
Sau et al., 2010". In Sec. V.B we discuss the prospect for
creating Majorana fermion states at interfaces between
topological insulators and ordinary superconductors !Fu
and Kane, 2008".

3. Periodic Table

Topological insulators and superconductors fit to-
gether into a rich and elegant mathematical structure
that generalizes the notions of topological band theory
described above !Schnyder et al., 2008; Kitaev, 2009;
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FIG. 4. !Color online" Boundary states for a topological super-
conductor !TSC". !a" A 1D superconductor with bound states
at its ends. The end state spectrum for !b" an ordinary 1D
superconductor and !c" a 1D topological superconductor. !d" A
topological 2D superconductor with !e" a chiral Majorana edge
mode. !c" A vortex with flux '=h /2e is associated with a zero
mode.
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One dimensional topological 
insulator

Can have a state at zero energy. Can’t move it 
away from zero energy because it does not 
have a partner 

Zero energy particle is its own antiparticle  - 
Majorana mode

and ! the Schrödinger equation associated with HBdG is
known as the Bogoliubov–de Gennes !BdG" equation.

Since Eq. !13" has c and c† on both sides there is an
inherent redundancy built into the BdG Hamiltonian.
For !=0, HBdG includes two copies of H0 with opposite
sign. More generally, HBdG has an intrinsic particle-hole
symmetry expressed by

"HBdG!k""−1 = − HBdG!− k" , !15"

where the particle-hole operator "=#xK satisfies "2

=+1. Equation !15" follows from H0!−k"=H0!k"! and
the odd parity of the real !!k". It follows that every
eigenstate of HBdG with energy E has a partner at −E.
These two states are redundant because the Bogoliubov
quasiparticle operators associated with them satisfy $E

†

=$−E. Thus, creating a quasiparticle in state E has the
same effect as removing one from state −E.

The particle-hole symmetry constraint !15" has a simi-
lar structure to the time-reversal constraint in Eq. !8", so
it is natural to consider the classes of BdG Hamiltonians
that can be continuously deformed into one another
without closing the energy gap. In the simplest case,
spinless fermions, the classification can be shown to be
Z2 in one dimension and Z in two dimensions. As in Sec.
II.C, this can be most easily understood by appealing to
the bulk-boundary correspondence.

2. Majorana fermion boundary states

At the end of a 1D superconductor !Kitaev, 2000"
there may or may not be discrete states within the en-
ergy gap that are bound to the end #Figs. 4!a"–4!c"$. If
they are present, then every state at +E has a partner at
−E. Such finite-energy pairs are not topologically pro-
tected because they can simply be pushed out of the
energy gap. However, a single unpaired bound state at
E=0 is protected because it cannot move away from E
=0. The presence or absence of such a zero mode is
determined by the Z2 topological class of the bulk 1D
superconductor.

The Bogoliubov quasiparticle states associated with
the zero modes are fascinating objects !Kitaev, 2000;

Read and Green, 2000; Ivanov, 2001; Stern, von Oppen,
and Mariani, 2004; Nayak et al., 2008". Due to the
particle-hole redundancy the quasiparticle operators sat-
isfy $0=$0

† . Thus, a quasiparticle is its own antiparticle—
the defining feature of a Majorana fermion. A Majorana
fermion is essentially half of an ordinary Dirac fermion.
Due to the particle-hole redundancy, a single fermionic
state is associated with each pair of ±E energy levels.
The presence or absence of a fermion in this state de-
fines a two-level system with energy splitting E. Majo-
rana zero modes must always come in pairs !for in-
stance, a 1D superconductor has two ends", and a well
separated pair defines a degenerate two-level system,
whose quantum state is stored nonlocally. This has pro-
found implications, which we return to in Sec. V.B when
discussing the proposal of Kitaev !2003" to use these
properties for quantum information processing.

In two dimensions the integer classification Z gives the
number of chiral Majorana edge modes #Figs. 4!d" and
4!e"$, which resemble chiral modes in the quantum Hall
effect but for the particle-hole redundancy. A spinless
superconductor with px+ ipy symmetry is the simplest
model 2D topological superconductor. Such supercon-
ductors will also exhibit Majorana bound states at the
core of vortices !Caroli, de Gennes, and Matricon, 1964;
Volovik, 1999; Read and Green, 2000". This may be un-
derstood by considering the vortex to be a hole in the
superconductor circled by an edge mode #Fig. 4!d"$.
When the flux in the hole is h /2e the edge modes are
quantized such that one state is exactly at E=0.

Majorana fermions have been studied in particle phys-
ics for decades but have not been definitively observed
!Majorana, 1937; Wilczek, 2009". A neutrino might be a
Majorana fermion. Efforts to observe certain lepton
number violating neutrinoless double % decay processes
may resolve that issue !Avignone, Elliott, and Engel,
2008". In condensed-matter physics, Majorana fermions
can arise due to a paired condensate that allows a pair of
fermionic quasiparticles to “disappear” into the conden-
sate. They have been predicted in a number of physical
systems related to the spinless px+ ipy superconductor,
including the Moore-Read state of the &=5/2 quantum
Hall effect !Moore and Read, 1991; Greiter, Wen, and
Wilczek, 1992; Read and Green, 2000", Sr2RuO4 !Das
Sarma, Nayak, and Tewari, 2006", cold fermionic atoms
near a Feshbach resonance !Gurarie, Radzihovsky, and
Andreev, 2005; Tewari et al., 2007", and 2D structures
that combine superconductivity, magnetism, and strong
spin-orbit coupling !Lee, 2009; Sato and Fujimoto, 2009;
Sau et al., 2010". In Sec. V.B we discuss the prospect for
creating Majorana fermion states at interfaces between
topological insulators and ordinary superconductors !Fu
and Kane, 2008".

3. Periodic Table

Topological insulators and superconductors fit to-
gether into a rich and elegant mathematical structure
that generalizes the notions of topological band theory
described above !Schnyder et al., 2008; Kitaev, 2009;
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FIG. 4. !Color online" Boundary states for a topological super-
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topological 2D superconductor with !e" a chiral Majorana edge
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Majorana modes

Majorana modes give a new way of storing and 
manipulating quantum information 

The two Majorana modes at two ends define a 
single qubit of information non-locally 

So it can be immune from decoherence



These excitations obey non-abelian statistics 
under exchange (More exotic particles than 
fermions (antisymmetric under exchange), 
bosons (symmetric under exchange), or even 
anyons ( non-trivial phase under exchange) 

Could be relevant as building blocks in making 
quantum computers



Explicit models in 
one dimension 



One dimensional 
topological insulator



Su-Schrieffer-Heeger model

Model of alternating long and short bonds 
with periodic boundary conditions and with 2N 
atoms - 2 band model 

 25

different because of topologically-induced edge states.  Our main goals for this lecture are to 
calculate the topological invariants for the two states and to understand the properties of the edge 
states. 
 

To begin, let us focus on bulk properties by assuming that the 1D chain has periodic 
boundary conditions with a period of 2N atoms.  We will also assume that the individual atomic 
states are sufficiently localized to be orthogonal to a good approximation, and that there is a 
fixed amount of dimerization in the chain with the overlap integrals alternating between the two 
values   t0 �Gt  and   t0 �Gt  (we will always assume   t0 ! 0).   Therefore   Gt ! 0 gives one flavor of 
dimerization and < 0 for the other (Fig. 3.1(b)).  The tight binding model will require two atomic 
states per unit cell (I will call them A and B), so I can assume a tight-binding Bloch state of the 
form 

  
\k (r)  1

N
eikR[a(k)IA(r � R)�b(k)

R
¦ IB (r � (R�'r))]    (3.7) 

where  'r  is the spacing between atoms within the unit cell and R denotes the Bravais lattice 
vectors of the different unit cells.  Eq. (3.7) makes a specific choice for the phase convention 
within the unit cell that is nice because it will allow us to define an effective Hamiltonian with 
which to solve for Berry curvature that will be periodic in k over the Brillouin zone.  This will be 
convenient for the calculation.*  
 
 To solve for the electronic structure, we can follow exactly the same procedure we used 
to determine the tight-binding electronic states of graphene: apply the Hamiltonian to the Bloch 
wave function and then project onto each of the two atomic basis states.  This yields a system of 
two linear equations, giving an effective Hamiltonian matrix that depends on k. 

                                                 
* One could use alternative intra-cell phase conventions in the tight-binding wavefunction, e.g., 

  
\k (r)  1

N
eikR[a(k)IA(r � R)�b(k)

R
¦ eik'rIB(r � (R�'r))], but then    Heff (k)  in the basis of the 

coefficients a and b would no longer have the periodicity of the Brillouin zone, which would be 
inconvenient for our purposes. 

