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Consider two commonly used application of algebras in QFT:
Operator product expansion(OPE)
» Contains: Spectrum,dynamical data of theory
» Use: Reducing higher point fn — lower point fn, OPE associativity constraints higher point
fn(Conformal bootstrap)
» Symmetry: fixes structures of OPE(e.g OPE blocks in CFT)
» State independent
Tomita Takesaki modular theory
» Contains: Information of entanglement between different regions
> Use: Defines quantum information quantities (e.g: Modular Hamiltonian,relative entropy)
» Symmetry: fixes modular Hamiltonian for some special cases
» State dependent

Our goal: — Study some simple applications of OPE blocks and modular theory in QFT
and holography

— Connection between OPE and modular algebra?
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conformal block Go, (z;) = < O102Pp, O304 > = < By(z1,x2)Bi(x3, x4) >
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> Representation in spacetime basis(shadow operator formalism) — Relates to modular
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» Using momentum basis representation for scalar OPE block of dim Ay from an OPE of
two scalars of dim A;, A in CFT; —
B ~ [ dse=*%ii ¢(z(s)) — geodesic operator mass of scalar field ¢ is
v N——

scalar field

m? = Ag(Ay — d) (Ferrara et al 1971,72; da Cunha et al 2016)
» Conformal block = Geodesic Witten Diagram(GWD) ~ f“m f734 GroGroGrGroGro
(Hijano et al 2015)
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Geodesic operators?
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> We want to find answer to these and to do so we work in momentum space
representation

» In CFTy — All spinning primaries can be labelled by two real numbers A, h.

» Using this feature we generalize the momentum space representation to find an integral
expression for spinning OPE block in CFTy



Spinning OPE block in AdS;/CFT;:Result(Das)

» We find an expression for spinning OPE block of dimension (hg, k) of two spinning
operators A(z1,#1) and B(0,0) of conformal dimension h; and h; respectively.



Spinning OPE block in AdS;/CFT;:Result(Das)

» We find an expression for spinning OPE block of dimension (hg, k) of two spinning
operators A(z1,#1) and B(0,0) of conformal dimension h; and h; respectively.

> A(z1,21)B(0,0)],, 5, = By

i hy
1 hij

1\ zhth) el gy, U 2 1 1

=BL (= T (hy+=)20 2
B(z) [ () r(erg)2ets

dp eiuzlp 1

5 T (u(l —u)zi)" Iy 1 ( —u(l—u)z%p2> X

T —p2)2 1 2




Spinning OPE block in AdS;/CFT;:Result(Das)

» We find an expression for spinning OPE block of dimension (hg, k) of two spinning
operators A(z1,#1) and B(0,0) of conformal dimension h; and h; respectively.
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» For conserved current OPE blocks, that expression (anti)holomorphically factorized —
In this case, using HKLL kernal for bulk AdSs field and following the lines of da Cunha,
Guica—
j
P B

N / dre=has 6O (1)) /
—00 ——

00 o 0
: d)\/e MNhap ¢E42ls2(x/()\/))
mass=hy (h;—1)

(5)

mass=hy, (hy—1)
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» AdS; connection— Using HKLL for massless symmetric higher spin fields in radial
gauge (Sarkar and Xiao) we get

¢zzz...(z7y) = Ozzz..,(z)7 ¢222...(27 y) = 0222..,(2) (6)

= a representation of conserved OPE block in terms of AdSs higher spin field
components— AdSo and AdSs bulk physics are related
» Two point function of AdS, representation of conserved OPE blocks — CFTy

AdS2GWD
spinning conformal block— check!
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» To understand quantum information properties of QFT e.g. entanglement structure of
states in some spacetime region in QFT.

» To understand the emergence of bulk gravity and bulk causality in holographic theories
from the entanglement structure of boundary field theory.

» To study universal constraints on QFT and quantum gravity from inequalities associated
to modular Hamiltonian, e.g. Average null energy condition from monotonicity of
relative entropy.
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» An useful Diagnostic to quantify entanglement of any subsystem — Entanglement
Entropy:

» Divide any quantum system into two parts A and A€ such that the total Hilbert space
factorizes as Hyor = Ha ® H ge.

» Now one can define the reduced density matrix p4 for A by tracing out A¢ from full density
matrix. i.e pa = 1T Acpiot

» Finally one can define entanglement entropy as the Von-Neumann entropy for reduced
density matrix,i.e Spp = —Tr(palnpa).

» Given a density matrix(Hermitian and positive semidefinite) one can define a Hermitian
operator modular Hamiltonian(H,,0q) as p = e Hmed. Hence, H,,oq is operator version
of EE, i.e S(p) =< Hpod >,

» Generically H,,,4 4 is not a local operator — It can't be written in terms of local fields
inside region A.

