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Part 1 
Breakdown of String Perturbation Theory & 

Implications for Black Hole Information Paradox

• Breakdown of String Perturbation Theory for Many External Particles
    Phys. Rev. Lett. 118 (2017); arXiv: 1611.08003  with Suvrat Raju

• Loss of Locality in Gravitational Correlators with a Large Number of Insertions
    Phys. Rev. D96 (2017); arXiv: 1706.07424  with Suvrat Raju                          
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Locality in Quantum Gravity
❖ Notions of locality and causality in any theory of quantum gravity are approximate, 
    generally expected to breakdown close to the Planck scale where quantum fluctuations 
    of the spacetime metric become significant.  

❖ In a local QFT without gravity, locality and causality require  

[�(ti, xi),�(tj , xj)] = 0
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(xi � xj)
2 > 0
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for

❖ In gravity, non-local effects can become important over macroscopic scales for a certain 
    class of observables, such as very high point correlation functions. 

even for spacelike separations                                 for sufficiently large     .|xi � xj | � lpl n

h�(t1, x1)�(t2, x2) · · · [�(ti, xi),�(tj , xj)] · · ·�(tn, xn)i 6= 0=)
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❖ The black hole information paradox provides a setting where such large scale non-local 
     effects become important. 



Black Holes & Hawking Radiation

❖ As the black hole evaporates it loses mass at a rate

❖ Considering the propagation of quantum field in the background of a black hole formed
   from gravitational collapse, Hawking derived the remarkable result that black holes
   can evaporate by emitting thermal radiation at a temperature 


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: surface gravityT =


2⇡
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using T / 1/M, A / M2
<latexit sha1_base64="4A/v9aeY9Ah3G0h+hwB3cFCllTk=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwITUpgi5cVNy4KVToC5pYJpNJO3SSjDMToYSu3fgrblwo4tYvcOffOG0jaOuBgcM593LnHI8zKpVlfRm5hcWl5ZX8amFtfWNzy9zeaco4EZg0cMxi0faQJIxGpKGoYqTNBUGhx0jLG1yN/dY9EZLGUV0NOXFD1ItoQDFSWuqa+3WHi5irGNon1WPnLkE+vPyRqrdpedQ1i1bJmgDOEzsjRZCh1jU/HT/GSUgihRmSsmNbXLkpEopiRkYFJ5GEIzxAPdLRNEIhkW46iTKCh1rxYRAL/SIFJ+rvjRSFUg5DT0+GSPXlrDcW//M6iQrO3ZRGPFEkwtNDQcKgjjnuBfpUEKzYUBOEBdV/hbiPBMJKt1fQJdizkedJs1yyrZJ9c1qsXGR15MEeOABHwAZnoAKuQQ00AAYP4Am8gFfj0Xg23oz36WjOyHZ2wR8YH9+xnZmZ</latexit><latexit sha1_base64="4A/v9aeY9Ah3G0h+hwB3cFCllTk=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwITUpgi5cVNy4KVToC5pYJpNJO3SSjDMToYSu3fgrblwo4tYvcOffOG0jaOuBgcM593LnHI8zKpVlfRm5hcWl5ZX8amFtfWNzy9zeaco4EZg0cMxi0faQJIxGpKGoYqTNBUGhx0jLG1yN/dY9EZLGUV0NOXFD1ItoQDFSWuqa+3WHi5irGNon1WPnLkE+vPyRqrdpedQ1i1bJmgDOEzsjRZCh1jU/HT/GSUgihRmSsmNbXLkpEopiRkYFJ5GEIzxAPdLRNEIhkW46iTKCh1rxYRAL/SIFJ+rvjRSFUg5DT0+GSPXlrDcW//M6iQrO3ZRGPFEkwtNDQcKgjjnuBfpUEKzYUBOEBdV/hbiPBMJKt1fQJdizkedJs1yyrZJ9c1qsXGR15MEeOABHwAZnoAKuQQ00AAYP4Am8gFfj0Xg23oz36WjOyHZ2wR8YH9+xnZmZ</latexit><latexit sha1_base64="4A/v9aeY9Ah3G0h+hwB3cFCllTk=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwITUpgi5cVNy4KVToC5pYJpNJO3SSjDMToYSu3fgrblwo4tYvcOffOG0jaOuBgcM593LnHI8zKpVlfRm5hcWl5ZX8amFtfWNzy9zeaco4EZg0cMxi0faQJIxGpKGoYqTNBUGhx0jLG1yN/dY9EZLGUV0NOXFD1ItoQDFSWuqa+3WHi5irGNon1WPnLkE+vPyRqrdpedQ1i1bJmgDOEzsjRZCh1jU/HT/GSUgihRmSsmNbXLkpEopiRkYFJ5GEIzxAPdLRNEIhkW46iTKCh1rxYRAL/SIFJ+rvjRSFUg5DT0+GSPXlrDcW//M6iQrO3ZRGPFEkwtNDQcKgjjnuBfpUEKzYUBOEBdV/hbiPBMJKt1fQJdizkedJs1yyrZJ9c1qsXGR15MEeOABHwAZnoAKuQQ00AAYP4Am8gFfj0Xg23oz36WjOyHZ2wR8YH9+xnZmZ</latexit><latexit sha1_base64="4A/v9aeY9Ah3G0h+hwB3cFCllTk=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwITUpgi5cVNy4KVToC5pYJpNJO3SSjDMToYSu3fgrblwo4tYvcOffOG0jaOuBgcM593LnHI8zKpVlfRm5hcWl5ZX8amFtfWNzy9zeaco4EZg0cMxi0faQJIxGpKGoYqTNBUGhx0jLG1yN/dY9EZLGUV0NOXFD1ItoQDFSWuqa+3WHi5irGNon1WPnLkE+vPyRqrdpedQ1i1bJmgDOEzsjRZCh1jU/HT/GSUgihRmSsmNbXLkpEopiRkYFJ5GEIzxAPdLRNEIhkW46iTKCh1rxYRAL/SIFJ+rvjRSFUg5DT0+GSPXlrDcW//M6iQrO3ZRGPFEkwtNDQcKgjjnuBfpUEKzYUBOEBdV/hbiPBMJKt1fQJdizkedJs1yyrZJ9c1qsXGR15MEeOABHwAZnoAKuQQ00AAYP4Am8gFfj0Xg23oz36WjOyHZ2wR8YH9+xnZmZ</latexit>

in d=4 dimensions

dM

dt
= ��T 4A

<latexit sha1_base64="W6MEW2JG/3/8pUl2yXkMKEWUSW0=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4sSRS0IVCxY0boUJf0MQymUzaoTOTMDMRSsjGjb/ixoUibv0Hd/6N08dCWw9cOJxzL/feEySMKu0439bC4tLyymphrbi+sbm1be/sNlWcSkwaOGaxbAdIEUYFaWiqGWknkiAeMNIKBtcjv/VApKKxqOthQnyOeoJGFCNtpK594EUS4Sy8zbNQ55cnnqI9jmD9PqvkV1275JSdMeA8caekBKaode0vL4xxyonQmCGlOq6TaD9DUlPMSF70UkUShAeoRzqGCsSJ8rPxFzk8MkoIo1iaEhqO1d8TGeJKDXlgOjnSfTXrjcT/vE6qo3M/oyJJNRF4sihKGdQxHEUCQyoJ1mxoCMKSmlsh7iMTizbBFU0I7uzL86R5WnadsntXKVUvpnEUwD44BMfABWegCm5ADTQABo/gGbyCN+vJerHerY9J64I1ndkDf2B9/gAYa5hE</latexit><latexit sha1_base64="W6MEW2JG/3/8pUl2yXkMKEWUSW0=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4sSRS0IVCxY0boUJf0MQymUzaoTOTMDMRSsjGjb/ixoUibv0Hd/6N08dCWw9cOJxzL/feEySMKu0439bC4tLyymphrbi+sbm1be/sNlWcSkwaOGaxbAdIEUYFaWiqGWknkiAeMNIKBtcjv/VApKKxqOthQnyOeoJGFCNtpK594EUS4Sy8zbNQ55cnnqI9jmD9PqvkV1275JSdMeA8caekBKaode0vL4xxyonQmCGlOq6TaD9DUlPMSF70UkUShAeoRzqGCsSJ8rPxFzk8MkoIo1iaEhqO1d8TGeJKDXlgOjnSfTXrjcT/vE6qo3M/oyJJNRF4sihKGdQxHEUCQyoJ1mxoCMKSmlsh7iMTizbBFU0I7uzL86R5WnadsntXKVUvpnEUwD44BMfABWegCm5ADTQABo/gGbyCN+vJerHerY9J64I1ndkDf2B9/gAYa5hE</latexit><latexit sha1_base64="W6MEW2JG/3/8pUl2yXkMKEWUSW0=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4sSRS0IVCxY0boUJf0MQymUzaoTOTMDMRSsjGjb/ixoUibv0Hd/6N08dCWw9cOJxzL/feEySMKu0439bC4tLyymphrbi+sbm1be/sNlWcSkwaOGaxbAdIEUYFaWiqGWknkiAeMNIKBtcjv/VApKKxqOthQnyOeoJGFCNtpK594EUS4Sy8zbNQ55cnnqI9jmD9PqvkV1275JSdMeA8caekBKaode0vL4xxyonQmCGlOq6TaD9DUlPMSF70UkUShAeoRzqGCsSJ8rPxFzk8MkoIo1iaEhqO1d8TGeJKDXlgOjnSfTXrjcT/vE6qo3M/oyJJNRF4sihKGdQxHEUCQyoJ1mxoCMKSmlsh7iMTizbBFU0I7uzL86R5WnadsntXKVUvpnEUwD44BMfABWegCm5ADTQABo/gGbyCN+vJerHerY9J64I1ndkDf2B9/gAYa5hE</latexit><latexit sha1_base64="W6MEW2JG/3/8pUl2yXkMKEWUSW0=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4sSRS0IVCxY0boUJf0MQymUzaoTOTMDMRSsjGjb/ixoUibv0Hd/6N08dCWw9cOJxzL/feEySMKu0439bC4tLyymphrbi+sbm1be/sNlWcSkwaOGaxbAdIEUYFaWiqGWknkiAeMNIKBtcjv/VApKKxqOthQnyOeoJGFCNtpK594EUS4Sy8zbNQ55cnnqI9jmD9PqvkV1275JSdMeA8caekBKaode0vL4xxyonQmCGlOq6TaD9DUlPMSF70UkUShAeoRzqGCsSJ8rPxFzk8MkoIo1iaEhqO1d8TGeJKDXlgOjnSfTXrjcT/vE6qo3M/oyJJNRF4sihKGdQxHEUCQyoJ1mxoCMKSmlsh7iMTizbBFU0I7uzL86R5WnadsntXKVUvpnEUwD44BMfABWegCm5ADTQABo/gGbyCN+vJerHerY9J64I1ndkDf2B9/gAYa5hE</latexit>