 
Fig. 3.1.  (a) Tight-binding bands for the dimerized chain with periodic boundary conditions (solid 
lines) compared to the undimerized chain (dotted lines).  The energy of the ground-state band (darker 
solid line) is lowered by the dimerization. (b) Two different possibilities for dimerization of a finite 1D 
chain. 
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H = ⌃i[(t0 + �t)c†A,icB,i + (t0 � �t)c†A,i+1cB,i + h.c.]
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We can solve by Fourier transforming  to write 
the model as a 2 component model in 
momentum space as  

H = ⌃iHab(k)c
†
akcbk
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H(k) = d(k) · ~�
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dx(k) = (t0 + �t) + (t0 � �t) cos ka

dy(k) = (t0 � �t) sin ka

dz = 0
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Can compute the topological invariant 
explicitly by integrating the Berry connection 
for the lower energy band over the first BZ 

But can also see the two topological phases 
pictorially  

Since atoms at A and B are the same, extra 
symmetry giving rise to              , so      is   
constrained to lie on a plane

dz = 0
<latexit sha1_base64="5qnafwC8PwyLDVttIOOQl9c7pa4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgqmFNpTNZtsu3WzC7kSoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHLZNkmnGfJTLR7ZAaLoXiPgqUvJ1qTuNQ8odwdDP1Hx65NiJR9zhOeRDTgRJ9wShayY96T1dur1pz6+4MZJl4BalBgWav+tWNEpbFXCGT1JiO56YY5FSjYJJPKt3M8JSyER3wjqWKxtwE+ezYCTmxSkT6ibalkMzU3xM5jY0Zx6HtjCkOzaI3Ff/zOhn2L4NcqDRDrth8UT+TBBMy/ZxEQnOGcmwJZVrYWwkbUk0Z2nwqNgRv8eVl0jqre27duzuvNa6LOMpwBMdwCh5cQANuoQk+MBDwDK/w5ijnxXl3PuatJaeYOYQ/cD5/AE2ojlY=</latexit><latexit sha1_base64="5qnafwC8PwyLDVttIOOQl9c7pa4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgqmFNpTNZtsu3WzC7kSoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHLZNkmnGfJTLR7ZAaLoXiPgqUvJ1qTuNQ8odwdDP1Hx65NiJR9zhOeRDTgRJ9wShayY96T1dur1pz6+4MZJl4BalBgWav+tWNEpbFXCGT1JiO56YY5FSjYJJPKt3M8JSyER3wjqWKxtwE+ezYCTmxSkT6ibalkMzU3xM5jY0Zx6HtjCkOzaI3Ff/zOhn2L4NcqDRDrth8UT+TBBMy/ZxEQnOGcmwJZVrYWwkbUk0Z2nwqNgRv8eVl0jqre27duzuvNa6LOMpwBMdwCh5cQANuoQk+MBDwDK/w5ijnxXl3PuatJaeYOYQ/cD5/AE2ojlY=</latexit><latexit sha1_base64="5qnafwC8PwyLDVttIOOQl9c7pa4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgqmFNpTNZtsu3WzC7kSoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHLZNkmnGfJTLR7ZAaLoXiPgqUvJ1qTuNQ8odwdDP1Hx65NiJR9zhOeRDTgRJ9wShayY96T1dur1pz6+4MZJl4BalBgWav+tWNEpbFXCGT1JiO56YY5FSjYJJPKt3M8JSyER3wjqWKxtwE+ezYCTmxSkT6ibalkMzU3xM5jY0Zx6HtjCkOzaI3Ff/zOhn2L4NcqDRDrth8UT+TBBMy/ZxEQnOGcmwJZVrYWwkbUk0Z2nwqNgRv8eVl0jqre27duzuvNa6LOMpwBMdwCh5cQANuoQk+MBDwDK/w5ijnxXl3PuatJaeYOYQ/cD5/AE2ojlY=</latexit><latexit sha1_base64="5qnafwC8PwyLDVttIOOQl9c7pa4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgqmFNpTNZtsu3WzC7kSoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHLZNkmnGfJTLR7ZAaLoXiPgqUvJ1qTuNQ8odwdDP1Hx65NiJR9zhOeRDTgRJ9wShayY96T1dur1pz6+4MZJl4BalBgWav+tWNEpbFXCGT1JiO56YY5FSjYJJPKt3M8JSyER3wjqWKxtwE+ezYCTmxSkT6ibalkMzU3xM5jY0Zx6HtjCkOzaI3Ff/zOhn2L4NcqDRDrth8UT+TBBMy/ZxEQnOGcmwJZVrYWwkbUk0Z2nwqNgRv8eVl0jqre27duzuvNa6LOMpwBMdwCh5cQANuoQk+MBDwDK/w5ijnxXl3PuatJaeYOYQ/cD5/AE2ojlY=</latexit>

~d
<latexit sha1_base64="JbltklsCoydnIguUSyuUYk3CTLE=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAbymYzaZduNnF3Uyihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dJIphk2WiER1AqpRcIlNw43ATqqQxoHAdjC6m/ntMSrNE/loJin6MR1IHnFGjZU6eW+MjITTfqXq1tw5yCrxClKFAo1+5asXJiyLURomqNZdz02Nn1NlOBM4LfcyjSllIzrArqWSxqj9fH7vlJxbJSRRomxJQ+bq74mcxlpP4sB2xtQM9bI3E//zupmJbvycyzQzKNliUZQJYhIye56EXCEzYmIJZYrbWwkbUkWZsRGVbQje8surpHVZ89ya93BVrd8WcZTgFM7gAjy4hjrcQwOawEDAM7zCm/PkvDjvzseidc0pZk7gD5zPH+uWj+A=</latexit><latexit sha1_base64="JbltklsCoydnIguUSyuUYk3CTLE=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAbymYzaZduNnF3Uyihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dJIphk2WiER1AqpRcIlNw43ATqqQxoHAdjC6m/ntMSrNE/loJin6MR1IHnFGjZU6eW+MjITTfqXq1tw5yCrxClKFAo1+5asXJiyLURomqNZdz02Nn1NlOBM4LfcyjSllIzrArqWSxqj9fH7vlJxbJSRRomxJQ+bq74mcxlpP4sB2xtQM9bI3E//zupmJbvycyzQzKNliUZQJYhIye56EXCEzYmIJZYrbWwkbUkWZsRGVbQje8surpHVZ89ya93BVrd8WcZTgFM7gAjy4hjrcQwOawEDAM7zCm/PkvDjvzseidc0pZk7gD5zPH+uWj+A=</latexit><latexit sha1_base64="JbltklsCoydnIguUSyuUYk3CTLE=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAbymYzaZduNnF3Uyihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dJIphk2WiER1AqpRcIlNw43ATqqQxoHAdjC6m/ntMSrNE/loJin6MR1IHnFGjZU6eW+MjITTfqXq1tw5yCrxClKFAo1+5asXJiyLURomqNZdz02Nn1NlOBM4LfcyjSllIzrArqWSxqj9fH7vlJxbJSRRomxJQ+bq74mcxlpP4sB2xtQM9bI3E//zupmJbvycyzQzKNliUZQJYhIye56EXCEzYmIJZYrbWwkbUkWZsRGVbQje8surpHVZ89ya93BVrd8WcZTgFM7gAjy4hjrcQwOawEDAM7zCm/PkvDjvzseidc0pZk7gD5zPH+uWj+A=</latexit><latexit sha1_base64="JbltklsCoydnIguUSyuUYk3CTLE=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAbymYzaZduNnF3Uyihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dJIphk2WiER1AqpRcIlNw43ATqqQxoHAdjC6m/ntMSrNE/loJin6MR1IHnFGjZU6eW+MjITTfqXq1tw5yCrxClKFAo1+5asXJiyLURomqNZdz02Nn1NlOBM4LfcyjSllIzrArqWSxqj9fH7vlJxbJSRRomxJQ+bq74mcxlpP4sB2xtQM9bI3E//zupmJbvycyzQzKNliUZQJYhIye56EXCEzYmIJZYrbWwkbUkWZsRGVbQje8surpHVZ89ya93BVrd8WcZTgFM7gAjy4hjrcQwOawEDAM7zCm/PkvDjvzseidc0pZk7gD5zPH+uWj+A=</latexit>



Can ask the question :   how many times does the vector            
go around the origin as     evolves through the Brillouin zone    
(                              ) 