» Special symmetric case — local expressions for H,,0q

» e.g: Minkowski vacuum on half space(z! > 0) H0q = fx1>0 z1Tood4 1z,
spherical region in vacuum CFTs,
locally excited states in CFTo,
future horizon on a null plane etc.
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> Intuitively, this UV divergence can be seen from the virtual pair creation near the
boundary

» Since any state in the Hilbert space can be approximated as vacuum in very short
distance = This piece of divergence exists in all other states— Universality, state
independence of UV divergence!

» Source of the divergence: The fact that in QFT(continuum) Hilbert space does not
factorize
Factorization — Existence of product state =—> Sgg = 0 — Does not happen as we
see due to the divergence

P> Requires alternative quantities to probe entanglement! e.g: Total modular Hamiltonian:
K = Hj — H e, Relative entropy: S(p|lo) = Tr(plogp—plogo) — UV finite quantity!

> We will see in the algebraic formulation of QFT, Tomita Takesaki modular theory
provides the notion of UV finite quantities naturally!
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small open set in spacetime(flat) are enough to generate(by acting on vacuum §2) the
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» Same is true for A(O)|y) > where |¢) > is any state vector of bounded energy!

» —> Vacuum and any bounded energy states in QFT are entangled!
Technically speaking vacuum and bounded energy states are ‘cyclic’'wrt A(O) i.e these
states are dense in H

» R-S + microcausality = these states are ‘separating’ wrt A(O) i.e For for any
operator a supported in V, a|Q2 >=0 = a = 0 — no operator in the algebra
annihilates these states!

» Commutant(maximal set of commuting algebra): A'= B :[A,B] =0,VA € A.

» From now we will consider: A set of bounded operators of a region U forms an algebra
Ay (O). If U is maximal open set under the condition of being spacelike separated then

[AU7-AU'] = 0.
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QFT analogue of reduced density matrix? Construction of commutant A’ from A?
Define antilinear operator Sy, S{p :H — H st Syaly >=al|y >,S{ﬁa’\w >=da'tly >V
ac .AU,CL/ e Ay

1 is separating and cyclic for both regions U and U’.

S5 =1, Syl >= ¢ >, S =5y, 5" =St

Invertible Sy, = a polar decomposition: Sy, = Jqulf s.t Jy is antiunitary —
modular conjugation and Ay, Hermitian and positive definite — modular operator.

A=S1S AQ>=JQ>=Q> J2=1,J1=JJ =J A =A""

For two states 1, ¢ and a region U one can also define an antilinear operator Sy4 as:
Swwah/} >= aT|¢ >

Similarly one can define relative modular operator Ay, 4 = S¢‘¢S¢‘¢. For ¢ = ¢,
Ayjp = By

Relative entropy: Sy ¢(U) = — < 9|log Ay 4|t >

Monotonicity of relative entropy: If U C U, then Sylp(U) = S¢|¢([7) follows from
Aw|¢>;0 > Aylpu
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Modular flow and examples

» Since A is a positive hermitian operator, we may define the modular Hamiltonian(K) as
A = e K. We will see that this definition of K coincides with total modular
Hamiltonian.

» The main two results of TT theory:

> 1. A defines a one-parameter family of modular automorphisms. A AA™" = A,Vs € R.
— A is invariant under modular flow A"

» 2. J defines an isomorphism between A and its commutant A’. JAJ = A’
— Using J one can construct the commutant algebra!

» Evolution of operators under modular and relative modular operators are same if one
state is vacuum!
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» Example(1): For finite dimensional system H = H1 @ Ha, ¢ = > 14 cxlk > QK >
InAy =Inp; —Inpy, InAyy =1Inoy —Inpy, where p,o — density matrix of 9, ¢
Jpli > @7 >= |7 > ®[i >

» Example(2): Modular operator for right Rindler wedge in Minkowski spacetime —
InAq=Inp, —Inp =exp(—27K), K = K, — K; = [,_,d" 'axTyo, J = CRT
— coincides with the result of Bisognano and Wichman (1976) using Tomita-Takesaki
and no path integral!
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To find K in a class of excited states, TT provides useful and simple way!
Lemma: The states ¥|Q2 > and |2 > for ©» € Ay are cyclic and separating iff 1) and
YT are invertible.

For such states, one can define Tomita operator Sy, as, Sy = (wT)_lSmb s.t
Sy AP|Q >= ATp|Q > VA € Ay Where Sg is the Tomita operator in the vacuum.

Ay =818y = ¥Say~ () Sopt
— complicated operator!

