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Introduction

The geodesic equation describing dynamics on curved spaces is a non-
linear differential equation.

d* x!

d T2
In the theory of integrable systems, we are interested in studying non-
linear differential equations that are ideally analytically solvable, for first
integrals or constants of motion that are in involution with each other.

Having first integrals, or constants of motion reduces the number of
equations of motion to solve, simplifying the problem.

+LL 2 %k = F (®).

A dynamical system is integrable if enough first integrals are known so that
it can be completely solved, and is “superintegrable” if the number of
known first integrals exceeds the number of degrees of freedom.
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Reduction of geodesics via
Jacobi-Maupertuis formulation



Dynamics in a gravitational field is distinct from that due to conventional
forces by being a consequence of the curvature of spacetime, rather than

a physical force.

There are 2 known ways to construct a metric such that dynamics due to
curvature alone imitates the effects of a physical force:

1. Jacobi metric formulation
>. Eisenhart lifts

Here, we will see how the Jacobi metric formulation also acts like a
reduction process for dimensions of geodesics on a curved space, due to
the existence of a constant of motion.



Preliminaries

e If the action S of a mechanical system with Lagrangian L along a curve from
point 1 to 2 is given as

2
S =j dt L, L =\/gw(9?)5c“5c"+ Al (R)x°.
1

e Then the action in Maupertuis form can be given as:

2
S=fpudx“, = L=p,xt > p,xt—L=0
1

e If we have a cyclical variable X ° then we have according to Euler-Lagrange
equation:

d dL 0L 0L
7 (35) =g =0 = Po=gg = —F=const
then for parametrization wrt x° we will have a conserved quantity
according to Legendre's theorem
—Po =pixX — L
and the effective action: 2

2 2
55=5J dt (p; &' + po) = 5fdtpifci=0, = Seff=jdtpifci
1 1 1
e However, for Lagrangians of the form below, the Legendre rule will apply

L =g, @ 23" + A, (D)2 H=p, & — L



Jacobi metric: a projection to a surface

For time-independent systems, the Hamiltonian is defined by the Legendre

transform as: 1
H (x,p) =§g”(x)pipj +UX=T+U=E

The Maupertuis form of the metric described by Jacobi is written as:

S=fpudx“ =fdt(pl-9'ci—E) po = —FE
Sy = Jdtpoi = [ de gy %t = [de2T - g
eff = Jatpx' =jadtgyxx’ =)atsl, Pi =577 = 9yX

Thus, the effective action can be written as a geodesic:

dS=+dl2=[dt2T = fdt\/Zm(E —U)g; %'

s =  gij(x) = 2m(E — U(x)) gij (x)
= dl* = 2m(E — U) g;; dx'dx’

The Jacobi Hamiltonian in this case is given by taking the inverse of the metric,
showing that it confines the momentum vector to a unit sphere
_ 1 g¥ ()p;p T
Hxp) = —9 pip; _ _
2m E—-U(x) E—-U (x)

It essentially converts the Euler-Lagrange equation into a geodesic equation
— . d?x! _.dx) d x¥
Bl= =) LR - ) gl ()0 Uy) M— "~ [ ET
jk l

All other conserved quantities are preserved under the formulation, implying

preservation of symmetries.
S. Chanda, G. Gibbons and P. Guha, Jacobi-Maupertuis-Eisenhart metric and geodesic flows,

arXiv:1612.00375 [math-phl. J. Math. Phys. 58 (2017) 032503.




Jacobi metric: relativistic

e The Jacobi metric formulation from the Maupertuis formulation can be
demonstrated for a static spacetime metric -
AUG

ds® = V2(x)c*dt* — g;; (x)dx'dx V2(x) =1+ Ut
e Here the effective Maupertuis Lagrangian leads us to Gibbons’ Jacobi metric
c?V?*(x) E2 - c2V2(x) | gy (0)xix%
= — =
I COXF T V) G QTR

i) ~ 2 212
Ler = pik' = . ) \/< - szz<x)> gij (X)x' 4/ = J(x)= (E i (x)>gij (x),

E=-py =~

J G (O)xE Y c2V2(x) c2V2(x)
e (Consider the following stationary spacetime metric:
2 _ i 2772 i Jard 2 () — 2U(x)
ds? = (dt + A;(x)dx") " c?V?(x) — gij (x)dx'dx/ Vex)=1+ —

e The relativistic Jacobi metric for this spacetime, which under non-relativistic limits,
returns the classical version is:

_ E2-mictVi) 2 — 17122 2 .4
Jij (x) = 22 () gij €9) E4 = |lI|*c* + m-c
26 «mc?,  gYILIL « m*c? Exmc?+T+U=mc*+ E

E?2 —m?c*V?(x)
VIR gij X) = 2m(E — U)g;
S. Chanda, G. Gibbons and P. Guha, Jacobi-Maupertuis-Eisenhart metric and geodesic flows,
arXiv:1612.00375 [math-ph]. J. Math. Phys. 58 (2017) 032503.




Jacobi metric for time-dependent metrics

e A sample time-dependent spacetime metric:

ds* = c? V2(x,t)d t* — g;; (x,t) dx' dx V2(x,t) = 2m W (x,t)

e Under Eisenhart-Duval lift, we can lift the spacetime by adding a cyclical
co-ordinate in manner that does not alter the dynamics:

ds* = c* V*(x,t) dt* + 2c do dt — g;; (x,t) dx' dx’

this allows us to define a conserved momentum conjugate to the cyclical
co-ordinate oL

Pe = 5
e Corresponding relativistic Jacobi metric:

]ij (x, t) - [2{ Po Pt — pUZW (x) t)} i mZ CZ] gl] (x) t)

2cpeps = c* g7 pipy + PV (x ) p; + mPct = Q°
e (lassical Jacobi metric:

= const

Q ~ mc? + E(t) 2qgp, =~ m?c? + 2mE(t)

S. Chanda, G. Gibbons and P. Guha, Jacobi-Maupertuis-Eisenhart metric and geodesic flows,
arXiv:1612.00375 [math-ph]. J. Math. Phys. 58 (2017) 032503.



Jacobi metric formulation as a Bohlin’s transformation

e Suppose the co-ordinates are written as a complex variable

r=gq t+1iq; Zz=x+1iy
for which Bohlin’s canonical transformation is given by the conformal
transformation 2 2 2
r a1 — 42 . .
Z =— = +i(q192) = x + iy
2 2
p1t 1P, .
; = Px + LP
L, ' g
e If the oscillator Hamiltonian is given by:

1 a?
H(qup) =5 (pf + p3) += G +g))+b = E

e Then under co-ordinate map, the Jacobi Hamiltonian for E=o0 is

~ H(x, 2 4+ pl b
Hixy) = (xx,y)  px tpy

+ + 1
which is roughly the Kepler Hamiltonian

E —V(x)| a2 2a2 [x2 + y2

S. Chanda G. Gibbons and P. Guha, Jacobi-Maupertius metric and Kepler equation.
Int. J. Geom. Methods Mod. Phys. 14 (2017) 1730002.



Houri’s analysis of the Kepler system

The canonical transformation T. Houri is

X = p P = x'

On application to the Kepler Hamiltonian, we can get a new
Hamiltonian

~212
o~ r - - -
H = [37] (Bt + Pz + p3) =’

On takin%(Zthe inverse of the above metric and setting the energy
to E= —— weget the corresponding metric

ds® = 4(k? + |x|?)7? d x?

Applying Milnor’'s momentum inversion
1N p' 0 0
(ZH 2 Ipl) Xp =

— x, —
we find that the geodesic flow is preserved.

3 ' L
lpl° 0 x* 0 p;
S. Chanda G. Gibbons and P. Guha, Jacobi-Maupertius metric and Kepler equation.
Int. J. Geom. Methods Mod. Phys. 14 (2017) 1730002.




The Lienard mechanical system (2nd kind)

e (Consider the Lienard mechanical system of the 2nd kind:
X+ f)x%+gx) =0

e Due to the quadratic dependence on velocity, we can say that this is a variable
mass mechanical system, whose Lagrangian L and geodesic equation are:

1 B L d .2 1 dU
L=s M@ -U®) = x+ﬁ(ln\/ﬁ)x +WW =0

1 du ,
2(E - U)) dx”* ~

e Thus, we can say that the mechanical system described is time-independent, and
thus, the Jacobi metric can be appropriately formulated for this case:

20E-U@) =M@ = X+ %(ln VM) i* +

d§*=2M(x) (E—U (x)) dx?

and the geodesic equation for this Jacobi metric is given as:

d2x+1 INE d (\/m)] (g)z L,

do? " 4[2(E-U(x)) dx

S. Chanda, A. Ghose-Choudhury, and P. Guha, Jacobi-Maupertuis metric of Liernard type equations and Jacobi Last
Multiplier, Electr. J. Differ. Equ. Vol. 2018 (2018), No.120, pp. 1-9.