`Zero` on left and `one’ on right - depends on sign of       

To go from left to right configuration requires           to go 
through zero, implies energy gap goes through zero
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�t
<latexit sha1_base64="EN0xN2YoKQVCUQeeY+jstEPdjug=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuBtRwKRRvoUDJu6nmNA4k7wTj25nfeeLaiEQ94CTlfkyHSkSCUbRStx9yiZTgoFpz6+4cZJV4BalBgeag+tUPE5bFXCGT1Jie56bo51SjYJJPK/3M8JSyMR3ynqWKxtz4+fzeKTmzSkiiRNtSSObq74mcxsZM4sB2xhRHZtmbif95vQyjaz8XKs2QK7ZYFGWSYEJmz5NQaM5QTiyhTAt7K2EjqilDG1HFhuAtv7xK2hd1z61795e1xk0RRxlO4BTOwYMraMAdNKEFDCQ8wyu8OY/Oi/PufCxaS04xcwx/4Hz+AMC1j8Q=</latexit><latexit sha1_base64="EN0xN2YoKQVCUQeeY+jstEPdjug=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuBtRwKRRvoUDJu6nmNA4k7wTj25nfeeLaiEQ94CTlfkyHSkSCUbRStx9yiZTgoFpz6+4cZJV4BalBgeag+tUPE5bFXCGT1Jie56bo51SjYJJPK/3M8JSyMR3ynqWKxtz4+fzeKTmzSkiiRNtSSObq74mcxsZM4sB2xhRHZtmbif95vQyjaz8XKs2QK7ZYFGWSYEJmz5NQaM5QTiyhTAt7K2EjqilDG1HFhuAtv7xK2hd1z61795e1xk0RRxlO4BTOwYMraMAdNKEFDCQ8wyu8OY/Oi/PufCxaS04xcwx/4Hz+AMC1j8Q=</latexit><latexit sha1_base64="EN0xN2YoKQVCUQeeY+jstEPdjug=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuBtRwKRRvoUDJu6nmNA4k7wTj25nfeeLaiEQ94CTlfkyHSkSCUbRStx9yiZTgoFpz6+4cZJV4BalBgeag+tUPE5bFXCGT1Jie56bo51SjYJJPK/3M8JSyMR3ynqWKxtz4+fzeKTmzSkiiRNtSSObq74mcxsZM4sB2xhRHZtmbif95vQyjaz8XKs2QK7ZYFGWSYEJmz5NQaM5QTiyhTAt7K2EjqilDG1HFhuAtv7xK2hd1z61795e1xk0RRxlO4BTOwYMraMAdNKEFDCQ8wyu8OY/Oi/PufCxaS04xcwx/4Hz+AMC1j8Q=</latexit><latexit sha1_base64="EN0xN2YoKQVCUQeeY+jstEPdjug=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuBtRwKRRvoUDJu6nmNA4k7wTj25nfeeLaiEQ94CTlfkyHSkSCUbRStx9yiZTgoFpz6+4cZJV4BalBgeag+tUPE5bFXCGT1Jie56bo51SjYJJPK/3M8JSyMR3ynqWKxtz4+fzeKTmzSkiiRNtSSObq74mcxsZM4sB2xhRHZtmbif95vQyjaz8XKs2QK7ZYFGWSYEJmz5NQaM5QTiyhTAt7K2EjqilDG1HFhuAtv7xK2hd1z61795e1xk0RRxlO4BTOwYMraMAdNKEFDCQ8wyu8OY/Oi/PufCxaS04xcwx/4Hz+AMC1j8Q=</latexit>

d(k)
<latexit sha1_base64="wzwJt5N0UicGiQH3Ck4zOr25tpQ=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/YhrLZbtqlm03YnQgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVHrNeEJLBtDo+75crbs2dg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/eErOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms/fJQGjOUE4soUwLeythI6opQxtSyYbgLb+8SloXNc+tefeXlfpNHkcRTuAUquDBFdThDhrQBAYKnuEV3hzjvDjvzseiteDkM8fwB87nD6UWkDo=</latexit><latexit sha1_base64="wzwJt5N0UicGiQH3Ck4zOr25tpQ=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/YhrLZbtqlm03YnQgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVHrNeEJLBtDo+75crbs2dg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/eErOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms/fJQGjOUE4soUwLeythI6opQxtSyYbgLb+8SloXNc+tefeXlfpNHkcRTuAUquDBFdThDhrQBAYKnuEV3hzjvDjvzseiteDkM8fwB87nD6UWkDo=</latexit><latexit sha1_base64="wzwJt5N0UicGiQH3Ck4zOr25tpQ=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/YhrLZbtqlm03YnQgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVHrNeEJLBtDo+75crbs2dg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/eErOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms/fJQGjOUE4soUwLeythI6opQxtSyYbgLb+8SloXNc+tefeXlfpNHkcRTuAUquDBFdThDhrQBAYKnuEV3hzjvDjvzseiteDkM8fwB87nD6UWkDo=</latexit><latexit sha1_base64="wzwJt5N0UicGiQH3Ck4zOr25tpQ=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/YhrLZbtqlm03YnQgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVHrNeEJLBtDo+75crbs2dg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/eErOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms/fJQGjOUE4soUwLeythI6opQxtSyYbgLb+8SloXNc+tefeXlfpNHkcRTuAUquDBFdThDhrQBAYKnuEV3hzjvDjvzseiteDkM8fwB87nD6UWkDo=</latexit>

k
<latexit sha1_base64="PsiusKiasD6+0NEbk4ikI2XiuKQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cq9gPaUDbbSbtkswm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnSC6nfmdJ1SaJ/LRTFL0YzqSPOSMGis9RGRQrbl1dw6ySryC1KBAc1D96g8TlsUoDRNU657npsbPqTKcCZxW+pnGlLKIjrBnqaQxaj+fXzolZ1YZkjBRtqQhc/X3RE5jrSdxYDtjasZ62ZuJ/3m9zITXfs5lmhmUbLEozAQxCZm9TYZcITNiYgllittbCRtTRZmx4VRsCN7yy6ukfVH33Lp3f1lr3BRxlOEETuEcPLiCBtxBE1rAIIRneIU3J3JenHfnY9FacoqZY/gD5/MHKGONGQ==</latexit><latexit sha1_base64="PsiusKiasD6+0NEbk4ikI2XiuKQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cq9gPaUDbbSbtkswm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnSC6nfmdJ1SaJ/LRTFL0YzqSPOSMGis9RGRQrbl1dw6ySryC1KBAc1D96g8TlsUoDRNU657npsbPqTKcCZxW+pnGlLKIjrBnqaQxaj+fXzolZ1YZkjBRtqQhc/X3RE5jrSdxYDtjasZ62ZuJ/3m9zITXfs5lmhmUbLEozAQxCZm9TYZcITNiYgllittbCRtTRZmx4VRsCN7yy6ukfVH33Lp3f1lr3BRxlOEETuEcPLiCBtxBE1rAIIRneIU3J3JenHfnY9FacoqZY/gD5/MHKGONGQ==</latexit><latexit sha1_base64="PsiusKiasD6+0NEbk4ikI2XiuKQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cq9gPaUDbbSbtkswm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnSC6nfmdJ1SaJ/LRTFL0YzqSPOSMGis9RGRQrbl1dw6ySryC1KBAc1D96g8TlsUoDRNU657npsbPqTKcCZxW+pnGlLKIjrBnqaQxaj+fXzolZ1YZkjBRtqQhc/X3RE5jrSdxYDtjasZ62ZuJ/3m9zITXfs5lmhmUbLEozAQxCZm9TYZcITNiYgllittbCRtTRZmx4VRsCN7yy6ukfVH33Lp3f1lr3BRxlOEETuEcPLiCBtxBE1rAIIRneIU3J3JenHfnY9FacoqZY/gD5/MHKGONGQ==</latexit><latexit sha1_base64="PsiusKiasD6+0NEbk4ikI2XiuKQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cq9gPaUDbbSbtkswm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnSC6nfmdJ1SaJ/LRTFL0YzqSPOSMGis9RGRQrbl1dw6ySryC1KBAc1D96g8TlsUoDRNU657npsbPqTKcCZxW+pnGlLKIjrBnqaQxaj+fXzolZ1YZkjBRtqQhc/X3RE5jrSdxYDtjasZ62ZuJ/3m9zITXfs5lmhmUbLEozAQxCZm9TYZcITNiYgllittbCRtTRZmx4VRsCN7yy6ukfVH33Lp3f1lr3BRxlOEETuEcPLiCBtxBE1rAIIRneIU3J3JenHfnY9FacoqZY/gD5/MHKGONGQ==</latexit>

�⇡/a to ⇡/a
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0

t=0

a = 2�t, d = (t0 + �t)x̂� (t0 � �t)ŷ

b = 2t0, c = (t0 + �t)x̂+ (t0 � �t)ŷ
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a0 = �2|�t|, d0 = (t0 � |�t|)x̂� (t0 + |�t|)ŷ
b0 = 2t0, c

0 = (t0 � |�t|)x̂+ (t0 + |�t|)ŷ
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On the left, circle  can be shrunk to a point, so 
Berry phase is zero 

On the right           completes a circle around the 
origin when      goes through the BZ, also a circle. 
So winding  number is one - Berry phase of pi 

Two different topological sectors - LHS is a trivial 
insulator and RHS describes a topological insulator

E(k) = ±
p
2(t+ �t)2 + (t� �t)2 cos ka) = 0,when �t = 0, ka = ±⇡
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Edge states in the Su-Schrieffer Heeger model

Can also explicitly check for edge states in this model 
- most obvious for the fully dimerised case when  

Edge states are topologically protected even when             
- they remain at zero energy, although they are not 
completely localised at the edge  32

different than for widely-separated atoms because of strong spin-orbit coupling.  In particular, it 
has productive to look for situations when the bands that cross have different parities so that 
effective Hamiltonians with matrix elements linear in k are allowed, analogous to our Dirac 
Hamiltonians. 