=) dM

dt
/ 1

M2
<latexit sha1_base64="hHLgfewo1dmIXicRXIIVleCzE9c=">AAACFnicbVDLSgMxFM3UV62vUZduBovgxjJTBF24KLhxU6hgH9AZSyaTaUOTSUgyQhnmK9z4K25cKOJW3Pk3pu0stPVA4HDOvdycEwpKlHbdb6u0srq2vlHerGxt7+zu2fsHHcVTiXAbccplL4QKU5Lgtiaa4p6QGLKQ4m44vp763QcsFeHJnZ4IHDA4TEhMENRGGthnPmHmDlaOH0uIsqiZZ5HOfSG50LwQvTxr3mf1PB/YVbfmzuAsE68gVVCgNbC//IijlOFEIwqV6nuu0EEGpSaI4rzipwoLiMZwiPuGJpBhFWSzWLlzYpTIibk0L9HOTP29kUGm1ISFZpJBPVKL3lT8z+unOr4MMpKIVOMEzQ/FKXVM4GlHTkQkRppODIFIEvNXB42gaUKbJiumBG8x8jLp1GueW/Nuz6uNq6KOMjgCx+AUeOACNMANaIE2QOARPINX8GY9WS/Wu/UxHy1Zxc4h+APr8wfBzKBV</latexit><latexit sha1_base64="hHLgfewo1dmIXicRXIIVleCzE9c=">AAACFnicbVDLSgMxFM3UV62vUZduBovgxjJTBF24KLhxU6hgH9AZSyaTaUOTSUgyQhnmK9z4K25cKOJW3Pk3pu0stPVA4HDOvdycEwpKlHbdb6u0srq2vlHerGxt7+zu2fsHHcVTiXAbccplL4QKU5Lgtiaa4p6QGLKQ4m44vp763QcsFeHJnZ4IHDA4TEhMENRGGthnPmHmDlaOH0uIsqiZZ5HOfSG50LwQvTxr3mf1PB/YVbfmzuAsE68gVVCgNbC//IijlOFEIwqV6nuu0EEGpSaI4rzipwoLiMZwiPuGJpBhFWSzWLlzYpTIibk0L9HOTP29kUGm1ISFZpJBPVKL3lT8z+unOr4MMpKIVOMEzQ/FKXVM4GlHTkQkRppODIFIEvNXB42gaUKbJiumBG8x8jLp1GueW/Nuz6uNq6KOMjgCx+AUeOACNMANaIE2QOARPINX8GY9WS/Wu/UxHy1Zxc4h+APr8wfBzKBV</latexit><latexit sha1_base64="hHLgfewo1dmIXicRXIIVleCzE9c=">AAACFnicbVDLSgMxFM3UV62vUZduBovgxjJTBF24KLhxU6hgH9AZSyaTaUOTSUgyQhnmK9z4K25cKOJW3Pk3pu0stPVA4HDOvdycEwpKlHbdb6u0srq2vlHerGxt7+zu2fsHHcVTiXAbccplL4QKU5Lgtiaa4p6QGLKQ4m44vp763QcsFeHJnZ4IHDA4TEhMENRGGthnPmHmDlaOH0uIsqiZZ5HOfSG50LwQvTxr3mf1PB/YVbfmzuAsE68gVVCgNbC//IijlOFEIwqV6nuu0EEGpSaI4rzipwoLiMZwiPuGJpBhFWSzWLlzYpTIibk0L9HOTP29kUGm1ISFZpJBPVKL3lT8z+unOr4MMpKIVOMEzQ/FKXVM4GlHTkQkRppODIFIEvNXB42gaUKbJiumBG8x8jLp1GueW/Nuz6uNq6KOMjgCx+AUeOACNMANaIE2QOARPINX8GY9WS/Wu/UxHy1Zxc4h+APr8wfBzKBV</latexit><latexit sha1_base64="hHLgfewo1dmIXicRXIIVleCzE9c=">AAACFnicbVDLSgMxFM3UV62vUZduBovgxjJTBF24KLhxU6hgH9AZSyaTaUOTSUgyQhnmK9z4K25cKOJW3Pk3pu0stPVA4HDOvdycEwpKlHbdb6u0srq2vlHerGxt7+zu2fsHHcVTiXAbccplL4QKU5Lgtiaa4p6QGLKQ4m44vp763QcsFeHJnZ4IHDA4TEhMENRGGthnPmHmDlaOH0uIsqiZZ5HOfSG50LwQvTxr3mf1PB/YVbfmzuAsE68gVVCgNbC//IijlOFEIwqV6nuu0EEGpSaI4rzipwoLiMZwiPuGJpBhFWSzWLlzYpTIibk0L9HOTP29kUGm1ISFZpJBPVKL3lT8z+unOr4MMpKIVOMEzQ/FKXVM4GlHTkQkRppODIFIEvNXB42gaUKbJiumBG8x8jLp1GueW/Nuz6uNq6KOMjgCx+AUeOACNMANaIE2QOARPINX8GY9WS/Wu/UxHy1Zxc4h+APr8wfBzKBV</latexit>