Generalized Darboux-Halphen system:
Reduction of Yang-Mills Theory



R.S. Ward's conjectured that perhaps all solvable or integrable

partial differential equations are merely various reductions of the
Self-Dual Yang-Mills (SDYM) equations.

SDYM systems have numerous applications, appearing in gauge
theorgr, classical general relativity, and the analysis of 4-
manifolds.

One such reduction produces the generalized Darboux-Halphen
system.



The Bianchi-IX metric

This is a general setup of metrics on Euclidean spaces whose self-dual (hodge dual) cases

can be studied to describe gravitational instantons on such spaces.

00
0; "’

Bianchi IX systems provide a general framework to study various other self dual metrics, like Gibbons
hawking or Taub NUT or Eguchi Hanson spaces.

Two versions of self-duality

I — ___ i U v
o 7 Muv X dx

ds® = (co)*dr® + Z(Ci)z(ai)z' (c0)? = 210,03, (¢)* =
=1

e (Connection-wise self-duality e Curvature-wise self-duality
I R |
Wap = iE‘gab Wed Ruvy/l =t 2 guv payA
e Defines the Lagrange system a.k.a. the e Defines the classical Darboux-
Euler-top Halphen system
QO = F9Q O =90, — (9 + Q)

-Self-dual spaces are Ricci-flat, and arguably imply integrability.

Raa = Rabab + Racac + Radad = i(Rabcd + Racdb + Radbc) =0
-Decomposition of the general Riemann curvature tensor into anti/self-dual parts:
+)i_(+)) (-)j
Rapea = G'(‘ )(x) nc(Lb)lncd T+ G( )(X) nab 77cd !
3

2 2
_ (ci + ¢ +ck)(c +ck)—2c —4C] Ck P
Rab - 1]k ZC nabncde /\e
0

S. Chanda, P. Guha, R. Roychowdhury, Bianchi-IX, Darboux-Halphen and Chazy-Ramanujan, Int. J. Geom. Methods
Mod. Phys. 13 (2016), no. 4, 1650042




Yang-Mills fields and Nahm’s equation

e The Yang-Mills gauge field strength and the SDYM are defined by hodge duality:
Fap = 04Ap — 0pAq + [Ag, Ap]

1
Fop = iE‘gadeFCd
Aq = AgT, 70T ] = £ Th
A reduction of the SDYM fields will gave us the generalized Darboux-Halphen system,
via Nahm’s equations produced by dependence on a single variable.

. 1,
FOi = Ai Fi' = — [AL,A]] — Ai = E eij [A],Ak]
Ai = _Ml] (t)Oijk M - MS + Ma

e Depending on the SO(3) matrix P, we will get different matrices, and corresponding
generalized Darboux-Halphen systems
M =P 1M,P, My=d+a
e This generalized system was formulated by M.]. Ablowitz, S.Chakravarty and R.G.
Halburd. For P =1, we will get what is called the DH-IX system

..(21 01 (0)) 0 T3 —T-
MS = (O-l ‘QZ O-3> Ma = <_T3 0 11 )
(0)) 03 .(23 Ty —11 0

‘Qi :Q]'Qk_'gl(ﬂ] + .Qk)_ 91' ¢i +9]2 +¢I%
;= — (6 +0) 2 — (6, —p) 2 +6, (6 +))
¢ =0; — T

- i
¢ = —(0; +d) 2 + (0, —P) 2 + ¢ (0 + dy)
S. Chanda, S. Charavarty, and P. Guha On a reduction of the generalized Darboux-Halphen system, Phys. Lett. A 382
Iss. 7 (2018) 455-460