 
 

Topological Edge States: 
 

I now want to turn to the subject of edge states – the idea that there are guaranteed to be 
special states with energy in the bandgap that are localized in real space near the edge of a 
topological insulator (adjacent to vacuum) or more generally at the interface between any two 
insulators with different values of a topological invariant.  We will again start with the SSH 
model as a simple concrete example.  To consider edges, we will need to switch from the 
assumption of periodic boundary conditions that we used to calculate bulk properties to the 
assumption of a finite chain (still with 2N atoms) and no periodic boundary condition.  The 
existence of a difference in electronic properties at the edges between the non-topological 
(  Gt ! 0) and topological (  Gt � 0) states is most obvious for the “fully-dimerized” cases when 

  Gt  rt0 (Fig. 3.5).  When   Gt  t0  (greater than zero), there is coupling with strength   2t0  between 
the A and B atoms in each unit cell, with no coupling between neighboring unit cells.  The 
resulting energy eigenstates will form two flat bands with all energies equal to E  r 2t0  (each 
coupled pair of atoms gives just an energy splitting due to the off-diagonal matrix element of a 
 2u2 matrix).  For the topological state with   Gt  �t0 , however, there will be coupling with 
strength   2t0 between the A and B atoms in different unit cells, with no coupling within the unit 
cells.  In the middle of the chain, dimerization will produce lots of states all with the same 
energies 

  
E  r 2t0  as before, but now there will also be two atoms not coupled to any others at 

the edges of the chain – an uncoupled A 
atom on the left and an uncoupled B atom 
on the right.  These will have just the same 
energy as the starting atomic states, which 
we had defined to be   E  0, right in the 
center of the bandgap. 

This result so far is pretty trivial, 
but the remarkable thing is that these edge 
states with energy  E  0 are topologically 
protected.  If one tunes  Gt  away from   �t0  
to turn on coupling between all of the atoms, there remain edge states locked to the energy   E  0 
as long as the sign of  Gt  is always negative.  The edge states do not remain localized just on the 
last atom; they become evanescent waves decaying exponentially as they penetrate toward the 
bulk of the chain, but their energies do not shift.  (This is true for a sufficiently long chain.  If the 
evanescent waves from the two ends overlap significantly, they can couple to each other to 
produce a small splitting.)  What’s even more remarkable is that the parameters t0  and  Gt  do not 
need to remain fixed as a function of position – they can vary with position and the edge state 
will still exist and remain pinned at   E  0 as long as  Gt  never becomes positive.  If  Gt does 
switch sign at some location, this represents a boundary between different topological phases, 

 
Fig. 3.5.  Fully-dimerized SSH chains for the non-
topological and topological cases. 

�t = ±t0
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One dimensional 
topological 

superconductor



Kitaev model

Toy model with Majorana modes - one dimensional 
spinless p-wave superconductor 

Here,         = chemical potential,     = hopping and            
= pairing term 

We can rewrite the model in terms of Majorana 
operators 

H = �µ

NX

x=1

c
†
xcx � 1

2

NX

x=1

(tc†xcx +�cxcx+1 + h.c)
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Can rewrite in terms of Majorana operators 

Model can be easily solved in two limits

cx =
1

2
(�A,x + i�B,x)

c†x =
1

2
(�A,x � i�B,x)
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When                                       , topologically trivial 
phase  

Only bonds between Majoranas at same site x 

Ground state is unique and ends of the chain 
do not play any unique role

Introduction Kitaev model Non-abelian statistics Hosting and detecting Majorana particles Conclusion and future directions

The two limits LIMIT 1 :

µ < 0, t = � = 0 (Topologically trivial phase)

H = �µ

2

NX

x=1

(1 + i�B,x�A,x)

Here, fermion at single site is broken up into 2 Majoranas
The ground state is unique and the ends of the chain do
not play any major role

H = �µ

2

NX

x=1

(1 + i�B,x�A,x)
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µ < 0, t = � = 0
<latexit sha1_base64="eKTSk1xKE0s4PH2ZM3qSr7iUKW8=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwICURQQ8WinrwWMF+QBPKZrtpl242YXeilNif4sWDIl79Jd78N27bHLT1wcDjvRlm5gWJ4Boc59taWl5ZXVsvbBQ3t7Z3du3SXlPHqaKsQWMRq3ZANBNcsgZwEKydKEaiQLBWMLye+K0HpjSP5T2MEuZHpC95yCkBI3Xtkhell84JVL0bJoDgqtO1y07FmQIvEjcnZZSj3rW/vF5M04hJoIJo3XGdBPyMKOBUsHHRSzVLCB2SPusYKknEtJ9NTx/jI6P0cBgrUxLwVP09kZFI61EUmM6IwEDPexPxP6+TQnjhZ1wmKTBJZ4vCVGCI8SQH3OOKURAjQwhV3NyK6YAoQsGkVTQhuPMvL5LmacV1Ku7dWbl2lcdRQAfoEB0jF52jGrpFddRAFD2iZ/SK3qwn68V6tz5mrUtWPrOP/sD6/AFBlZKv</latexit><latexit sha1_base64="eKTSk1xKE0s4PH2ZM3qSr7iUKW8=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwICURQQ8WinrwWMF+QBPKZrtpl242YXeilNif4sWDIl79Jd78N27bHLT1wcDjvRlm5gWJ4Boc59taWl5ZXVsvbBQ3t7Z3du3SXlPHqaKsQWMRq3ZANBNcsgZwEKydKEaiQLBWMLye+K0HpjSP5T2MEuZHpC95yCkBI3Xtkhell84JVL0bJoDgqtO1y07FmQIvEjcnZZSj3rW/vF5M04hJoIJo3XGdBPyMKOBUsHHRSzVLCB2SPusYKknEtJ9NTx/jI6P0cBgrUxLwVP09kZFI61EUmM6IwEDPexPxP6+TQnjhZ1wmKTBJZ4vCVGCI8SQH3OOKURAjQwhV3NyK6YAoQsGkVTQhuPMvL5LmacV1Ku7dWbl2lcdRQAfoEB0jF52jGrpFddRAFD2iZ/SK3qwn68V6tz5mrUtWPrOP/sD6/AFBlZKv</latexit><latexit sha1_base64="eKTSk1xKE0s4PH2ZM3qSr7iUKW8=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwICURQQ8WinrwWMF+QBPKZrtpl242YXeilNif4sWDIl79Jd78N27bHLT1wcDjvRlm5gWJ4Boc59taWl5ZXVsvbBQ3t7Z3du3SXlPHqaKsQWMRq3ZANBNcsgZwEKydKEaiQLBWMLye+K0HpjSP5T2MEuZHpC95yCkBI3Xtkhell84JVL0bJoDgqtO1y07FmQIvEjcnZZSj3rW/vF5M04hJoIJo3XGdBPyMKOBUsHHRSzVLCB2SPusYKknEtJ9NTx/jI6P0cBgrUxLwVP09kZFI61EUmM6IwEDPexPxP6+TQnjhZ1wmKTBJZ4vCVGCI8SQH3OOKURAjQwhV3NyK6YAoQsGkVTQhuPMvL5LmacV1Ku7dWbl2lcdRQAfoEB0jF52jGrpFddRAFD2iZ/SK3qwn68V6tz5mrUtWPrOP/sD6/AFBlZKv</latexit><latexit sha1_base64="eKTSk1xKE0s4PH2ZM3qSr7iUKW8=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwICURQQ8WinrwWMF+QBPKZrtpl242YXeilNif4sWDIl79Jd78N27bHLT1wcDjvRlm5gWJ4Boc59taWl5ZXVsvbBQ3t7Z3du3SXlPHqaKsQWMRq3ZANBNcsgZwEKydKEaiQLBWMLye+K0HpjSP5T2MEuZHpC95yCkBI3Xtkhell84JVL0bJoDgqtO1y07FmQIvEjcnZZSj3rW/vF5M04hJoIJo3XGdBPyMKOBUsHHRSzVLCB2SPusYKknEtJ9NTx/jI6P0cBgrUxLwVP09kZFI61EUmM6IwEDPexPxP6+TQnjhZ1wmKTBJZ4vCVGCI8SQH3OOKURAjQwhV3NyK6YAoQsGkVTQhuPMvL5LmacV1Ku7dWbl2lcdRQAfoEB0jF52jGrpFddRAFD2iZ/SK3qwn68V6tz5mrUtWPrOP/sD6/AFBlZKv</latexit>