❖ The black hole thus has a finite lifetime tevap / M3
<latexit sha1_base64="IAhugDWziWJMvYryADsBALoCJcE=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvgqsyooAsXBTduhAr2Ae04ZNJMG5pJQpIplGHAX3HjQhG3foc7/8a0nYW2HrhwOOde7r0nkoxq43nfztLyyuraemmjvLm1vbPr7u03tUgVJg0smFDtCGnCKCcNQw0jbakISiJGWtHwZuK3RkRpKviDGUsSJKjPaUwxMlYK3UMTZmSEZN6VSkgj4N1jdp6HbsWrelPAReIXpAIK1EP3q9sTOE0IN5ghrTu+J02QIWUoZiQvd1NNJMJD1CcdSzlKiA6y6fk5PLFKD8ZC2eIGTtXfExlKtB4nke1MkBnoeW8i/ud1UhNfBRnlMjWE49miOGXQvjnJAvaoItiwsSUIK2pvhXiAFMLGJla2IfjzLy+S5lnV96r+/UWldl3EUQJH4BicAh9cghq4BXXQABhk4Bm8gjfnyXlx3p2PWeuSU8wcgD9wPn8AqEKV5A==</latexit><latexit sha1_base64="IAhugDWziWJMvYryADsBALoCJcE=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvgqsyooAsXBTduhAr2Ae04ZNJMG5pJQpIplGHAX3HjQhG3foc7/8a0nYW2HrhwOOde7r0nkoxq43nfztLyyuraemmjvLm1vbPr7u03tUgVJg0smFDtCGnCKCcNQw0jbakISiJGWtHwZuK3RkRpKviDGUsSJKjPaUwxMlYK3UMTZmSEZN6VSkgj4N1jdp6HbsWrelPAReIXpAIK1EP3q9sTOE0IN5ghrTu+J02QIWUoZiQvd1NNJMJD1CcdSzlKiA6y6fk5PLFKD8ZC2eIGTtXfExlKtB4nke1MkBnoeW8i/ud1UhNfBRnlMjWE49miOGXQvjnJAvaoItiwsSUIK2pvhXiAFMLGJla2IfjzLy+S5lnV96r+/UWldl3EUQJH4BicAh9cghq4BXXQABhk4Bm8gjfnyXlx3p2PWeuSU8wcgD9wPn8AqEKV5A==</latexit><latexit sha1_base64="IAhugDWziWJMvYryADsBALoCJcE=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvgqsyooAsXBTduhAr2Ae04ZNJMG5pJQpIplGHAX3HjQhG3foc7/8a0nYW2HrhwOOde7r0nkoxq43nfztLyyuraemmjvLm1vbPr7u03tUgVJg0smFDtCGnCKCcNQw0jbakISiJGWtHwZuK3RkRpKviDGUsSJKjPaUwxMlYK3UMTZmSEZN6VSkgj4N1jdp6HbsWrelPAReIXpAIK1EP3q9sTOE0IN5ghrTu+J02QIWUoZiQvd1NNJMJD1CcdSzlKiA6y6fk5PLFKD8ZC2eIGTtXfExlKtB4nke1MkBnoeW8i/ud1UhNfBRnlMjWE49miOGXQvjnJAvaoItiwsSUIK2pvhXiAFMLGJla2IfjzLy+S5lnV96r+/UWldl3EUQJH4BicAh9cghq4BXXQABhk4Bm8gjfnyXlx3p2PWeuSU8wcgD9wPn8AqEKV5A==</latexit><latexit sha1_base64="IAhugDWziWJMvYryADsBALoCJcE=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvgqsyooAsXBTduhAr2Ae04ZNJMG5pJQpIplGHAX3HjQhG3foc7/8a0nYW2HrhwOOde7r0nkoxq43nfztLyyuraemmjvLm1vbPr7u03tUgVJg0smFDtCGnCKCcNQw0jbakISiJGWtHwZuK3RkRpKviDGUsSJKjPaUwxMlYK3UMTZmSEZN6VSkgj4N1jdp6HbsWrelPAReIXpAIK1EP3q9sTOE0IN5ghrTu+J02QIWUoZiQvd1NNJMJD1CcdSzlKiA6y6fk5PLFKD8ZC2eIGTtXfExlKtB4nke1MkBnoeW8i/ud1UhNfBRnlMjWE49miOGXQvjnJAvaoItiwsSUIK2pvhXiAFMLGJla2IfjzLy+S5lnV96r+/UWldl3EUQJH4BicAh9cghq4BXXQABhk4Bm8gjfnyXlx3p2PWeuSU8wcgD9wPn8AqEKV5A==</latexit>

❖ For a solar mass black hole                             years. tevap ⇠ 1067
<latexit sha1_base64="If1IfN6WGXXfQ3Oc0Up5nNum6Nw=">AAACDXicbVDLSsNAFJ34rPVVdelmsAquQlLEunBRcOOygn1AG8NketMOnUnCzKRQQn7Ajb/ixoUibt2782+cPhbaeuDC4Zx7ufeeIOFMacf5tlZW19Y3Ngtbxe2d3b390sFhU8WppNCgMY9lOyAKOIugoZnm0E4kEBFwaAXDm4nfGoFULI7u9TgBT5B+xEJGiTaSXzrVfgYjkuRdxQR2nYfssprj7kAlhELm2BUqcuyXyo7tTIGXiTsnZTRH3S99dXsxTQVEmnKiVMd1Eu1lRGpGOeTFbqrALBiSPnQMjYgA5WXTb3J8ZpQeDmNpKtJ4qv6eyIhQaiwC0ymIHqhFbyL+53VSHV55GYuSVENEZ4vClGMd40k0uMckUM3HhhAqmbkV0wGRhGoTYNGE4C6+vEyaFdt1bPfuoly7nsdRQMfoBJ0jF1VRDd2iOmogih7RM3pFb9aT9WK9Wx+z1hVrPnOE/sD6/AEEVZrV</latexit><latexit sha1_base64="If1IfN6WGXXfQ3Oc0Up5nNum6Nw=">AAACDXicbVDLSsNAFJ34rPVVdelmsAquQlLEunBRcOOygn1AG8NketMOnUnCzKRQQn7Ajb/ixoUibt2782+cPhbaeuDC4Zx7ufeeIOFMacf5tlZW19Y3Ngtbxe2d3b390sFhU8WppNCgMY9lOyAKOIugoZnm0E4kEBFwaAXDm4nfGoFULI7u9TgBT5B+xEJGiTaSXzrVfgYjkuRdxQR2nYfssprj7kAlhELm2BUqcuyXyo7tTIGXiTsnZTRH3S99dXsxTQVEmnKiVMd1Eu1lRGpGOeTFbqrALBiSPnQMjYgA5WXTb3J8ZpQeDmNpKtJ4qv6eyIhQaiwC0ymIHqhFbyL+53VSHV55GYuSVENEZ4vClGMd40k0uMckUM3HhhAqmbkV0wGRhGoTYNGE4C6+vEyaFdt1bPfuoly7nsdRQMfoBJ0jF1VRDd2iOmogih7RM3pFb9aT9WK9Wx+z1hVrPnOE/sD6/AEEVZrV</latexit><latexit sha1_base64="If1IfN6WGXXfQ3Oc0Up5nNum6Nw=">AAACDXicbVDLSsNAFJ34rPVVdelmsAquQlLEunBRcOOygn1AG8NketMOnUnCzKRQQn7Ajb/ixoUibt2782+cPhbaeuDC4Zx7ufeeIOFMacf5tlZW19Y3Ngtbxe2d3b390sFhU8WppNCgMY9lOyAKOIugoZnm0E4kEBFwaAXDm4nfGoFULI7u9TgBT5B+xEJGiTaSXzrVfgYjkuRdxQR2nYfssprj7kAlhELm2BUqcuyXyo7tTIGXiTsnZTRH3S99dXsxTQVEmnKiVMd1Eu1lRGpGOeTFbqrALBiSPnQMjYgA5WXTb3J8ZpQeDmNpKtJ4qv6eyIhQaiwC0ymIHqhFbyL+53VSHV55GYuSVENEZ4vClGMd40k0uMckUM3HhhAqmbkV0wGRhGoTYNGE4C6+vEyaFdt1bPfuoly7nsdRQMfoBJ0jF1VRDd2iOmogih7RM3pFb9aT9WK9Wx+z1hVrPnOE/sD6/AEEVZrV</latexit><latexit sha1_base64="If1IfN6WGXXfQ3Oc0Up5nNum6Nw=">AAACDXicbVDLSsNAFJ34rPVVdelmsAquQlLEunBRcOOygn1AG8NketMOnUnCzKRQQn7Ajb/ixoUibt2782+cPhbaeuDC4Zx7ufeeIOFMacf5tlZW19Y3Ngtbxe2d3b390sFhU8WppNCgMY9lOyAKOIugoZnm0E4kEBFwaAXDm4nfGoFULI7u9TgBT5B+xEJGiTaSXzrVfgYjkuRdxQR2nYfssprj7kAlhELm2BUqcuyXyo7tTIGXiTsnZTRH3S99dXsxTQVEmnKiVMd1Eu1lRGpGOeTFbqrALBiSPnQMjYgA5WXTb3J8ZpQeDmNpKtJ4qv6eyIhQaiwC0ymIHqhFbyL+53VSHV55GYuSVENEZ4vClGMd40k0uMckUM3HhhAqmbkV0wGRhGoTYNGE4C6+vEyaFdt1bPfuoly7nsdRQMfoBJ0jF1VRDd2iOmogih7RM3pFb9aT9WK9Wx+z1hVrPnOE/sD6/AEEVZrV</latexit>

[Hawking, 1975]



The Information Paradox

❖ Hawking calculation reveals that the outgoing radiation is only characterised by a few
    macroscopic parameters and is independent of the details of the matter that collapsed 
    to produce the black hole. 

❖ If the initial matter were in a pure quantum state and the black hole completely
    evaporates, the outgoing Hawking quanta finally ends up being in a mixed state. 

❖ This situation is inconsistent with the prescribed rules of quantum mechanics which
    does not allow unitary evolution from a pure state to a mixed state for an isolated 
    quantum system.

❖ This is usually referred to as the information loss paradox. 



Resolution through small corrections
❖ It is in principle possible to avoid this paradox by considering non-perturbatively small 

corrections to Hawking's semiclassical calculation.

❖ In a large quantum system, pure states can mimic thermal states to great deal of
    accuracy for a large class of coarse-grained observables.  

Tr(⇢pureA) =
1

Z
Tr(e��HA) +O(e�S)
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❖ The departure from purity can be detected if we measure more complicated fine grained 
observables such as           -point correlation functions.   

⇢pure =
1

Z
⇢thermal +O(e�S)⇢corrections
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O(S)
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❖ Information about the initial state can thus be imprinted in subtle correlations among a 
    very large number of Hawking quanta. 



Modern Information Paradoxes

❖ The formulation of the information loss paradox has been sharpened over the years since
    Hawking's result. Modern versions of the paradox make crucial reference to the interior
    of the black hole.  

❖ Recently there has been a lot of activity in this area particularly in the context of the 
    AdS/CFT correspondence which relates quantum gravitational theories in asymptotically
    anti de-Sitter spacetimes to certain classes of quantum field theories living on the 
    boundary.

