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Motivation

I Algebra of observables plays important role to study several aspects in QFT

I Consider two commonly used application of algebras in QFT:
I Operator product expansion(OPE)

I Contains: Spectrum,dynamical data of theory
I Use: Reducing higher point fn → lower point fn, OPE associativity constraints higher point

fn(Conformal bootstrap)
I Symmetry: fixes structures of OPE(e.g OPE blocks in CFT)
I State independent

I Tomita Takesaki modular theory
I Contains: Information of entanglement between different regions
I Use: Defines quantum information quantities (e.g: Modular Hamiltonian,relative entropy)
I Symmetry: fixes modular Hamiltonian for some special cases
I State dependent

I Our goal: → Study some simple applications of OPE blocks and modular theory in QFT
and holography

I → Connection between OPE and modular algebra?
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I Modular algebra: why and what, application in QFT and holography

I Connection between OPE blocks and modular algebra, application in AdS3/CFT2

I Future direction
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Operator Product Expansion



OPE: OPE blocks in CFT
I OPE → product of two local op at x1, x2 ∼ linear sum of other local op at x2 with a

c-number coeff

I

φ(x)φ(0) =
∑
O
CφφO(M.|x|)|x|−2∆φ+∆O−lOxµ1xµ2 . . . xµlλ

(l)
O (x.∂)Oµ1,µ2,...,µl(0) (1)

I In general QFT→ OPE exists when the two operators are very closed to each
other(asymptotic limit)

I In CFT: state operator correspondence =⇒ convergent OPE at finite separation! ∼
linear combination of primaries and descendants. For two scalar operators Oi(x),Oj(0)
of dimensions (∆i,∆j):

Oi(x)Oj(0) =
∑
k

|x|∆k−∆i+∆jCijk(1 + axµ∂µ + bxµxν∂µ∂ν + . . . )Ok(0) (2)

I OPE block → building block of the OPE of dimension ∆k

Oi(x)Oj(0) = |x|−∆i+∆j
∑
k

Cijk︸︷︷︸
OPE coefficient(dynamical)

Bij
k (x)︸ ︷︷ ︸

OPE block(kinematical)

(3)

I conformal block GOk(xi) = < O1O2POkO3O4 > = < Bk(x1, x2)Bk(x3, x4) >
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Connection to AdS/CFT(Czech et al 2016, de Boer et al 2016, da Cunha et
al 2016, Hijano et al 2015)

I Integral representation of OPE block →

I Representation in spacetime basis(shadow operator formalism) → Relates to modular
Hamiltonian(will see later)

I Representation in momentum basis → relation to AdS physics

I Using momentum basis representation for scalar OPE block of dim ∆k from an OPE of
two scalars of dim ∆i,∆j in CFTd →
Bij
k ∼

∫
γ dse

−s∆ij φ(x(s))︸ ︷︷ ︸
scalar field

→ geodesic operator mass of scalar field φ is

m2 = ∆k(∆k − d) (Ferrara et al 1971,72; da Cunha et al 2016)

I Conformal block = Geodesic Witten Diagram(GWD) ∼
∫
γ12

∫
γ34

Gb∂Gb∂GbbGb∂Gb∂
(Hijano et al 2015)
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Spinning OPE block in AdS3/CFT2:Motivation

I Closed form expression for CFT2 spinning conformal block Whk,h̄k
(zi, z̄i):

Whk,h̄k
(zi, z̄i) = zhk2F1 (hk − h12, hk + h34; 2hk; z)︸ ︷︷ ︸

CFT1conformal block(z)

z̄h̄k2F1

(
h̄k − h̄12, h̄k + h̄34; 2h̄k; z̄

)︸ ︷︷ ︸
CFT1conformal block(z̄)

+ (hk ↔ h̄k); z =
z12z34

z13z24
, z̄ =

z̄12z̄34

z̄13z̄24

I Therefore, CFT2 conformal block =⇒ product of two AdS2 GWD.

I Question→ Does this (anti)holomorphic factorization occurs at the level of OPE block?
When?