Second limit : When         

Here bonds between Majoranas on adjacent sites 

But unpaired Majoranas                         and              
at the  two ends

Introduction Kitaev model Non-abelian statistics Hosting and detecting Majorana particles Conclusion and future directions

The two limits LIMIT 2 :

µ = 0, t = � 6= 0 (Topological phase)

H = �i
t
2

N�1X

x=1

�B,x�A,x+1

Here, bond couples Majorana fermions at different sitesµ = 0, t = � 6= 0
<latexit sha1_base64="cBY0pRXVIaXVhEfkZ/N2cjtN6Qw=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAbBg4QZEfQSCOrBYwSzQCaEnk4ladLTM3TXCDEEf8WLB0W8+h/e/Bs7y0ETHxQ83quiql6YSGHQ876dzNLyyupadj23sbm1vePu7lVNnGoOFR7LWNdDZkAKBRUUKKGeaGBRKKEW9q/Hfu0BtBGxusdBAs2IdZXoCM7QSi33IIjSoneKxeAGJDIaKKBey817BW8Cukj8GcmTGcot9ytoxzyNQCGXzJiG7yXYHDKNgksY5YLUQMJ4n3WhYaliEZjmcHL9iB5bpU07sbalkE7U3xNDFhkziELbGTHsmXlvLP7nNVLsXDaHQiUpguLTRZ1UUozpOAraFho4yoEljGthb6W8xzTjaAPL2RD8+ZcXSfWs4HsF/+48X7qaxZElh+SInBCfXJASuSVlUiGcPJJn8krenCfnxXl3PqatGWc2s0/+wPn8AWQsk+A=</latexit><latexit sha1_base64="cBY0pRXVIaXVhEfkZ/N2cjtN6Qw=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAbBg4QZEfQSCOrBYwSzQCaEnk4ladLTM3TXCDEEf8WLB0W8+h/e/Bs7y0ETHxQ83quiql6YSGHQ876dzNLyyupadj23sbm1vePu7lVNnGoOFR7LWNdDZkAKBRUUKKGeaGBRKKEW9q/Hfu0BtBGxusdBAs2IdZXoCM7QSi33IIjSoneKxeAGJDIaKKBey817BW8Cukj8GcmTGcot9ytoxzyNQCGXzJiG7yXYHDKNgksY5YLUQMJ4n3WhYaliEZjmcHL9iB5bpU07sbalkE7U3xNDFhkziELbGTHsmXlvLP7nNVLsXDaHQiUpguLTRZ1UUozpOAraFho4yoEljGthb6W8xzTjaAPL2RD8+ZcXSfWs4HsF/+48X7qaxZElh+SInBCfXJASuSVlUiGcPJJn8krenCfnxXl3PqatGWc2s0/+wPn8AWQsk+A=</latexit><latexit sha1_base64="cBY0pRXVIaXVhEfkZ/N2cjtN6Qw=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAbBg4QZEfQSCOrBYwSzQCaEnk4ladLTM3TXCDEEf8WLB0W8+h/e/Bs7y0ETHxQ83quiql6YSGHQ876dzNLyyupadj23sbm1vePu7lVNnGoOFR7LWNdDZkAKBRUUKKGeaGBRKKEW9q/Hfu0BtBGxusdBAs2IdZXoCM7QSi33IIjSoneKxeAGJDIaKKBey817BW8Cukj8GcmTGcot9ytoxzyNQCGXzJiG7yXYHDKNgksY5YLUQMJ4n3WhYaliEZjmcHL9iB5bpU07sbalkE7U3xNDFhkziELbGTHsmXlvLP7nNVLsXDaHQiUpguLTRZ1UUozpOAraFho4yoEljGthb6W8xzTjaAPL2RD8+ZcXSfWs4HsF/+48X7qaxZElh+SInBCfXJASuSVlUiGcPJJn8krenCfnxXl3PqatGWc2s0/+wPn8AWQsk+A=</latexit><latexit sha1_base64="cBY0pRXVIaXVhEfkZ/N2cjtN6Qw=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAbBg4QZEfQSCOrBYwSzQCaEnk4ladLTM3TXCDEEf8WLB0W8+h/e/Bs7y0ETHxQ83quiql6YSGHQ876dzNLyyupadj23sbm1vePu7lVNnGoOFR7LWNdDZkAKBRUUKKGeaGBRKKEW9q/Hfu0BtBGxusdBAs2IdZXoCM7QSi33IIjSoneKxeAGJDIaKKBey817BW8Cukj8GcmTGcot9ytoxzyNQCGXzJiG7yXYHDKNgksY5YLUQMJ4n3WhYaliEZjmcHL9iB5bpU07sbalkE7U3xNDFhkziELbGTHsmXlvLP7nNVLsXDaHQiUpguLTRZ1UUozpOAraFho4yoEljGthb6W8xzTjaAPL2RD8+ZcXSfWs4HsF/+48X7qaxZElh+SInBCfXJASuSVlUiGcPJJn8krenCfnxXl3PqatGWc2s0/+wPn8AWQsk+A=</latexit>

H = �i
t

2

N�1X

x=1

�B,x�A,x+1

<latexit sha1_base64="JKr/Ipo5kb4PNlpk/xMrdSMcC/g="></latexit><latexit sha1_base64="JKr/Ipo5kb4PNlpk/xMrdSMcC/g="></latexit><latexit sha1_base64="JKr/Ipo5kb4PNlpk/xMrdSMcC/g="></latexit><latexit sha1_base64="JKr/Ipo5kb4PNlpk/xMrdSMcC/g="></latexit>

�1 ⌘ �A,1
<latexit sha1_base64="dw1N+/vx9R+LqV8QFSK9e2dADs4=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBhZSJCLqsunFZwT6gMwyZNG1Dk8yYZAplKLjxV9y4UMStP+HOvzFtZ6GtBy6cnHMvufdECWfaeN63U1haXlldK66XNja3tnfc3b2GjlNFaJ3EPFatCGvKmaR1wwynrURRLCJOm9HgZuI3h1RpFst7M0poIHBPsi4j2FgpdA/8HhYCh8inDykb5q/s6hSNQ7fsVbwp4CJBOSmDHLXQ/fI7MUkFlYZwrHUbeYkJMqwMI5yOS36qaYLJAPdo21KJBdVBNr1hDI+t0oHdWNmSBk7V3xMZFlqPRGQ7BTZ9Pe9NxP+8dmq6l0HGZJIaKsnso27KoYnhJBDYYYoSw0eWYKKY3RWSPlaYGBtbyYaA5k9eJI2zCvIq6O68XL3O4yiCQ3AETgACF6AKbkEN1AEBj+AZvII358l5cd6dj1lrwcln9sEfOJ8/mOqXeA==</latexit><latexit sha1_base64="dw1N+/vx9R+LqV8QFSK9e2dADs4=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBhZSJCLqsunFZwT6gMwyZNG1Dk8yYZAplKLjxV9y4UMStP+HOvzFtZ6GtBy6cnHMvufdECWfaeN63U1haXlldK66XNja3tnfc3b2GjlNFaJ3EPFatCGvKmaR1wwynrURRLCJOm9HgZuI3h1RpFst7M0poIHBPsi4j2FgpdA/8HhYCh8inDykb5q/s6hSNQ7fsVbwp4CJBOSmDHLXQ/fI7MUkFlYZwrHUbeYkJMqwMI5yOS36qaYLJAPdo21KJBdVBNr1hDI+t0oHdWNmSBk7V3xMZFlqPRGQ7BTZ9Pe9NxP+8dmq6l0HGZJIaKsnso27KoYnhJBDYYYoSw0eWYKKY3RWSPlaYGBtbyYaA5k9eJI2zCvIq6O68XL3O4yiCQ3AETgACF6AKbkEN1AEBj+AZvII358l5cd6dj1lrwcln9sEfOJ8/mOqXeA==</latexit><latexit sha1_base64="dw1N+/vx9R+LqV8QFSK9e2dADs4=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBhZSJCLqsunFZwT6gMwyZNG1Dk8yYZAplKLjxV9y4UMStP+HOvzFtZ6GtBy6cnHMvufdECWfaeN63U1haXlldK66XNja3tnfc3b2GjlNFaJ3EPFatCGvKmaR1wwynrURRLCJOm9HgZuI3h1RpFst7M0poIHBPsi4j2FgpdA/8HhYCh8inDykb5q/s6hSNQ7fsVbwp4CJBOSmDHLXQ/fI7MUkFlYZwrHUbeYkJMqwMI5yOS36qaYLJAPdo21KJBdVBNr1hDI+t0oHdWNmSBk7V3xMZFlqPRGQ7BTZ9Pe9NxP+8dmq6l0HGZJIaKsnso27KoYnhJBDYYYoSw0eWYKKY3RWSPlaYGBtbyYaA5k9eJI2zCvIq6O68XL3O4yiCQ3AETgACF6AKbkEN1AEBj+AZvII358l5cd6dj1lrwcln9sEfOJ8/mOqXeA==</latexit><latexit sha1_base64="dw1N+/vx9R+LqV8QFSK9e2dADs4=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBhZSJCLqsunFZwT6gMwyZNG1Dk8yYZAplKLjxV9y4UMStP+HOvzFtZ6GtBy6cnHMvufdECWfaeN63U1haXlldK66XNja3tnfc3b2GjlNFaJ3EPFatCGvKmaR1wwynrURRLCJOm9HgZuI3h1RpFst7M0poIHBPsi4j2FgpdA/8HhYCh8inDykb5q/s6hSNQ7fsVbwp4CJBOSmDHLXQ/fI7MUkFlYZwrHUbeYkJMqwMI5yOS36qaYLJAPdo21KJBdVBNr1hDI+t0oHdWNmSBk7V3xMZFlqPRGQ7BTZ9Pe9NxP+8dmq6l0HGZJIaKsnso27KoYnhJBDYYYoSw0eWYKKY3RWSPlaYGBtbyYaA5k9eJI2zCvIq6O68XL3O4yiCQ3AETgACF6AKbkEN1AEBj+AZvII358l5cd6dj1lrwcln9sEfOJ8/mOqXeA==</latexit>