❖ We shall now consider two versions of the modern information loss problem : the cloning
    and strong subadditivity paradoxes.



Page Curve

❖ If black hole evaporation process is unitary, the Von-Neumann entropy of the Hawking 
radiation,                                should vary with time following the Page-curve.

T f

S

t

Smax

❖ The decrease of the Von-Neumann entropy after the Page time indicates that the 
    outgoing Hawking radiation starts to become pure         information exists the black
    hole after the Page time.   

=)

❖ Consider a black hole formed from collapse that gradually evaporates.

[D.Page, 1993]

S = �Tr(⇢ log ⇢)
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Strong Subadditivity Paradox

C
B

A

❖ But smoothness of the horizon requires the near horizon modes to
    be almost maximally entangled.

❖ But this contradicts strong subadditivity of von-Neumann entropy 

[Mathur, AMPS, 2009-2012]

❖ Consider a stage in the evaporation process after the Page time. 
     Then we must have  

SAB < SA
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SAB + SBC > SA + SC
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❖ This presents an             contradiction which cannot be resolved by
     including small corrections.

O(1)
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Cloning Paradox

❖ The black hole spacetime can be foliated by a set of nice slices
     that captures significant fraction of the outgoing radiation.

❖ Information present in infalling matter seems to have been
    duplicated outside on the same spatial slice beyond the Page
    time. 

[Susskind, Thorlacius, Uglum, Preskill, Hayden]

❖ This is contradiction with linearity of quantum mechanics. 



Complementarity

❖ A possible way to avoid the cloning paradox is to posit that degrees of freedom in the
    interior of the black are not independent of the degrees of freedom outside. This suggests

❖ This implies a subtle breakdown of locality over macroscopic scales.

�(xin) ⇡ P (�(x1,out)�(x2,out) . . .�(xS,out))
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[K. Papadodimas, S. Raju, 2013-2015]

❖ It is possible to realise such polynomial constraints for the algebra of local observables 
    in a precise way even in empty AdS. 

❖ The recent prescription of Papadodimas-Raju for describing the interior of large black
     holes in AdS implements this idea by representing CFT operators dual to local bulk fields 
     in the black hole interior as complicated                combinations of CFT operators dual to 
     exterior bulk fields. 

O(N2)

[S. Banerjee, JW Bryan, K. Papadodimas, S. Raju, 2016]

[t'Hooft, Susskind, Uglum, Thorlacius, Polchinski,…]



Non-Localities from Gauss Law
❖ Since the Hamiltonian in a theory of gravity is a boundary term, it leads to non-local
    Gauss law commutators.

i[H,�(t, x)] = �̇(t, x)

❖ Breakdown of           perturbation theory enhances this to            effect.  1/N O(1)

❖ In the case of large       QFTs with AdS holographic duals, these are suppressed by factors
    of           . 1/N

N
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❖ In asymptotically flat spacetimes, such commutators are suppressed by factors of      
    where      is a measure of the energy of the configuration of operators under consideration. 

E/Mpl
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❖ The breakdown of gravitational perturbation theory can again enhance these effects. 

[W. Donnelly, S. Giddings, 2016]



A Path Integral Perspective

❖ Consider defining a theory of quantum gravity through a path integral

❖ A semiclassical spacetime corresponds to a saddle point of this path integral.

Z =

Z
DgD� eiS[g,�]
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❖ Breakdown of gravitational perturbation theory indicates a breakdown of the saddle
    point approximation. 

=)
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Modification of any notion of locality or causality defined with respect to the 
original saddle.



Large n String Amplitudes

❖ The suggestive relation between breakdown of locality and gravitational perturbation
     theory motivates us to study string scattering amplitudes with many external particles.

❖ The large n limit of string amplitudes is in itself an interesting and novel regime.

❖ Exploring the limits of validity of perturbation theory often yields valuable insight into 
    non-perturbative aspects. In the context of string theory the analysis of the breakdown
    of string perturbation theory at large loop orders played an important role in the
    discovery of D-branes.

[Shenker, 1990, Polchinski, 1995]



Breakdown of String Perturbation Theory

❖ String Perturbation theory breaks down when 
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❖ Consider    -point scattering amplitudes of massless closed string states in the regime
    where string and Planck scales are widely separated,     is large & energy per-particle,     is
    small. 

n
n E



Factorial Growth of Amplitudes

❖ To obtain this result we show that tree level scattering amplitudes for massless particles
     in closed bosonic and superstring theories grow at least as fast as
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for large n.

❖ The threshold for breakdown of string perturbation theory can then be derived from
     bounds on growth of tree level amplitudes imposed by unitarity. 
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Analytic Results: Overview
❖ String amplitudes can be expressed as integrals over moduli space of punctured Riemann 

surfaces. 

❖ For bosonic strings at tree level

❖ In the large n limit, the major contribution to the integral can be shown to come from the 
    Weil-Petersson volume of the moduli space.

V0,n =

Z

M0,n

dµWP
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V0,n / n!

❖ The contributions from the functional determinants and worldsheet correlation functions
    do not suppress this factorial growth. 
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[Giddings, D'Hoker, Phong, Sonoda, 1987]

[M. Mirzakhani, P. Zograf, 2008-2013]



Numerical Results

❖ The n! growth can be independently verified by a numerical analysis. 

❖ At large n the string amplitude can be evaluated by a saddle point approximation. The
    moduli space integral localises onto the solutions of the scattering equations

Ei =
X

j 6=i

ki · kj
zi � zj

= 0, 8 i 2 (1, . . . , n)
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❖ These equations have precisely                 solutions.(n� 3)!
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❖ The string amplitude is then evaluated by sampling over a large set of random solutions 
    to these equations.



Numerical Results

γ=0, a=17.28, b=1.15 γ=1/8, a=39.66, b=1.34
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Type II Superstring amplitude Bosonic string amplitude



Extracting Information from Hawking Radiation

❖ To detect cloning/strong subadditivity paradoxes, we need to determine the density 
     matrix       of the outgoing Hawking radiation. ⇢A

❖ For a black hole with entropy    ,  S dim(⇢A) ⇠ eS ⇥ eS

❖ Need to measure order S-point connected correlation functions of the Hawking quanta
    to detect cloning. 

❖ These correlation functions can be related to the scattering matrix elements with S 
    insertions of the Hawking quanta with typical energy per quanta being T. 



Implications for Information Paradox
❖ For a d -dimensional Schwarzschild black hole
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❖ For a black hole with  M/Mpl � 1
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log(S)

(2� d) log(T/Mpl)
! 1
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❖ With               and                , this is precisely the same threshold for breakdown of 
     perturbation theory shown before.  Such observables are then likely to be sensitive to
     non-perturbative as well as non-local effects. 

n = S
<latexit sha1_base64="8AS+T+1VQFqvlRxOVAMn7E8naXE=">AAACBXicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9KAQ8OIxEvOAZAmzs51kyOzsMjMrhCVnT171K7yJV7/Dj/AfnCR70MSChqKqG6orSATXxnW/nJXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3HlFpHssHM07Qj+hA8j5n1FipLm/qvVLZrbgzkGXi5aQMOWq90nc3jFkaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72SzqhJxaJST9WNmRhszU3xcZjbQeR4HdjKgZ6kVvKv7raRtliOFk2eqkpn/lZ1wmqUHJ5hn6qSAmJtNKSMgVMiPGllCmuH2DsCFVlBlbXNH24y22sUya5xXPrXj3F+Xqdd5UAY7hBM7Ag0uowh3UoAEMBvAML/DqPDlvzrvzMV9dcfKbI/gD5/MHOruYzw==</latexit><latexit sha1_base64="8AS+T+1VQFqvlRxOVAMn7E8naXE=">AAACBXicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9KAQ8OIxEvOAZAmzs51kyOzsMjMrhCVnT171K7yJV7/Dj/AfnCR70MSChqKqG6orSATXxnW/nJXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3HlFpHssHM07Qj+hA8j5n1FipLm/qvVLZrbgzkGXi5aQMOWq90nc3jFkaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72SzqhJxaJST9WNmRhszU3xcZjbQeR4HdjKgZ6kVvKv7raRtliOFk2eqkpn/lZ1wmqUHJ5hn6qSAmJtNKSMgVMiPGllCmuH2DsCFVlBlbXNH24y22sUya5xXPrXj3F+Xqdd5UAY7hBM7Ag0uowh3UoAEMBvAML/DqPDlvzrvzMV9dcfKbI/gD5/MHOruYzw==</latexit><latexit sha1_base64="8AS+T+1VQFqvlRxOVAMn7E8naXE=">AAACBXicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9KAQ8OIxEvOAZAmzs51kyOzsMjMrhCVnT171K7yJV7/Dj/AfnCR70MSChqKqG6orSATXxnW/nJXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3HlFpHssHM07Qj+hA8j5n1FipLm/qvVLZrbgzkGXi5aQMOWq90nc3jFkaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72SzqhJxaJST9WNmRhszU3xcZjbQeR4HdjKgZ6kVvKv7raRtliOFk2eqkpn/lZ1wmqUHJ5hn6qSAmJtNKSMgVMiPGllCmuH2DsCFVlBlbXNH24y22sUya5xXPrXj3F+Xqdd5UAY7hBM7Ag0uowh3UoAEMBvAML/DqPDlvzrvzMV9dcfKbI/gD5/MHOruYzw==</latexit><latexit sha1_base64="8AS+T+1VQFqvlRxOVAMn7E8naXE=">AAACBXicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9KAQ8OIxEvOAZAmzs51kyOzsMjMrhCVnT171K7yJV7/Dj/AfnCR70MSChqKqG6orSATXxnW/nJXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3HlFpHssHM07Qj+hA8j5n1FipLm/qvVLZrbgzkGXi5aQMOWq90nc3jFkaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72SzqhJxaJST9WNmRhszU3xcZjbQeR4HdjKgZ6kVvKv7raRtliOFk2eqkpn/lZ1wmqUHJ5hn6qSAmJtNKSMgVMiPGllCmuH2DsCFVlBlbXNH24y22sUya5xXPrXj3F+Xqdd5UAY7hBM7Ag0uowh3UoAEMBvAML/DqPDlvzrvzMV9dcfKbI/gD5/MHOruYzw==</latexit>