Similarly A relative Tomita operator Sy, between two state |Q2 > and ¢|Q2 > can be
defined as,
Sgp = (V1) 71Sqe" and it satisfies
SepAP|Q >= Alg|Q > VA € Ay; ST, AP0 >= ATg|Q > VA" € Ay
If we choose ¢ to be €2, then
Spa = Squt: Apo = SLQSwQ = Y AqipT — simplified operator!
Under perturbation of state v around the vacuum Q, () = 1 + papt) + %1/}(2) +...
(where perturbative parameter is 1), Ay changes in order by order as,
> ALY =M Ag + Ag(M)F,
> AP = @ Aq + Ag@®)T + M Ag(pM)T, ...



Modular eigenmodes: Definition and properties

» Eigenmodes O,, of K is defined as [K,O,] = wO,,, where w — eigenvalue!



Modular eigenmodes: Definition and properties

» Eigenmodes O,, of K is defined as [K,O,] = wO,,, where w — eigenvalue!
» A simple way of constructing such modes:
A, = ffo dse”"etKs AeTiKs — [K, A,] = wA,

o0



Modular eigenmodes: Definition and properties

» Eigenmodes O,, of K is defined as [K,O,] = wO,,, where w — eigenvalue!

» A simple way of constructing such modes:
Ay = [ dsem"welks AemiKs — [K, A,] = wA,
» Orthogonalization: The above definition of modes in Fourier basis provides a natural
notion of orthogonalization of finite frequency modes:
< Y| AuBultp >= 1w+ w') < $|BO A >= 15w + ') < p|BAD |y >
where v is a pure state such that K|y >= 0.



Modular eigenmodes: Definition and properties

» Eigenmodes O,, of K is defined as [K,O,] = wO,,, where w — eigenvalue!

» A simple way of constructing such modes:
Aw= [, dse”"etKs AeTiKs — [K, A,] = wA,
» Orthogonalization: The above definition of modes in Fourier basis provides a natural
notion of orthogonalization of finite frequency modes:
< BlAuBuld >= 35w+ ') < B Ajp >= L5(w + ') < | BAjy >
where v is a pure state such that K|y >= 0.
» w = 0 corresponds to zero mode(A)!— does not change under flows!
w # 0 corresponds to non zero modes(A,,) — changes under flows.
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Modular Hamiltonian and eigenmodes in Holography: Why modular
modes?

> S(pr) = 8% + S(puy) + O(GN) FLM where g — HRRT surface(bulk codimension-2
surface) such that,
> ((’)’YR =0R
» Area(yr) — extremal!
» ~g is homologous to R
» The last condition = there exist a homology hypersurface Hpr of codimension 1, such
that OHr = 7R UR

» Entanglement wedge(EW) of R — bulk domain of dependence D[Hg] of HR.

il

> JLMS — Kp = K’HR + OGN,
= [¢(x), Kg] = [¢(x), K3y,,] for bulk x — spacelike separated to vp

» To reconstruct EW generically, one should smear modular evolved boundary
operators(JLMS) instead of local boundary operators(HKLL)!
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> — local bulk free scalar field inside EW ¢(X) = [* dw [, dx fo,(X|2) Oy ()
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O, — modular modes of O(z).

> Also it was shown: Og(z) = 47 [ dYrr < ¢(YrT)O(x) > O(YRY), [¢(YRT), K] =0

» Using the above fact that ¢ on RT — invariant under bulk modular flow and bulk
modular flow = boundary modular flow,HKLL formula for bulk scalar(and gauge) field in
vacuum AdSs and BTZ. is reproduced (KL)

> generalization of KL to locally AdS3 geometries, connected to pure AdS3 by large
diffeomorphism. (DE)

» Starting point: consider Kcpr, Kepeo Keze — modular Hamiltonian for locally
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z,2—9(2),92
excited state in CFTs.

» Condition: ¢ is localized at the intersection of two geodesic (g(y1),9(y2)).(9(y3), 9(ya))
= [¢rr, K(9(y1),9(y2))] = [orT, 9(y3), 9(y4)] = 0

» Solve: solving those two conditions with AdS/CFT boundary condition gives expression for
local scalar field at the geodesic of any locally AdSs.

» Check: we reproduce AdS3 and BTZ result, compute and match bulk-boundary OPE block
and propagator and 1 = correction of bulk field due to gravitational dressing for a special
class of dlfFeomorphlsm obeying Brown-Henneaux boundary conditions.