I Question→ Can we have a description of CFT2 spinning OPE block in terms of AdS2

Geodesic operators?

I Question→ Can we relate AdS2 bulk picture to AdS3 story in such case? How?

I We want to find answer to these and to do so we work in momentum space
representation

I In CFT2 → All spinning primaries can be labelled by two real numbers h, h̄.

I Using this feature we generalize the momentum space representation to find an integral
expression for spinning OPE block in CFT2
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Spinning OPE block in AdS3/CFT2:Result(Das)
I We find an expression for spinning OPE block of dimension (hk, h̄k) of two spinning

operators A(z1, z̄1) and B(0, 0) of conformal dimension hi and hj respectively.

I A(z1, z̄1)B(0, 0)|hk,h̄k = Bij
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ĀB̄

(
1

z̄2
1

) 1
2

(h̄i+h̄j) ∫ 1

0

dv

v(1− v)

(
v

1− v

) h̄ij
2

Γ

(
h̄k +

1

2

)
2h̄k−

1
2×∫

dq

2π

eivz̄1q

(−q2)
h̄C
2
− 1

4

(
v(1− v)z̄2

1

) 1
4 Jh̄k− 1

2

(√
−v(1− v)z̄2

1q
2

)
O(p, q) (4)

I For conserved current OPE blocks, that expression (anti)holomorphically factorized →
In this case, using HKLL kernal for bulk AdS2 field and following the lines of da Cunha,
Guica→

Bij

hk,h̄k
∼
∫ ∞
−∞

dλe−λhAB φ
(0)
AdS2

(x(λ))︸ ︷︷ ︸
mass=hk(hk−1)

∫ ∞
−∞

dλ′e−λ
′h̄AB φ

(0)
AdS2

(x′(λ′))︸ ︷︷ ︸
mass=h̄k(h̄k−1)

(5)
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Connection to AdS3 and conformal block

I AdS3 connection→ Using HKLL for massless symmetric higher spin fields in radial
gauge (Sarkar and Xiao) we get

φzzz...(z, y) = Ozzz...(z), φz̄z̄z̄...(z̄, y) = Oz̄z̄z̄...(z̄) (6)

=⇒ a representation of conserved OPE block in terms of AdS3 higher spin field
components→ AdS2 and AdS3 bulk physics are related

I Two point function of AdS2 representation of conserved OPE blocks =⇒︸ ︷︷ ︸
AdS2GWD

CFT2

spinning conformal block→ check!
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Modular Theory



Motivation

I To understand quantum information properties of QFT e.g. entanglement structure of
states in some spacetime region in QFT.

I To understand the emergence of bulk gravity and bulk causality in holographic theories
from the entanglement structure of boundary field theory.

I To study universal constraints on QFT and quantum gravity from inequalities associated
to modular Hamiltonian, e.g. Average null energy condition from monotonicity of
relative entropy.
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What is modular Hamiltonian

I An useful Diagnostic to quantify entanglement of any subsystem → Entanglement
Entropy:

I Divide any quantum system into two parts A and Ac such that the total Hilbert space
factorizes as Htot = HA ⊗HAc .

I Now one can define the reduced density matrix ρA for A by tracing out Ac from full density
matrix. i.e ρA = TrAcρtot

I Finally one can define entanglement entropy as the Von-Neumann entropy for reduced
density matrix,i.e SEE = −Tr(ρA ln ρA).

I Given a density matrix(Hermitian and positive semidefinite) one can define a Hermitian
operator modular Hamiltonian(Hmod) as ρ = e−Hmod . Hence, Hmod is operator version
of EE, i.e S(ρ) =< Hmod >ρ

I Generically Hmod,A is not a local operator → It can’t be written in terms of local fields
inside region A.