E = T
<latexit sha1_base64="80K/ZNie7ug3HDtpmdMer8WrMTs=">AAACBXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoAeFgAgeI+YFyRJmZ3uTIbMPZmaFsOTsyat+hTfx6nf4Ef6Dk2QPmljQUFR1Q3V5ieBK2/aXVVhZXVvfKG6WtrZ3dvfK+wctFaeSYZPFIpYdjyoUPMKm5lpgJ5FIQ09g2xvdTP32I0rF46ihxwm6IR1EPOCMaiM93F43+uWKXbVnIMvEyUkFctT75e+eH7M0xEgzQZXqOnai3YxKzZnASamXKkwoG9EBdg2NaIjKzWZRJ+TEKD4JYmkm0mSm/r7IaKjUOPTMZkj1UC16U/FfT5koQ/Qny1Y31cGlm/EoSTVGbJ4hSAXRMZlWQnwukWkxNoQyyc0bhA2ppEyb4kqmH2exjWXSOqs6dtW5P6/UrvKminAEx3AKDlxADe6gDk1gMIBneIFX68l6s96tj/lqwcpvDuEPrM8f+YKYpw==</latexit><latexit sha1_base64="80K/ZNie7ug3HDtpmdMer8WrMTs=">AAACBXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoAeFgAgeI+YFyRJmZ3uTIbMPZmaFsOTsyat+hTfx6nf4Ef6Dk2QPmljQUFR1Q3V5ieBK2/aXVVhZXVvfKG6WtrZ3dvfK+wctFaeSYZPFIpYdjyoUPMKm5lpgJ5FIQ09g2xvdTP32I0rF46ihxwm6IR1EPOCMaiM93F43+uWKXbVnIMvEyUkFctT75e+eH7M0xEgzQZXqOnai3YxKzZnASamXKkwoG9EBdg2NaIjKzWZRJ+TEKD4JYmkm0mSm/r7IaKjUOPTMZkj1UC16U/FfT5koQ/Qny1Y31cGlm/EoSTVGbJ4hSAXRMZlWQnwukWkxNoQyyc0bhA2ppEyb4kqmH2exjWXSOqs6dtW5P6/UrvKminAEx3AKDlxADe6gDk1gMIBneIFX68l6s96tj/lqwcpvDuEPrM8f+YKYpw==</latexit><latexit sha1_base64="80K/ZNie7ug3HDtpmdMer8WrMTs=">AAACBXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoAeFgAgeI+YFyRJmZ3uTIbMPZmaFsOTsyat+hTfx6nf4Ef6Dk2QPmljQUFR1Q3V5ieBK2/aXVVhZXVvfKG6WtrZ3dvfK+wctFaeSYZPFIpYdjyoUPMKm5lpgJ5FIQ09g2xvdTP32I0rF46ihxwm6IR1EPOCMaiM93F43+uWKXbVnIMvEyUkFctT75e+eH7M0xEgzQZXqOnai3YxKzZnASamXKkwoG9EBdg2NaIjKzWZRJ+TEKD4JYmkm0mSm/r7IaKjUOPTMZkj1UC16U/FfT5koQ/Qny1Y31cGlm/EoSTVGbJ4hSAXRMZlWQnwukWkxNoQyyc0bhA2ppEyb4kqmH2exjWXSOqs6dtW5P6/UrvKminAEx3AKDlxADe6gDk1gMIBneIFX68l6s96tj/lqwcpvDuEPrM8f+YKYpw==</latexit><latexit sha1_base64="80K/ZNie7ug3HDtpmdMer8WrMTs=">AAACBXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoAeFgAgeI+YFyRJmZ3uTIbMPZmaFsOTsyat+hTfx6nf4Ef6Dk2QPmljQUFR1Q3V5ieBK2/aXVVhZXVvfKG6WtrZ3dvfK+wctFaeSYZPFIpYdjyoUPMKm5lpgJ5FIQ09g2xvdTP32I0rF46ihxwm6IR1EPOCMaiM93F43+uWKXbVnIMvEyUkFctT75e+eH7M0xEgzQZXqOnai3YxKzZnASamXKkwoG9EBdg2NaIjKzWZRJ+TEKD4JYmkm0mSm/r7IaKjUOPTMZkj1UC16U/FfT5koQ/Qny1Y31cGlm/EoSTVGbJ4hSAXRMZlWQnwukWkxNoQyyc0bhA2ppEyb4kqmH2exjWXSOqs6dtW5P6/UrvKminAEx3AKDlxADe6gDk1gMIBneIFX68l6s96tj/lqwcpvDuEPrM8f+YKYpw==</latexit>



Complementarity for Flat Space Black Holes

C
B

A

A 6= AA ⌦AB ⌦AC

�(xC) ⇠= P (�(xA1),�(xA2), · · · ,�(xAS ))

❖ The degrees of freedom in regions A, B, C do not constitute  
    independent subsystems. 

                         Strong Subadditivity is not applicable. 

O(S)❖ The breakdown of locality for observables with            
     insertions provides strong support towards the possibility of 
     realising complementarity for black holes in asymptotically
     flat space-times.

❖ This idea of complementarity will then imply that the algebra
     of local observables does not factorize as 

=)
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Summary
❖ Complicated observables in a theory of quantum gravity are potentially sensitive to 
      non-local and non-perturbative effects. This motivated the study of string amplitudes 
      for large number of particles.

❖ Analytic and numerical evidence shows that closed-string perturbation theory breaks 
    down when                                    .n ⇠ (E/Mpl)

d�2

❖ The consequent breakdown of locality is sufficient to resolve the cloning and strong 
     subadditivity paradoxes for evaporating black holes in asymptotically flat space-times.

❖ It will be interesting to explore the nature of non-perturbative effects in string theory that
    restore unitarity when this threshold for breakdown of perturbation theory is 
    reached. 
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Introduction

❖ Entanglement is a ubiquitous feature of quantum systems.  

❖ The study of measures of quantum entanglement have recently found several applications 
    in understanding various features of quantum field theories, such as renormalization 
    group flows.      

❖ Ideas and tools of quantum information theory are also becoming increasingly useful in
    exploring aspects of quantum gravity, such as the emergence of space-time. 

S = �Tr(⇢ log ⇢)
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❖ For bipartite quantum systems, a commonly used measure is the von Neumann entropy



Entanglement in Gauge Theory
❖ In QFT, one is often interested in the entanglement between degrees of freedom
    across spatial subregions. Defining the standard measures of entanglement in terms of 
    reduced density matrices requires

❖ But this does not strictly hold in QFT due to divergent short range correlations across 
    the entangling surface. In a local QFT, this can be regulated by formulating the theory on
    a lattice.

H = HA ⌦HB
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❖ In gauge theories, there exist non-local gauge invariant degrees of freedom such as Wilson
    loops. The Gauss law constraint then hinders a straightforward tensor product 
    factorisation of the Hilbert space of physical states.  



Entanglement in Lattice Gauge Theory

❖ Lattice gauge theories provide an interesting setup for studying aspects of entanglement
    for gauge theories.

❖ Here the basic degrees of freedom live on the links of the lattice. We shall consider the
    the entanglement between a subset of links and its complement. 