Qi = 0; +Tl',



Generalized Darboux-Halphen system
e If we apply the condition

0 = 03,90 = 3, 0 =0, =¢1 =¢, =0
then we will have the DH-5 system studied by Ablowitz et al, where P describes an
SO(2) rotation about one axis
2, =02,0; —02, (2, +023) — P2
.1 2 443 1 (2, 3 ) 0 HZ—(6+¢)..(23—(8—¢).Q2
.(22 :..(23..(21 —.(22(..(23 +Q1)+92

0y =0, 0, — 03 (2 +0,) +0p ¢=—0O+)05 + (6-0) 2
For P = I, the symmetric part is diagonalized:
P=1 > M=My=d+a

‘Q‘l 0 0 0] T3 ()
MS:<O Q, 0) Ma=<—r3 0 T1>
0] 0 Q3 Ty —11 0]
This produces the familiar generalized Darboux-Halphen (DH-6) system
Y 2
0= 00— (% + &)+ @)? = @ xx, T =T @)

T; = _Ti("Qj + ‘Qk) X;i = .Q.] — 'Q'k

Both, classical and generalized DH-6 systems, are characterised by a constraint
: . 2 2 2
given by: 04 05 03
Q = + + = —1
X2 X3 X3X1 X1X2
S. Chanda, S. Charavarty, and P. Guha On a reduction of the generalized Darboux-Halphen system, Phys. Lett. A 382
Iss. 7 (2018) 455-460




Solutions of DH System

e [f we define a variable s such that: Q; — Q, X4

T -0

then we can write solutions to the DH equations as functions of s:

= NEEHNER
xl:_zg—l L 2dt nS—l
. 1 X; = —Z.Qixl' 1d §
Y 0= 52 ()|
1 S
X3 = —— . 1d $
’ 2 /s(s—1) {5 = 2dt ln(\/s(s—l))]

where s obeys the Schwarzian equation

S 3(§)2+S'2[1—a12 1 — af a%+a%—a§—1‘_0

S

-4+ = + +
s 2 2 s (s —1)2 s(s—1)

which can be linearized in terms of hypergeometric equations

g 1—a; 1—a\ , a + a, —1)% — a?
( 1 2) +<( 1 2 ) 3))(:0, t(s) =

x2(s)
Xt * 4s(s—1)

x1(s)

S s—1
where X, and X, are solutions of the hypergeometric equation.

S. Chanda, S. Charavarty, and P. Guha On a reduction of the generalized Darboux-Halphen system, Phys. Lett. A 382
Iss. 7 (2018) 455-460



Lax Pair forthe generalized DH system

e N=4 SDYM theories are exactly solvable class of theories that excite string theorists.
Here, we argue that self-duality implies integrability.

e Integrability implies the existence of conserved quantities. This is not Louiville
integrability, which exists on finite dimensional spaces.

e In integrable systems, a Lax-Pair is a pair of time-dependent matrices or
operators that satisfy a differential equation called the Lax equation.

The Lax-Pair for Darboux-Halphen systems can be written as
. Q
L= —|LA W, =—— —
[ ] [ X; X, Al =0

J
2

T
0 w; W, 0 Az A4, Az = x3W3 + WivX1xs

L = <W3 0 W1> A= <A3 0 Al) )
Wz —W1 0 A2 _Al 0 A3 - X2W3 + Wii/x1x3

Alternatively, with a variable transformation, the Lax-Pair can be written as

2 2 2

> Wi N W> > W3 — 0(1(5—1)—0(25 —0(35(5—1)

W, = X W, = b W3 = N f(s) 4s(s—1)
~1 _ WoWs . f(s) ~r _ WsWy | f(s) > _ WiW,  f(s)
Wy = s—1 T s—1 W2 = s T Vs Wi = s(s—=1)  /s(s—-1)

U = —[U,V] v, =0
1 0, ~ ~ W f(s)
o W W 0 %3 V2 V2 = 56D T Wi/seoD
= V=7 %
U={ws 0 G e =, S
, —=W; 0 v, —v; O 3 . Wive



Hamiltonian formulation forthe gDH system

e The fundamental Poisson Bracket relations are:

{WLWZ} = W3 {WZ»Wz} = - {W3;W1} =W,
e A Casimir function acting as a constraint, constructed from

the Lax Matrix U is:

C:_%TTUZZWZLZ_WZZ_WBZZ_i

e Another constraint is given by

__1 _ W W, W
[ = 2TrUS m+\/§+m 0

e The Hamiltonian function on the phase-space is given as

4% _ W5 wW# _
s—1 S t s(s—1) ] 4c f(S)l

H = - Tr(UIU — 4cf (s)US) = [

e Thus, we have

. S dC dl dl
. = W;,H — =, H —=—4+{,H}=0
Wi {VV“ } ds tC, H} ds  0s +1 }
S. Chanda, S. Charavarty, and P. Guha On a reduction of the generalized Darboux-Halphen system, Phys. Lett. A 382
Iss. 7 (2018) 455-460



Related Dynamical Systems
® Chazy III equation

This is a 3" order equation with a ,
movable singularity, whose solution y—2yy+3y°=0
is given by the Eisenstein series E,

® Ramanujan system P = % (P2 = Q)
This series of equations can reproduce the i
Chazy equation by solving for one variable. Q = 3 (PQ — R)
Each variable solutions is given by the .
Eisenstein series E, and E| R = in(PR — Q%)

® Ramamani system

This series will transform into the classical

p=" (P2- Q)

Darboux-Halphen system under a variable P =in ( PP — Q)
transformation

Q = 2in(P—P)Q
S. Chanda, P. Guha, R. Roychowdhury, Bianchi-IX, Darboux-Halphen and Chazy-Ramanujan, Int. J. Geom. Methods
Mod. Phys. 13 (2016), no. 4, 1650042



Relativistic mechanics on
curved spaces



Relativistic mechanics on curved space

Here, we formulate relativistic mechanics in presence of a scalar potential as a
perturbation of the spacetime metric.

. ) ) 2U (%)
ds? = V? (X)) c?dt? — |d x| Vz(x)=1+m2
C
This leads to a new formalism connecting classical and relativistic Lagrangians.
ds\* 2 [m]|v|? .
L =—-mc (—) = —mc? |1- 5 V] — U (X) m|v|? .
dt mc 2 Leiass = 5 — U (%)
Ly = —mc?
2L Lepass < L 0
. [ = Lo \/1_'_ lcllass class 0 Lo +Lclass
0

From the Euler-Lagrange equations of motion we will get the deformed equation
of motion

[d (aLclass) aLclass] N FZ <aLclass)chlass
dt \ Jvt axt | v dt

1 Laass K Lo 1

2L
1+ class N
\/ Ly 1- <M>

C

S. Chanda and P. Guha, Geometrical Formulation of Relativistic Mechanics, arXiv: 1706.1921
Int. J. Geom. Methods in Mod. Phys. 15 (2018) 1850062



A modified local Lorentz transformation

e The familiar Lorentz transformation and the time-dilation /
length contraction that derive from it are given by:

. dt
dt =y dt = —

dXx =yPcdt—ydx dx¥ =y ldx =dx+1— >

e This applies only to special relativity where we consider free
particles in flat spaces.

cdt =ycdt—yBdx

e In General Relativity, we deal with curved spaces caused by
gravitational potentials. The modified local Lorentz
transformation is given by:

A=< ' /goo —ﬂr(m)*)
—ﬁrm I'\/9oo

df =\ Joo dt
d X :(F goo)_ldx

S. Chanda and P. Guha, Geometrical Formulation of Relativistic Mechanics, arXiv: 1706.1921
Int. J. Geom. Methods in Mod. Phys. 15 (2018) 1850062



Future Directions

[ wish to work on quantum integrable systems and integrable models.

[ am interested in further exploring nature and applications of Eisenhart
lifts in various problems on curved spaces, such as Kaluza-Klein
reduction, especially the Eisenhart-Duval lift’s usefulness for dealing with
time-dependent systems like those in the study of gravitational waves.

[ want to apply my formalism for relativistic mechanics on curved spaces,
by going beyond the 2-body problem to the relativistic 3-body problem,
then proceed to the n-body problem on spaces of constant curvature.

Furthermore, I wish to apply the Eisenhart-Duval lift to study gravitational
waves of 3-body problems.

Based on my work done on Relativistic Mechanics on Curved Spaces, I
am interested in working on the topic of relativistic thermodynamics, on
the suggestion of Frederic Barbaresco.
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