I Special symmetric case → local expressions for Hmod

I e.g: Minkowski vacuum on half space(x1 > 0) Hmod =
∫
x1>0 x1T00d

d−1x,
spherical region in vacuum CFTs,
locally excited states in CFT2,
future horizon on a null plane etc.
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Divergence in EE: motivation to study algebraic QFT

I However, HA is an ill-defined operator at ∂A.
→ Since SEE =< H >ρ and SEE is UV divergent quantity(need of UV cut-off to
regulate in continuum) in any field theory→ Divergence near ∂A.

I Intuitively, this UV divergence can be seen from the virtual pair creation near the
boundary

I Since any state in the Hilbert space can be approximated as vacuum in very short
distance =⇒ This piece of divergence exists in all other states→ Universality, state
independence of UV divergence!

I Source of the divergence: The fact that in QFT(continuum) Hilbert space does not
factorize
Factorization =⇒ Existence of product state =⇒ SEE = 0 → Does not happen as we
see due to the divergence

I Requires alternative quantities to probe entanglement! e.g: Total modular Hamiltonian:
K = HA−HAc , Relative entropy: S(ρ||σ) = Tr(ρ log ρ− ρ log σ) → UV finite quantity!

I We will see in the algebraic formulation of QFT, Tomita Takesaki modular theory
provides the notion of UV finite quantities naturally!
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Algebraic QFT and entanglement in QFT

I Back to 1961, Reeh-Schileder theorem: bounded operators restricted to an arbitrary
small open set in spacetime(flat) are enough to generate(by acting on vacuum Ω) the
full vacuum sector of the Hilbert space(H0)!

I V →: an open region in spacetime M , i.e V ⊂M .
I φf → localized operators restricted to V by smearing local operators φ(x) with a test

function f which has a support inside V . φf =
∫
ddxf(x)φ(x)

I Build an algebra A(O) by taking all possible combinations of adjoints,products and sums of
all bounded operators made out of φf

I Then RS =⇒ A(O)|Ω > is dense in H0 i.e ||A(O)|Ω > −|ψ > || < ε.

I Same is true for A(O)|ψ > where |ψ > is any state vector of bounded energy!

I =⇒ Vacuum and any bounded energy states in QFT are entangled!
Technically speaking vacuum and bounded energy states are ‘cyclic’wrt A(O) i.e these
states are dense in H0

I R-S + microcausality =⇒ these states are ‘separating’ wrt A(O) i.e For for any
operator a supported in V , a|Ω >= 0 =⇒ a = 0 → no operator in the algebra
annihilates these states!

I Commutant(maximal set of commuting algebra): A′ = B : [A,B] = 0,∀A ∈ A.

I From now we will consider: A set of bounded operators of a region U forms an algebra
AU (O). If U ′ is maximal open set under the condition of being spacelike separated then
[AU ,AU ′ ] = 0.
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Tomita-Takesaki Modular theory

I QFT analogue of reduced density matrix? Construction of commutant A′ from A?

I Define antilinear operator Sψ, S
′
ψ : H → H s.t Sψa|ψ >= a†|ψ >,S′ψa

′|ψ >= a′†|ψ > ∀
a ∈ AU ,a′ ∈ AU ′

I ψ is separating and cyclic for both regions U and U ′.

I S2
ψ = 1, Sψ|ψ >= |ψ >, S−1

ψ = Sψ, S′ = S†

I Invertible Sψ =⇒ a polar decomposition: Sψ = Jψ∆
1/2
ψ s.t Jψ is antiunitary →

modular conjugation and ∆ψ Hermitian and positive definite → modular operator.

I ∆ = S†S, ∆|Ω >= J |Ω >= |Ω >, J2 = 1, J−1 = J, J ′ = J,∆′ = ∆−1

I For two states ψ, φ and a region U one can also define an antilinear operator Sψ|φ as:

Sψ|φa|ψ >= a†|φ >
I Similarly one can define relative modular operator ∆ψ|φ = S†ψ|φSψ|φ. For ψ = φ,

∆ψ|φ = ∆ψ.