Extended Hilbert Space Definition

⇢in = TrHout | ih |
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SEE = �TrHin (⇢in log ⇢in)
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: Hilbert space of all states on the link(ij)
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❖ This extended Hilbert space has a tensor product decomposition H = Hin ⌦Hout
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where

❖ The entanglement entropy for the set of "inside" links is then defined by 

| i 2 Hginv ⇢ H =
O

(ij)

Hij

<latexit sha1_base64="uIWPUb+074gNlQZSIDwwZhiGZGE="></latexit><latexit sha1_base64="uIWPUb+074gNlQZSIDwwZhiGZGE="></latexit><latexit sha1_base64="uIWPUb+074gNlQZSIDwwZhiGZGE="></latexit><latexit sha1_base64="uIWPUb+074gNlQZSIDwwZhiGZGE="></latexit>

❖ Let        be a gauge-invariant state of the full system. This can embedded in a larger 
    Hilbert space.   

| i
<latexit sha1_base64="REf1Q/ta7/LKJ0oJHkX2JXx8shw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHisYD+gCWWznbRLN5uwuxFK7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrW9sbpW3Kzu7e/sH1cOjtk4yxbDFEpGobkg1Ci6xZbgR2E0V0jgU2AnHtzO/84hK80Q+mEmKQUyHkkecUWMl/8lPNfcVlUOB/WrNrbtzkFXiFaQGBZr96pc/SFgWozRMUK17npuaIKfKcCZwWvEzjSllYzrEnqWSxqiDfH7zlJxZZUCiRNmShszV3xM5jbWexKHtjKkZ6WVvJv7n9TITXQc5l2lmULLFoigTxCRkFgAZcIXMiIkllClubyVsRBVlxsZUsSF4yy+vkvZF3XPr3v1lrXFTxFGGEziFc/DgChpwB01oAYMUnuEV3pzMeXHenY9Fa8kpZo7hD5zPH2nTkeM=</latexit><latexit sha1_base64="REf1Q/ta7/LKJ0oJHkX2JXx8shw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHisYD+gCWWznbRLN5uwuxFK7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrW9sbpW3Kzu7e/sH1cOjtk4yxbDFEpGobkg1Ci6xZbgR2E0V0jgU2AnHtzO/84hK80Q+mEmKQUyHkkecUWMl/8lPNfcVlUOB/WrNrbtzkFXiFaQGBZr96pc/SFgWozRMUK17npuaIKfKcCZwWvEzjSllYzrEnqWSxqiDfH7zlJxZZUCiRNmShszV3xM5jbWexKHtjKkZ6WVvJv7n9TITXQc5l2lmULLFoigTxCRkFgAZcIXMiIkllClubyVsRBVlxsZUsSF4yy+vkvZF3XPr3v1lrXFTxFGGEziFc/DgChpwB01oAYMUnuEV3pzMeXHenY9Fa8kpZo7hD5zPH2nTkeM=</latexit><latexit sha1_base64="REf1Q/ta7/LKJ0oJHkX2JXx8shw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHisYD+gCWWznbRLN5uwuxFK7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrW9sbpW3Kzu7e/sH1cOjtk4yxbDFEpGobkg1Ci6xZbgR2E0V0jgU2AnHtzO/84hK80Q+mEmKQUyHkkecUWMl/8lPNfcVlUOB/WrNrbtzkFXiFaQGBZr96pc/SFgWozRMUK17npuaIKfKcCZwWvEzjSllYzrEnqWSxqiDfH7zlJxZZUCiRNmShszV3xM5jbWexKHtjKkZ6WVvJv7n9TITXQc5l2lmULLFoigTxCRkFgAZcIXMiIkllClubyVsRBVlxsZUsSF4yy+vkvZF3XPr3v1lrXFTxFGGEziFc/DgChpwB01oAYMUnuEV3pzMeXHenY9Fa8kpZo7hD5zPH2nTkeM=</latexit><latexit sha1_base64="REf1Q/ta7/LKJ0oJHkX2JXx8shw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHisYD+gCWWznbRLN5uwuxFK7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrW9sbpW3Kzu7e/sH1cOjtk4yxbDFEpGobkg1Ci6xZbgR2E0V0jgU2AnHtzO/84hK80Q+mEmKQUyHkkecUWMl/8lPNfcVlUOB/WrNrbtzkFXiFaQGBZr96pc/SFgWozRMUK17npuaIKfKcCZwWvEzjSllYzrEnqWSxqiDfH7zlJxZZUCiRNmShszV3xM5jbWexKHtjKkZ6WVvJv7n9TITXQc5l2lmULLFoigTxCRkFgAZcIXMiIkllClubyVsRBVlxsZUsSF4yy+vkvZF3XPr3v1lrXFTxFGGEziFc/DgChpwB01oAYMUnuEV3pzMeXHenY9Fa8kpZo7hD5zPH2nTkeM=</latexit>



Gauge Invariant Representation 
❖ The extended Hilbert space can be decomposed as                                        

k = {k1, k2, . . . .kN}
<latexit sha1_base64="lk/OC2B63JEschIn28noJi1uxkI=">AAACK3icbVDLSsNAFJ34rPUVdekmWEQXJSRF0IVCwY0rqWAf0IQwmUzaIZNJmJkIJeQT/BRXbvUrXCluXfoPTtostPXCDOeecy+ce/yUEiEt611bWl5ZXVuvbdQ3t7Z3dvW9/Z5IMo5wFyU04QMfCkwJw11JJMWDlGMY+xT3/ei61PsPmAuSsHs5SbEbwxEjIUFQKsrTT5wYyrEf5lFx5eSRl9tFU/2tounQIJHCVM1t4RSe3rBMa1rGIrAr0ABVdTz92wkSlMWYSUShEEPbSqWbQy4JorioO5nAKUQRHOGhggzGWLj59KDCOFZMYIQJV49JY8r+3shhLMQk9tVkaV/MayX5ryaUlTEOikVpmMnwws0JSzOJGZp5CDNqyMQogzMCwjGSdKIARJyoMww0hhwiqeKtq3zs+TQWQa9l2pZp35012pdVUjVwCI7AKbDBOWiDG9ABXYDAI3gGL+BVe9LetA/tcza6pFU7B+BPaV8/9yqohw==</latexit><latexit sha1_base64="lk/OC2B63JEschIn28noJi1uxkI=">AAACK3icbVDLSsNAFJ34rPUVdekmWEQXJSRF0IVCwY0rqWAf0IQwmUzaIZNJmJkIJeQT/BRXbvUrXCluXfoPTtostPXCDOeecy+ce/yUEiEt611bWl5ZXVuvbdQ3t7Z3dvW9/Z5IMo5wFyU04QMfCkwJw11JJMWDlGMY+xT3/ei61PsPmAuSsHs5SbEbwxEjIUFQKsrTT5wYyrEf5lFx5eSRl9tFU/2tounQIJHCVM1t4RSe3rBMa1rGIrAr0ABVdTz92wkSlMWYSUShEEPbSqWbQy4JorioO5nAKUQRHOGhggzGWLj59KDCOFZMYIQJV49JY8r+3shhLMQk9tVkaV/MayX5ryaUlTEOikVpmMnwws0JSzOJGZp5CDNqyMQogzMCwjGSdKIARJyoMww0hhwiqeKtq3zs+TQWQa9l2pZp35012pdVUjVwCI7AKbDBOWiDG9ABXYDAI3gGL+BVe9LetA/tcza6pFU7B+BPaV8/9yqohw==</latexit><latexit sha1_base64="lk/OC2B63JEschIn28noJi1uxkI=">AAACK3icbVDLSsNAFJ34rPUVdekmWEQXJSRF0IVCwY0rqWAf0IQwmUzaIZNJmJkIJeQT/BRXbvUrXCluXfoPTtostPXCDOeecy+ce/yUEiEt611bWl5ZXVuvbdQ3t7Z3dvW9/Z5IMo5wFyU04QMfCkwJw11JJMWDlGMY+xT3/ei61PsPmAuSsHs5SbEbwxEjIUFQKsrTT5wYyrEf5lFx5eSRl9tFU/2tounQIJHCVM1t4RSe3rBMa1rGIrAr0ABVdTz92wkSlMWYSUShEEPbSqWbQy4JorioO5nAKUQRHOGhggzGWLj59KDCOFZMYIQJV49JY8r+3shhLMQk9tVkaV/MayX5ryaUlTEOikVpmMnwws0JSzOJGZp5CDNqyMQogzMCwjGSdKIARJyoMww0hhwiqeKtq3zs+TQWQa9l2pZp35012pdVUjVwCI7AKbDBOWiDG9ABXYDAI3gGL+BVe9LetA/tcza6pFU7B+BPaV8/9yqohw==</latexit><latexit sha1_base64="lk/OC2B63JEschIn28noJi1uxkI=">AAACK3icbVDLSsNAFJ34rPUVdekmWEQXJSRF0IVCwY0rqWAf0IQwmUzaIZNJmJkIJeQT/BRXbvUrXCluXfoPTtostPXCDOeecy+ce/yUEiEt611bWl5ZXVuvbdQ3t7Z3dvW9/Z5IMo5wFyU04QMfCkwJw11JJMWDlGMY+xT3/ei61PsPmAuSsHs5SbEbwxEjIUFQKsrTT5wYyrEf5lFx5eSRl9tFU/2tounQIJHCVM1t4RSe3rBMa1rGIrAr0ABVdTz92wkSlMWYSUShEEPbSqWbQy4JorioO5nAKUQRHOGhggzGWLj59KDCOFZMYIQJV49JY8r+3shhLMQk9tVkaV/MayX5ryaUlTEOikVpmMnwws0JSzOJGZp5CDNqyMQogzMCwjGSdKIARJyoMww0hhwiqeKtq3zs+TQWQa9l2pZp35012pdVUjVwCI7AKbDBOWiDG9ABXYDAI3gGL+BVe9LetA/tcza6pFU7B+BPaV8/9yqohw==</latexit>