�2 ⌘ �B,N
<latexit sha1_base64="O0PHLvAndoc8zzWmNQ/maDDC9pw=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBhZSZIuiy1I0rqWAf0BmGTJppQ5PMmGQKZSi48VfcuFDErT/hzr8xbWehrQcunJxzL7n3hAmjSjvOt1VYWV1b3yhulra2d3b37P2DlopTiUkTxyyWnRApwqggTU01I51EEsRDRtrh8Hrqt0dEKhqLez1OiM9RX9CIYqSNFNhHXh9xjoKqRx5SOspfWf38dhLYZafizACXiZuTMsjRCOwvrxfjlBOhMUNKdV0n0X6GpKaYkUnJSxVJEB6iPukaKhAnys9mN0zgqVF6MIqlKaHhTP09kSGu1JiHppMjPVCL3lT8z+umOrryMyqSVBOB5x9FKYM6htNAYI9KgjUbG4KwpGZXiAdIIqxNbCUTgrt48jJpVSuuU3HvLsq1eh5HERyDE3AGXHAJauAGNEATYPAInsEreLOerBfr3fqYtxasfOYQ/IH1+QPIGJeX</latexit><latexit sha1_base64="O0PHLvAndoc8zzWmNQ/maDDC9pw=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBhZSZIuiy1I0rqWAf0BmGTJppQ5PMmGQKZSi48VfcuFDErT/hzr8xbWehrQcunJxzL7n3hAmjSjvOt1VYWV1b3yhulra2d3b37P2DlopTiUkTxyyWnRApwqggTU01I51EEsRDRtrh8Hrqt0dEKhqLez1OiM9RX9CIYqSNFNhHXh9xjoKqRx5SOspfWf38dhLYZafizACXiZuTMsjRCOwvrxfjlBOhMUNKdV0n0X6GpKaYkUnJSxVJEB6iPukaKhAnys9mN0zgqVF6MIqlKaHhTP09kSGu1JiHppMjPVCL3lT8z+umOrryMyqSVBOB5x9FKYM6htNAYI9KgjUbG4KwpGZXiAdIIqxNbCUTgrt48jJpVSuuU3HvLsq1eh5HERyDE3AGXHAJauAGNEATYPAInsEreLOerBfr3fqYtxasfOYQ/IH1+QPIGJeX</latexit><latexit sha1_base64="O0PHLvAndoc8zzWmNQ/maDDC9pw=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBhZSZIuiy1I0rqWAf0BmGTJppQ5PMmGQKZSi48VfcuFDErT/hzr8xbWehrQcunJxzL7n3hAmjSjvOt1VYWV1b3yhulra2d3b37P2DlopTiUkTxyyWnRApwqggTU01I51EEsRDRtrh8Hrqt0dEKhqLez1OiM9RX9CIYqSNFNhHXh9xjoKqRx5SOspfWf38dhLYZafizACXiZuTMsjRCOwvrxfjlBOhMUNKdV0n0X6GpKaYkUnJSxVJEB6iPukaKhAnys9mN0zgqVF6MIqlKaHhTP09kSGu1JiHppMjPVCL3lT8z+umOrryMyqSVBOB5x9FKYM6htNAYI9KgjUbG4KwpGZXiAdIIqxNbCUTgrt48jJpVSuuU3HvLsq1eh5HERyDE3AGXHAJauAGNEATYPAInsEreLOerBfr3fqYtxasfOYQ/IH1+QPIGJeX</latexit><latexit sha1_base64="O0PHLvAndoc8zzWmNQ/maDDC9pw=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBhZSZIuiy1I0rqWAf0BmGTJppQ5PMmGQKZSi48VfcuFDErT/hzr8xbWehrQcunJxzL7n3hAmjSjvOt1VYWV1b3yhulra2d3b37P2DlopTiUkTxyyWnRApwqggTU01I51EEsRDRtrh8Hrqt0dEKhqLez1OiM9RX9CIYqSNFNhHXh9xjoKqRx5SOspfWf38dhLYZafizACXiZuTMsjRCOwvrxfjlBOhMUNKdV0n0X6GpKaYkUnJSxVJEB6iPukaKhAnys9mN0zgqVF6MIqlKaHhTP09kSGu1JiHppMjPVCL3lT8z+umOrryMyqSVBOB5x9FKYM6htNAYI9KgjUbG4KwpGZXiAdIIqxNbCUTgrt48jJpVSuuU3HvLsq1eh5HERyDE3AGXHAJauAGNEATYPAInsEreLOerBfr3fqYtxasfOYQ/IH1+QPIGJeX</latexit>



The Hamiltonian has no dependence on these two 
unpaired Majorana modes        and  

We can form an ordinary, but non-local fermion from 
these two Majoranas 

Energy is independent of whether this fermion state 
is occupied or not 

So non-unique ground state, or rather, ground 
state here is doubly degenerate

�2
<latexit sha1_base64="Fz6WZSmWF87aLtzVFbMiwzG9FOo=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCb2T2WTIzOw6MyuEkJ/w4kERr/6ON//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7g5QSuxVe6WyX/HnIKskyEkZctR7pa9uP6GZZMpSgcZ0Aj+14QS15VSwabGbGZYiHeGAdRxVKJkJJ/N7p+TcKX0SJ9qVsmSu/p6YoDRmLCPXKdEOzbI3E//zOpmNr8MJV2lmmaKLRXEmiE3I7HnS55pRK8aOINXc3UroEDVS6yIquhCC5ZdXSbNaCfxKcH9Zrt3kcRTgFM7gAgK4ghrcQR0aQEHAM7zCm/fovXjv3seidc3LZ07gD7zPH7G5j7o=</latexit><latexit sha1_base64="Fz6WZSmWF87aLtzVFbMiwzG9FOo=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCb2T2WTIzOw6MyuEkJ/w4kERr/6ON//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7g5QSuxVe6WyX/HnIKskyEkZctR7pa9uP6GZZMpSgcZ0Aj+14QS15VSwabGbGZYiHeGAdRxVKJkJJ/N7p+TcKX0SJ9qVsmSu/p6YoDRmLCPXKdEOzbI3E//zOpmNr8MJV2lmmaKLRXEmiE3I7HnS55pRK8aOINXc3UroEDVS6yIquhCC5ZdXSbNaCfxKcH9Zrt3kcRTgFM7gAgK4ghrcQR0aQEHAM7zCm/fovXjv3seidc3LZ07gD7zPH7G5j7o=</latexit><latexit sha1_base64="Fz6WZSmWF87aLtzVFbMiwzG9FOo=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCb2T2WTIzOw6MyuEkJ/w4kERr/6ON//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7g5QSuxVe6WyX/HnIKskyEkZctR7pa9uP6GZZMpSgcZ0Aj+14QS15VSwabGbGZYiHeGAdRxVKJkJJ/N7p+TcKX0SJ9qVsmSu/p6YoDRmLCPXKdEOzbI3E//zOpmNr8MJV2lmmaKLRXEmiE3I7HnS55pRK8aOINXc3UroEDVS6yIquhCC5ZdXSbNaCfxKcH9Zrt3kcRTgFM7gAgK4ghrcQR0aQEHAM7zCm/fovXjv3seidc3LZ07gD7zPH7G5j7o=</latexit><latexit sha1_base64="Fz6WZSmWF87aLtzVFbMiwzG9FOo=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCb2T2WTIzOw6MyuEkJ/w4kERr/6ON//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7g5QSuxVe6WyX/HnIKskyEkZctR7pa9uP6GZZMpSgcZ0Aj+14QS15VSwabGbGZYiHeGAdRxVKJkJJ/N7p+TcKX0SJ9qVsmSu/p6YoDRmLCPXKdEOzbI3E//zOpmNr8MJV2lmmaKLRXEmiE3I7HnS55pRK8aOINXc3UroEDVS6yIquhCC5ZdXSbNaCfxKcH9Zrt3kcRTgFM7gAgK4ghrcQR0aQEHAM7zCm/fovXjv3seidc3LZ07gD7zPH7G5j7o=</latexit>