» modular berry connection: modular zero modes of connected subregions in CFT defines
a modular connection in the space of modular Hamiltonians which encodes bulk
Riemann curvature in AdS/CFT. (Czech et al. 2017,2019)
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» For the time being, lets assume that we have information of full spectrum of
modes(both zero and non zero) in the vacuum and all order corrections of A in excited
state. We want to construct zero modes in a class of excited state we mentioned earlier.

> [A, Ag] = 0 Around the vacuum in first order perturbation of state
A=AD 4+ AD 45 = A + AN such that,[A©), A]V] = —[AM) AP

» Ansatz: A(()l) as a linear combination of all non zero modes of vacuum i.e
AW = I dkCy B where B\”) satisfies
AOBOAO-1 = kO — [AO) B = (k — 1) BOAO

> Hence we get from the first order equation:

[, dkCy (e — 1) B = —[AM), AP A 01

— RHS is known! We need to evaluate Cj. Using orthogonality we get,
<w|[A(1) A(0>]A(0)71A(0)|,¢>

Cr = o !

<Y|By, "’ Alyp>(1—e~F)

1) _ <$l[AD, APAO-1 AP >
<Y|B; Alp>(1—e~F)

» Similarly we can get the nth order correction perturbatively and get,
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Ay’ = f—oo dk ©) i —k By,
<Bp Ot>(1—eF)

B,io) — 1st order correction of zero modes!
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CFT,; modular Hamiltonian:connection to OPE blocks

» An integral expression(shadow formalism) of OPE block of dimension hy, hy constructed
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CFT,; modular Hamiltonian:connection to OPE blocks

> An integral expression(shadow formalism) of OPE block of dimension hy, hy constructed
out of OPE of two operators with dimension and spin of (A;,1;), (Aj,1;) is:
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ij
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» Sum of two OPE blocks By with hj, = 2, h; = 0 and By with hy, = 0, h, = 2 gives

modular Hamiltonian of a single interval in CFTy — By + By = —6H,,04(Czech et al.
2016)!
» The total modular Hamiltonian of CFTy interval can be written as:
o8] —_ J— _— 7 —
K:KR+KL:/ o =92 — W) / PGt 1V 0l WP
—o0 Y2 — U Y2 — Y1

> Using TOj, OPE we can finally get that, [K, B{'| = 2nil;; By
— l;; # 0 = non zero modular modes(Das, Ezhuthachan 2019)!
lij =0 = zero modes(Czech et al.2017)!
» But positive self adjoint A = positive real eigen values!
— ope blocks do not lie in the domain over which the A is self-adjoint! — do not
satisfy orthogonality!(resolution?— will see later!)
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Construction of the dual of non zero modular modes in CFT,

> Blij(lij = 0) — geodesic operator:f7 dse™5%i p(x(s)).

> Define: Pp = Kp — Ky, and get [Pp, B’ = 2miA;; and [K, Pp] = 0.

» In CFTo, K generates modular flows, Pp generates translation along modular time slice.
Both K, Pp — written in terms of conformal killing vector, that leave causal diamond
invariant.

» In dual AdSs, bulk isometry of the corresponding CFT; killing vectors —

K, generates boost around geodesic, P, p generates translation along geodesic. Both
Ky, P, p leaves a geodesic invariant.

» Under finite transformation of magnitude so(generated by Pp) and #o(generated by K),
the non zero modes transform as:
Bij N eS0Aij etolij Bij
k N~ ~— k
zero mode part non-zero mode part
» Question: zero modes are localized on the RT surface(geodesic), where are the non-zero
modes localized in AdS3?
answer:— somewhere inside EW!(JLMS,FL)
— more precisely, dual of scalar block B}’ (l;; # 0) is localized inside a Lorentzian
cylinder!(DE)
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» Our proposal: for scalar OPE block made out of OPE of two operators with [;; # 0 —

B,iﬂ' — Ck/ didse™"i e % p(x(s, 1), 2(s, 1), (s, 1))
cylinder

The surface of Lorentzian cylinder is generated by K and Pp.

» Among the bulk isometries SO(2,2), the geodesic is stabilized by K}, P, p
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» — an non-trivial example of entanglement wedge observable!
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» In modular theory:— we find application of modular zero modes in bulk
reconstruction(for a large class of locally AdS3 geometries connected by large
diffeomorphism)

— construct a perturbative expansion of zero modes for a class of excited state in any
QFT provided the vacuum is fully known!

» Lastly, we commented on the connection of OPE blocks and modular algebra in
Ang/CFTg
— OPE blocks = modular modes(zero and non zero) for vacuum CFTs
— non zero modes in terms of bulk cylindrical object!
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EW reconstruction in dual excited state in AdSs in terms of zero mode perturbation?

vVvYyyvy

Connection between two algebraic notions beyond symmetric cases?



Thank You!