: eigenvalues of electric flux operators emanating from boundary 
  vertices. 
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k
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<latexit sha1_base64="Arf6DM2bfdbS8t8zTWsnyZcGGok="></latexit><latexit sha1_base64="Arf6DM2bfdbS8t8zTWsnyZcGGok="></latexit><latexit sha1_base64="Arf6DM2bfdbS8t8zTWsnyZcGGok="></latexit><latexit sha1_base64="Arf6DM2bfdbS8t8zTWsnyZcGGok="></latexit>

❖ Since         is gauge invariant, in a definite flux/superselection sector| i
<latexit sha1_base64="wgEyVJsR3RnlXgTFaDRUM4SpkA0=">AAACDnicbVDLSsNAFL2pr1pfVZdugkVwVRIRdOGi4MZlBdsKTSiTyW07dDIZZiZCif0HV271K9yJW3/Bj/AfnLZZaOuBC4dz7oVzTyQ508bzvpzSyura+kZ5s7K1vbO7V90/aOs0UxRbNOWpuo+IRs4EtgwzHO+lQpJEHDvR6Hrqdx5QaZaKOzOWGCZkIFifUWKsFDwGUrNAETHg2KvWvLo3g7tM/ILUoECzV/0O4pRmCQpDOdG663vShDlRhlGOk0qQaZSEjsgAu5YKkqAO81nmiXtildjtp8qOMO5M/X2Rk0TrcRLZzYSYoV70puK/nrZRhhhPlq1uZvqXYc6EzAwKOs/Qz7hrUnfajRszhdTwsSWEKmbfcOmQKEKNbbBi+/EX21gm7bO679X92/Na46poqgxHcAyn4MMFNOAGmtACChKe4QVenSfnzXl3PuarJae4OYQ/cD5/ABcfnSQ=</latexit><latexit sha1_base64="wgEyVJsR3RnlXgTFaDRUM4SpkA0=">AAACDnicbVDLSsNAFL2pr1pfVZdugkVwVRIRdOGi4MZlBdsKTSiTyW07dDIZZiZCif0HV271K9yJW3/Bj/AfnLZZaOuBC4dz7oVzTyQ508bzvpzSyura+kZ5s7K1vbO7V90/aOs0UxRbNOWpuo+IRs4EtgwzHO+lQpJEHDvR6Hrqdx5QaZaKOzOWGCZkIFifUWKsFDwGUrNAETHg2KvWvLo3g7tM/ILUoECzV/0O4pRmCQpDOdG663vShDlRhlGOk0qQaZSEjsgAu5YKkqAO81nmiXtildjtp8qOMO5M/X2Rk0TrcRLZzYSYoV70puK/nrZRhhhPlq1uZvqXYc6EzAwKOs/Qz7hrUnfajRszhdTwsSWEKmbfcOmQKEKNbbBi+/EX21gm7bO679X92/Na46poqgxHcAyn4MMFNOAGmtACChKe4QVenSfnzXl3PuarJae4OYQ/cD5/ABcfnSQ=</latexit><latexit sha1_base64="wgEyVJsR3RnlXgTFaDRUM4SpkA0=">AAACDnicbVDLSsNAFL2pr1pfVZdugkVwVRIRdOGi4MZlBdsKTSiTyW07dDIZZiZCif0HV271K9yJW3/Bj/AfnLZZaOuBC4dz7oVzTyQ508bzvpzSyura+kZ5s7K1vbO7V90/aOs0UxRbNOWpuo+IRs4EtgwzHO+lQpJEHDvR6Hrqdx5QaZaKOzOWGCZkIFifUWKsFDwGUrNAETHg2KvWvLo3g7tM/ILUoECzV/0O4pRmCQpDOdG663vShDlRhlGOk0qQaZSEjsgAu5YKkqAO81nmiXtildjtp8qOMO5M/X2Rk0TrcRLZzYSYoV70puK/nrZRhhhPlq1uZvqXYc6EzAwKOs/Qz7hrUnfajRszhdTwsSWEKmbfcOmQKEKNbbBi+/EX21gm7bO679X92/Na46poqgxHcAyn4MMFNOAGmtACChKe4QVenSfnzXl3PuarJae4OYQ/cD5/ABcfnSQ=</latexit><latexit sha1_base64="wgEyVJsR3RnlXgTFaDRUM4SpkA0=">AAACDnicbVDLSsNAFL2pr1pfVZdugkVwVRIRdOGi4MZlBdsKTSiTyW07dDIZZiZCif0HV271K9yJW3/Bj/AfnLZZaOuBC4dz7oVzTyQ508bzvpzSyura+kZ5s7K1vbO7V90/aOs0UxRbNOWpuo+IRs4EtgwzHO+lQpJEHDvR6Hrqdx5QaZaKOzOWGCZkIFifUWKsFDwGUrNAETHg2KvWvLo3g7tM/ILUoECzV/0O4pRmCQpDOdG663vShDlRhlGOk0qQaZSEjsgAu5YKkqAO81nmiXtildjtp8qOMO5M/X2Rk0TrcRLZzYSYoV70puK/nrZRhhhPlq1uZvqXYc6EzAwKOs/Qz7hrUnfajRszhdTwsSWEKmbfcOmQKEKNbbBi+/EX21gm7bO679X92/Na46poqgxHcAyn4MMFNOAGmtACChKe4QVenSfnzXl3PuarJae4OYQ/cD5/ABcfnSQ=</latexit>
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<latexit sha1_base64="XV3b6AyIbjp0KxQMSzyjdKXvvms="></latexit><latexit sha1_base64="XV3b6AyIbjp0KxQMSzyjdKXvvms="></latexit><latexit sha1_base64="XV3b6AyIbjp0KxQMSzyjdKXvvms="></latexit><latexit sha1_base64="XV3b6AyIbjp0KxQMSzyjdKXvvms="></latexit>
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<latexit sha1_base64="1AGy28FK7hXF0yNRenRLLd2UN9w=">AAACJXicbVDLSsNAFJ3UV62vqEs3o0VwVRIRdKFQcOOygn1AE8JkOmmHzkzCzEQoIWs/xZVb/Qp3IrjyC/wHJ20WtvXAwJlz7oVzT5gwqrTjfFmVldW19Y3qZm1re2d3z94/6Kg4lZi0ccxi2QuRIowK0tZUM9JLJEE8ZKQbjm8Lv/tIpKKxeNCThPgcDQWNKEbaSIF97KmUB5nHkR6FUTbO82Tud+MGdt1pOFPAZeKWpA5KtAL7xxvEOOVEaMyQUn3XSbSfIakpZiSveakiCcJjNCR9QwXiRPnZ9JQcnhplAKNYmic0nKp/NzLElZrw0EwWIdWiV4j/espEGZFBvmz1Ux1d+RkVSaqJwLMMUcqgjmFRGRxQSbBmE0MQltScAfEISYS1KbZm+nEX21gmnfOG6zTc+4t687psqgqOwAk4Ay64BE1wB1qgDTB4Ai/gFbxZz9a79WF9zkYrVrlzCOZgff8CaRCmzQ==</latexit><latexit sha1_base64="1AGy28FK7hXF0yNRenRLLd2UN9w=">AAACJXicbVDLSsNAFJ3UV62vqEs3o0VwVRIRdKFQcOOygn1AE8JkOmmHzkzCzEQoIWs/xZVb/Qp3IrjyC/wHJ20WtvXAwJlz7oVzT5gwqrTjfFmVldW19Y3qZm1re2d3z94/6Kg4lZi0ccxi2QuRIowK0tZUM9JLJEE8ZKQbjm8Lv/tIpKKxeNCThPgcDQWNKEbaSIF97KmUB5nHkR6FUTbO82Tud+MGdt1pOFPAZeKWpA5KtAL7xxvEOOVEaMyQUn3XSbSfIakpZiSveakiCcJjNCR9QwXiRPnZ9JQcnhplAKNYmic0nKp/NzLElZrw0EwWIdWiV4j/espEGZFBvmz1Ux1d+RkVSaqJwLMMUcqgjmFRGRxQSbBmE0MQltScAfEISYS1KbZm+nEX21gmnfOG6zTc+4t687psqgqOwAk4Ay64BE1wB1qgDTB4Ai/gFbxZz9a79WF9zkYrVrlzCOZgff8CaRCmzQ==</latexit><latexit sha1_base64="1AGy28FK7hXF0yNRenRLLd2UN9w=">AAACJXicbVDLSsNAFJ3UV62vqEs3o0VwVRIRdKFQcOOygn1AE8JkOmmHzkzCzEQoIWs/xZVb/Qp3IrjyC/wHJ20WtvXAwJlz7oVzT5gwqrTjfFmVldW19Y3qZm1re2d3z94/6Kg4lZi0ccxi2QuRIowK0tZUM9JLJEE8ZKQbjm8Lv/tIpKKxeNCThPgcDQWNKEbaSIF97KmUB5nHkR6FUTbO82Tud+MGdt1pOFPAZeKWpA5KtAL7xxvEOOVEaMyQUn3XSbSfIakpZiSveakiCcJjNCR9QwXiRPnZ9JQcnhplAKNYmic0nKp/NzLElZrw0EwWIdWiV4j/espEGZFBvmz1Ux1d+RkVSaqJwLMMUcqgjmFRGRxQSbBmE0MQltScAfEISYS1KbZm+nEX21gmnfOG6zTc+4t687psqgqOwAk4Ay64BE1wB1qgDTB4Ai/gFbxZz9a79WF9zkYrVrlzCOZgff8CaRCmzQ==</latexit><latexit sha1_base64="1AGy28FK7hXF0yNRenRLLd2UN9w=">AAACJXicbVDLSsNAFJ3UV62vqEs3o0VwVRIRdKFQcOOygn1AE8JkOmmHzkzCzEQoIWs/xZVb/Qp3IrjyC/wHJ20WtvXAwJlz7oVzT5gwqrTjfFmVldW19Y3qZm1re2d3z94/6Kg4lZi0ccxi2QuRIowK0tZUM9JLJEE8ZKQbjm8Lv/tIpKKxeNCThPgcDQWNKEbaSIF97KmUB5nHkR6FUTbO82Tud+MGdt1pOFPAZeKWpA5KtAL7xxvEOOVEaMyQUn3XSbSfIakpZiSveakiCcJjNCR9QwXiRPnZ9JQcnhplAKNYmic0nKp/NzLElZrw0EwWIdWiV4j/espEGZFBvmz1Ux1d+RkVSaqJwLMMUcqgjmFRGRxQSbBmE0MQltScAfEISYS1KbZm+nEX21gmnfOG6zTc+4t687psqgqOwAk4Ay64BE1wB1qgDTB4Ai/gFbxZz9a79WF9zkYrVrlzCOZgff8CaRCmzQ==</latexit>
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<latexit sha1_base64="5Lvqn2I1K8EjNfgRV5xFvZ5Z9iw="></latexit><latexit sha1_base64="5Lvqn2I1K8EjNfgRV5xFvZ5Z9iw="></latexit><latexit sha1_base64="5Lvqn2I1K8EjNfgRV5xFvZ5Z9iw="></latexit><latexit sha1_base64="5Lvqn2I1K8EjNfgRV5xFvZ5Z9iw="></latexit>
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<latexit sha1_base64="LUMd0Aqe4hVsHrEzxlfO19+kMRM="></latexit><latexit sha1_base64="LUMd0Aqe4hVsHrEzxlfO19+kMRM="></latexit><latexit sha1_base64="LUMd0Aqe4hVsHrEzxlfO19+kMRM="></latexit><latexit sha1_base64="LUMd0Aqe4hVsHrEzxlfO19+kMRM="></latexit>