�1
<latexit sha1_base64="QRy3uz3YDKT/zWc88ZEfdR1RI/E=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROZpMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTlDVoIhLdjtAwwRVrWG4Fa6eaoYwEa0Wj25nfemLa8EQ92HHKQokDxWNO0Tqp3R2glNgLeuWKX/XnIKskyEkFctR75a9uP6GZZMpSgcZ0Aj+14QS15VSwaambGZYiHeGAdRxVKJkJJ/N7p+TMKX0SJ9qVsmSu/p6YoDRmLCPXKdEOzbI3E//zOpmNr8MJV2lmmaKLRXEmiE3I7HnS55pRK8aOINXc3UroEDVS6yIquRCC5ZdXSfOiGvjV4P6yUrvJ4yjCCZzCOQRwBTW4gzo0gIKAZ3iFN+/Re/HevY9Fa8HLZ47hD7zPH7A1j7k=</latexit><latexit sha1_base64="QRy3uz3YDKT/zWc88ZEfdR1RI/E=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROZpMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTlDVoIhLdjtAwwRVrWG4Fa6eaoYwEa0Wj25nfemLa8EQ92HHKQokDxWNO0Tqp3R2glNgLeuWKX/XnIKskyEkFctR75a9uP6GZZMpSgcZ0Aj+14QS15VSwaambGZYiHeGAdRxVKJkJJ/N7p+TMKX0SJ9qVsmSu/p6YoDRmLCPXKdEOzbI3E//zOpmNr8MJV2lmmaKLRXEmiE3I7HnS55pRK8aOINXc3UroEDVS6yIquRCC5ZdXSfOiGvjV4P6yUrvJ4yjCCZzCOQRwBTW4gzo0gIKAZ3iFN+/Re/HevY9Fa8HLZ47hD7zPH7A1j7k=</latexit><latexit sha1_base64="QRy3uz3YDKT/zWc88ZEfdR1RI/E=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROZpMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTlDVoIhLdjtAwwRVrWG4Fa6eaoYwEa0Wj25nfemLa8EQ92HHKQokDxWNO0Tqp3R2glNgLeuWKX/XnIKskyEkFctR75a9uP6GZZMpSgcZ0Aj+14QS15VSwaambGZYiHeGAdRxVKJkJJ/N7p+TMKX0SJ9qVsmSu/p6YoDRmLCPXKdEOzbI3E//zOpmNr8MJV2lmmaKLRXEmiE3I7HnS55pRK8aOINXc3UroEDVS6yIquRCC5ZdXSfOiGvjV4P6yUrvJ4yjCCZzCOQRwBTW4gzo0gIKAZ3iFN+/Re/HevY9Fa8HLZ47hD7zPH7A1j7k=</latexit><latexit sha1_base64="QRy3uz3YDKT/zWc88ZEfdR1RI/E=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROZpMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTlDVoIhLdjtAwwRVrWG4Fa6eaoYwEa0Wj25nfemLa8EQ92HHKQokDxWNO0Tqp3R2glNgLeuWKX/XnIKskyEkFctR75a9uP6GZZMpSgcZ0Aj+14QS15VSwaambGZYiHeGAdRxVKJkJJ/N7p+TMKX0SJ9qVsmSu/p6YoDRmLCPXKdEOzbI3E//zOpmNr8MJV2lmmaKLRXEmiE3I7HnS55pRK8aOINXc3UroEDVS6yIquRCC5ZdXSfOiGvjV4P6yUrvJ4yjCCZzCOQRwBTW4gzo0gIKAZ3iFN+/Re/HevY9Fa8HLZ47hD7zPH7A1j7k=</latexit>

f =
1

2
(�1 + i�2), f

† =
1

2
(�1 � i�2)

<latexit sha1_base64="7XLDG9c3wmuvDnQUMCPmB7KTe/4=">AAACNnicbVDLSsNAFJ3Ud31VXboZLEJFLUkRdCOIbtwIFawWmhhuppN06EwSZiZCCf0qN36Hu25cKOLWT3BaAz4PDBzOOZc79wQpZ0rb9sgqTU3PzM7NL5QXl5ZXVitr69cqySShLZLwRLYDUJSzmLY005y2U0lBBJzeBP2zsX9zR6ViSXylByn1BEQxCxkBbSS/chEeu6EEkjvDvDGsuREIAb6zywrW2NnD4a3bhSiiEv+b3f/K+pWqXbcnwH+JU5AqKtD0K49uNyGZoLEmHJTqOHaqvRykZoTTYdnNFE2B9CGiHUNjEFR5+eTsId42SheHiTQv1niifp/IQSg1EIFJCtA99dsbi/95nUyHR17O4jTTNCafi8KMY53gcYe4yyQlmg8MASKZ+SsmPTDNaNN02ZTg/D75L7lu1B277lweVE9Oizrm0SbaQjXkoEN0gs5RE7UQQfdohJ7Ri/VgPVmv1ttntGQVMxvoB6z3D6ScqqM=</latexit><latexit sha1_base64="7XLDG9c3wmuvDnQUMCPmB7KTe/4=">AAACNnicbVDLSsNAFJ3Ud31VXboZLEJFLUkRdCOIbtwIFawWmhhuppN06EwSZiZCCf0qN36Hu25cKOLWT3BaAz4PDBzOOZc79wQpZ0rb9sgqTU3PzM7NL5QXl5ZXVitr69cqySShLZLwRLYDUJSzmLY005y2U0lBBJzeBP2zsX9zR6ViSXylByn1BEQxCxkBbSS/chEeu6EEkjvDvDGsuREIAb6zywrW2NnD4a3bhSiiEv+b3f/K+pWqXbcnwH+JU5AqKtD0K49uNyGZoLEmHJTqOHaqvRykZoTTYdnNFE2B9CGiHUNjEFR5+eTsId42SheHiTQv1niifp/IQSg1EIFJCtA99dsbi/95nUyHR17O4jTTNCafi8KMY53gcYe4yyQlmg8MASKZ+SsmPTDNaNN02ZTg/D75L7lu1B277lweVE9Oizrm0SbaQjXkoEN0gs5RE7UQQfdohJ7Ri/VgPVmv1ttntGQVMxvoB6z3D6ScqqM=</latexit><latexit sha1_base64="7XLDG9c3wmuvDnQUMCPmB7KTe/4=">AAACNnicbVDLSsNAFJ3Ud31VXboZLEJFLUkRdCOIbtwIFawWmhhuppN06EwSZiZCCf0qN36Hu25cKOLWT3BaAz4PDBzOOZc79wQpZ0rb9sgqTU3PzM7NL5QXl5ZXVitr69cqySShLZLwRLYDUJSzmLY005y2U0lBBJzeBP2zsX9zR6ViSXylByn1BEQxCxkBbSS/chEeu6EEkjvDvDGsuREIAb6zywrW2NnD4a3bhSiiEv+b3f/K+pWqXbcnwH+JU5AqKtD0K49uNyGZoLEmHJTqOHaqvRykZoTTYdnNFE2B9CGiHUNjEFR5+eTsId42SheHiTQv1niifp/IQSg1EIFJCtA99dsbi/95nUyHR17O4jTTNCafi8KMY53gcYe4yyQlmg8MASKZ+SsmPTDNaNN02ZTg/D75L7lu1B277lweVE9Oizrm0SbaQjXkoEN0gs5RE7UQQfdohJ7Ri/VgPVmv1ttntGQVMxvoB6z3D6ScqqM=</latexit><latexit sha1_base64="7XLDG9c3wmuvDnQUMCPmB7KTe/4=">AAACNnicbVDLSsNAFJ3Ud31VXboZLEJFLUkRdCOIbtwIFawWmhhuppN06EwSZiZCCf0qN36Hu25cKOLWT3BaAz4PDBzOOZc79wQpZ0rb9sgqTU3PzM7NL5QXl5ZXVitr69cqySShLZLwRLYDUJSzmLY005y2U0lBBJzeBP2zsX9zR6ViSXylByn1BEQxCxkBbSS/chEeu6EEkjvDvDGsuREIAb6zywrW2NnD4a3bhSiiEv+b3f/K+pWqXbcnwH+JU5AqKtD0K49uNyGZoLEmHJTqOHaqvRykZoTTYdnNFE2B9CGiHUNjEFR5+eTsId42SheHiTQv1niifp/IQSg1EIFJCtA99dsbi/95nUyHR17O4jTTNCafi8KMY53gcYe4yyQlmg8MASKZ+SsmPTDNaNN02ZTg/D75L7lu1B277lweVE9Oizrm0SbaQjXkoEN0gs5RE7UQQfdohJ7Ri/VgPVmv1ttntGQVMxvoB6z3D6ScqqM=</latexit>

|0 > and |1 >= f†|0 >
<latexit sha1_base64="LrKvKGIZaD2fQXSVlJXC4a7UOq0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6MZSdOOygn1AE8tkMkmHTiZhZiKUtF258VfcuFDErb/gzr9x2mahrQcuHM65l3vv8RJGpbKsb6OwtLyyulZcL21sbm3vmLt7TRmnApMGjlks2h6ShFFOGooqRtqJICjyGGl5/euJ33ogQtKY36lBQtwIhZwGFCOlpa55OLSq48wREUTcH42HdvUyuHd8FIZEaKtrlq2KNQVcJHZOyiBHvWt+OX6M04hwhRmSsmNbiXIzJBTFjIxKTipJgnAfhaSjKUcRkW42/WMEj7XiwyAWuriCU/X3RIYiKQeRpzsjpHpy3puI/3mdVAUXbkZ5kirC8WxRkDKoYjgJBfpUEKzYQBOEBdW3QtxDAmGloyvpEOz5lxdJ87RiWxX79qxcu8rjKIIDcAROgA3OQQ3cgDpoAAwewTN4BW/Gk/FivBsfs9aCkc/sgz8wPn8ANkGY3w==</latexit><latexit sha1_base64="LrKvKGIZaD2fQXSVlJXC4a7UOq0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6MZSdOOygn1AE8tkMkmHTiZhZiKUtF258VfcuFDErb/gzr9x2mahrQcuHM65l3vv8RJGpbKsb6OwtLyyulZcL21sbm3vmLt7TRmnApMGjlks2h6ShFFOGooqRtqJICjyGGl5/euJ33ogQtKY36lBQtwIhZwGFCOlpa55OLSq48wREUTcH42HdvUyuHd8FIZEaKtrlq2KNQVcJHZOyiBHvWt+OX6M04hwhRmSsmNbiXIzJBTFjIxKTipJgnAfhaSjKUcRkW42/WMEj7XiwyAWuriCU/X3RIYiKQeRpzsjpHpy3puI/3mdVAUXbkZ5kirC8WxRkDKoYjgJBfpUEKzYQBOEBdW3QtxDAmGloyvpEOz5lxdJ87RiWxX79qxcu8rjKIIDcAROgA3OQQ3cgDpoAAwewTN4BW/Gk/FivBsfs9aCkc/sgz8wPn8ANkGY3w==</latexit><latexit sha1_base64="LrKvKGIZaD2fQXSVlJXC4a7UOq0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6MZSdOOygn1AE8tkMkmHTiZhZiKUtF258VfcuFDErb/gzr9x2mahrQcuHM65l3vv8RJGpbKsb6OwtLyyulZcL21sbm3vmLt7TRmnApMGjlks2h6ShFFOGooqRtqJICjyGGl5/euJ33ogQtKY36lBQtwIhZwGFCOlpa55OLSq48wREUTcH42HdvUyuHd8FIZEaKtrlq2KNQVcJHZOyiBHvWt+OX6M04hwhRmSsmNbiXIzJBTFjIxKTipJgnAfhaSjKUcRkW42/WMEj7XiwyAWuriCU/X3RIYiKQeRpzsjpHpy3puI/3mdVAUXbkZ5kirC8WxRkDKoYjgJBfpUEKzYQBOEBdW3QtxDAmGloyvpEOz5lxdJ87RiWxX79qxcu8rjKIIDcAROgA3OQQ3cgDpoAAwewTN4BW/Gk/FivBsfs9aCkc/sgz8wPn8ANkGY3w==</latexit><latexit sha1_base64="LrKvKGIZaD2fQXSVlJXC4a7UOq0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6MZSdOOygn1AE8tkMkmHTiZhZiKUtF258VfcuFDErb/gzr9x2mahrQcuHM65l3vv8RJGpbKsb6OwtLyyulZcL21sbm3vmLt7TRmnApMGjlks2h6ShFFOGooqRtqJICjyGGl5/euJ33ogQtKY36lBQtwIhZwGFCOlpa55OLSq48wREUTcH42HdvUyuHd8FIZEaKtrlq2KNQVcJHZOyiBHvWt+OX6M04hwhRmSsmNbiXIzJBTFjIxKTipJgnAfhaSjKUcRkW42/WMEj7XiwyAWuriCU/X3RIYiKQeRpzsjpHpy3puI/3mdVAUXbkZ5kirC8WxRkDKoYjgJBfpUEKzYQBOEBdW3QtxDAmGloyvpEOz5lxdJ87RiWxX79qxcu8rjKIIDcAROgA3OQQ3cgDpoAAwewTN4BW/Gk/FivBsfs9aCkc/sgz8wPn8ANkGY3w==</latexit>



So the Majorana modes at the two ends define 
a single quit of information non-locally and 
can be immune from decoherence 

These excitations can also be shown to obey 
non-abelian statistics under exchange 

Can be relevant in quantum computation



Current frontiers in the 
field



Current frontiers in the field 

Many new materials have been found which are 
topological 

Not only insulators but also what are called semi-metals - 
Weyl semimetals and Dirac semimetals -  essentially 
generalisations of graphene which has a Dirac cone at the 
Fermi level, where valence and conduction bands touch  

Higher order topological insulators - 2DTI with corner 
modes  and 3DTI with hinge states as edge states 



Floquet topological phases  induced 
by driving 

Recently found that new topological phases and 
edge states can be obtained by shining light on 
topologically trivial systems  and bands are found 
to be characterised by other topological 
invariants besides the Chern number 

Topological phases of periodically driven systems 
have been characterised using Floquet theory

T.Oka and H. Aoki,prb,2009
N. H.Lindner, G. Refeal and V. Galitsky, Nature,2011



Interplay of interactions and 
topology

Know one strongly interacting system which 
has topological protection - fractional 
quantum Hall state 

Generalisations of them - fractional Chern 
insulators or fractional topological insulators?



Quest for Majoranas - several ideas

Ordinary superconductors in proximity to topological 
materials 

One dimensional wires with strong spin-orbit coupling 
and magnetic field proximity coupled to superconductors 
- effectively topological superconductor 

Majorana modes seem to have been seen! 

Other fractional Majorana fermions or parafermions?



Glimpse of my 
collaborators 



My collaborators 

Senior 
people 
from other 
institutes 

Postdocs 
and 
students 



Have explored various aspects of these 
phases, including quantum Hall effect, 
graphene, silicene, Weyl semi-metal, Floquet 
induced phases, Majorana modes, etc



Take-away points 
New class of materials defined by interplay of 
symmetry and  topology 

Insulators, superconductors, metals, now exist in 
topologically trivial and topologically non-trivial 
classes 

Even materials in topologically trivial classes can be 
made interesting ( topological) by shining light on the 
material



Take-away points (cont)

All kinds of exotic excitations exist in these 
materials                                                                          
relativistic particles like Dirac and Weyl fermions, 
particles with unusual statistics like anyons and 
Majorana modes                                                         
other particles like monopoles, dyons and axions 

Exotic particles and exotic effects at low energies!



Topological phases are 
here to stay!

Thank you all for coming and listening to me!