=)
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Properties of the Definition

❖ It is unambiguous and manifestly gauge invariant.

❖ Satisfies the strong subadditivity property.  For any three set of links A, B, C on the lattice 

❖ This definition applies to all lattice gauge theories without additional matter, including 
     discrete, abelian and non-abelian gauge groups.

SA[B + SB[C � SB + SA[B[C
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❖ Agrees with replica trick path integral definition. 



Extracting the Entanglement
❖ In quantum information theory, the amount of entanglement in a bipartite system can
    be operationally quantified through protocols such as entanglement distillation and    
    dilution.

❖ These protocols are implemented through local operations and classical communications
     (LOCC).

❖ Since gauge invariant local operations cannot change the flux values characterising 
    a particular superselection sector, the full entanglement entropy in gauge theories cannot
    be extracted through such protocols.
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non-extractable "classical" piece extractable "quantum" part



Algebraic Approach to Entanglement
❖ A more algebraic approach towards studying entanglement can also adopted in settings
    where a bipartite decomposition of the Hilbert space is not assumed a priori.

❖ In this case, one considers having access to only a subalgebra of gauge invariant
    operators for probing a state, for e.g., the subalgebra of operators localised in a given
    spatial region.

❖ It is possible to assign a density matrix to this algebra by choosing an element      of the
    algebra such that

⇢
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Tr(⇢Oi) = h |Oi| i 8 Oi 2 A
<latexit sha1_base64="+2Kj0pcS2ifBQS+TBoSLSbKX8I4="></latexit><latexit sha1_base64="+2Kj0pcS2ifBQS+TBoSLSbKX8I4="></latexit><latexit sha1_base64="+2Kj0pcS2ifBQS+TBoSLSbKX8I4="></latexit><latexit sha1_base64="+2Kj0pcS2ifBQS+TBoSLSbKX8I4="></latexit>

❖ In case of gauge theories, the lack of tensor product factorisation of the Hilbert space can
    be associated to the presence of a non-trivial centre in the algebra of gauge-invariant
    operators. 

❖ The von Neumann entropy of     then serves a definition of the entanglement entropy.⇢
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[Casini, Huerta, Rosabal, 2014]



Entanglement in Gravity

❖ In a theory of quantum gravity, the problem of defining a notion of entanglement for 
    spatially localised degrees of freedom is even more subtle. 

❖ The Hilbert space does not factorise due to constraints of diffeomorphism invariance.

❖ It is also difficult to assign closed algebras of approximately local operators to spacetime
    regions in a theory of gravity. Complementarity suggests that complicated products
    operators cannot be meaningfully localised within a given region. 

❖ In this case both the usual approach of defining quantum information measures in 
    terms of reduced density matrices as well as the algebraic approaches are not suitable.

❖ This motivates the need to consider new formulations of information theoretic measures
    where the set of accessible observables does not form an algebra. 



General Setup
| i

A = span{O1, · · · ,On}

❖ Consider a general quantum system in a state       . Suppose an observer can probe this
     state using a set of operators 

such that      does not close to form an algebra. A
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❖ The relevant Hilbert space accessible for performing measurements is then 

H = span{O1| i, · · · ,On| i}

and the set of accessible observables is spanned by the set of 2-point functions

gij = h |OiOj | i

❖ Now given another state      of the full system, how well can the observer distinguish 
    between         &        ?
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Properties of Distance Measures

❖ Basis Independence :                       must be invariant under unitary transformations of 
    orthogonal basis chosen for the set of observables.

❖ Monotonicity : 

DA( ,�) � 0 & DA( ,�) = 0 ()  = �

❖ Insularity :  Coupling to an auxiliary system should not change the distance measure 

DA1⌦Aaux( 1 ⌦  aux,�1 ⌦  aux) = DA1( 1,�1)

DB( ,�)  DA( ,�)

❖ Specificity : 

Any measure                     of distance between quantum states must meet the following
requirements: 

DA( ,�)
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Modular & Relative Modular Operators

❖ The modular and relative modular operators are useful for constructing distance 
     measures in this case.
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❖ The modular operator on          is defined as  
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❖ The relative modular operator on          is defined as    
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Araki Relative Entropy

Sar
A ( |�) = �h | log(�( |�))| i

❖ The relative entropy is a commonly used distance measure. A definition of this in terms
     of the relative modular operator was given by H. Araki

❖ This satisfies all the previous properties when        is an algebra.A
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❖ But if      is not an algebra, the Araki relative entropy can sometimes fail to distinguish 
    between states. 
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Measures of Distance & Entanglement

❖ We can define a new class of distance measures that satisfies all our stipulated properties
     

with X = ��1/2
 �( |�)��1/2

 
operator norm of      ||X|| X
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XA( ,�) = 1� 2||X||
(1 + ||X||)2 � 2||X�1||

(1 + ||X�1||)2

SA( ,�) = log ||X||+ log ||X�1||
DA( ,�) :

EA( ) = inf
�2sep

DA( ,�)

❖ From these, measures of entanglement can be defined as 

such that this measures only quantum correlations, remains invariant under unitary 
transformations and does not increase under LOCC operations.



Numerical Examples: Spin chains
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Plot of distance measures for a spin chain of length N that is probed with
polynomials of order K in individual spin operators



Numerical Examples: Random Matrices
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Subregion Duality in AdS/CFT

❖ Our information measures can be used to study subregion dualities in AdS/CFT.

❖ Given a set of boundary observables in a region    , what is the bulk region whose
     information is encoded within these set of observables

    : Time-band on the boundary of 

width 
R

T < ⇡
        : Coarse grained dual bulk regionBC

SARC
( ,�) = SABC

( ,�)

XARC
( ,�) = XABC

( ,�)

R
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Summary
❖ In gauge theories the non-factorisability of the physical Hilbert space makes defining
    entanglement entropy a subtle issue.

❖ We considered a particular definition for lattice gauge theories using the extended
    Hilbert space approach.  

❖ The full entanglement entropy cannot however be made available for extraction in 
     operational quantum information theoretic protocols.

❖ Motivated by the problem of defining notions of entanglement in gravity, we considered
    a setup where the set of accessible observables do not form closed algebras.

❖ We defined a new class of distance between quantum states using the modular and 
     relative modular operators. 

❖ These distance measure have interesting applications in studying aspects of bulk locality 
     in AdS/CFT. 
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