I Relative entropy: Sψ|φ(U) = − < ψ| log ∆ψ|φ|ψ >
I Monotonicity of relative entropy: If Ũ ⊂ U , then Sψ|φ(U) ≥ Sψ|φ(Ũ) follows from

∆ψ|φ;Ũ ≥ ∆ψ|φ;U
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Modular flow and examples

I Since ∆ is a positive hermitian operator, we may define the modular Hamiltonian(K) as
∆ = e−K . We will see that this definition of K coincides with total modular
Hamiltonian.

I The main two results of TT theory:
I 1. ∆ defines a one-parameter family of modular automorphisms. ∆isA∆−is = A,∀s ∈ R.
→ A is invariant under modular flow ∆is

I 2. J defines an isomorphism between A and its commutant A′. JAJ = A′
→ Using J one can construct the commutant algebra!

I Evolution of operators under modular and relative modular operators are same if one
state is vacuum!
∆−isψ|ΩA∆is

ψ|Ω = ∆−isψ A∆−isψ A ∈ AU ; ∆−isψ|ΩA
′∆is

ψ|Ω = ∆−isΩ A′∆−isΩ A′ ∈ AU ′
I Example(1): For finite dimensional system H = H1 ⊗H2, ψ =

∑n
k=1 ck|k > ⊗|k′ >

ln ∆ψ = ln ρ1 − ln ρ2, ln ∆ψ|φ = lnσ1 − ln ρ2, where ρ, σ → density matrix of ψ, φ
Jψ|i > ⊗|j >= |j > ⊗|i >

I Example(2): Modular operator for right Rindler wedge in Minkowski spacetime →
ln ∆Ω = ln ρr − ln ρl = exp(−2πK), K = Kr −Kl =

∫
t=0 d

d−1xx1T00, J = CRT
→ coincides with the result of Bisognano and Wichman (1976) using Tomita-Takesaki
and no path integral!
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Modular Hamiltonian in excited states(Lashkari,Liu,Rajagopal)

I To find K in a class of excited states, TT provides useful and simple way!

I Lemma: The states ψ|Ω > and ψ†|Ω > for ψ ∈ AU are cyclic and separating iff ψ and
ψ† are invertible.

I For such states, one can define Tomita operator Sψ as, Sψ = (ψ†)−1SΩψ s.t
SψAψ|Ω >= A†ψ|Ω >,∀A ∈ AU Where SΩ is the Tomita operator in the vacuum.

I ∆ψ = S†ψSψ = ψSΩψ
−1(ψ−1)†SΩψ

†

→ complicated operator!

I Similarly A relative Tomita operator Sφψ between two state ψ|Ω > and φ|Ω > can be
defined as,
Sφψ = (ψ†)−1SΩφ

† and it satisfies

SφψAψ|Ω >= A†φ|Ω >;∀A ∈ AU ;S†φψA
′ψ|Ω >= A′†φ|Ω >;∀A′ ∈ AU ′

I If we choose φ to be Ω, then
SψΩ = SΩψ

†; ∆ψΩ = S†ψΩSψΩ = ψ∆Ωψ
† → simplified operator!

I Under perturbation of state ψ around the vacuum Ω, ψ(µ) = 1 + µψ(1) + µ2

2 ψ
(2) + . . .

(where perturbative parameter is µ), ∆ψΩ changes in order by order as,

I ∆
(1)
ψΩ = ψ(1)∆Ω + ∆Ω(ψ(1))†,

I ∆
(2)
ψΩ = ψ(2)∆Ω + ∆Ω(ψ(2))† + ψ(1)∆Ω(ψ(1))†, . . .
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Modular eigenmodes: Definition and properties

I Eigenmodes Oω of K is defined as [K,Oω] = ωOω, where ω → eigenvalue!

I A simple way of constructing such modes:
Aω =

∫∞
−∞ dse

−isωeiKsAe−iKs =⇒ [K,Aω] = ωAω

I Orthogonalization: The above definition of modes in Fourier basis provides a natural
notion of orthogonalization of finite frequency modes:

< ψ|AωBω′ |ψ >= 1
2δ(ω + ω′) < ψ|B(0)

ω A|ψ >= 1
2δ(ω + ω′) < ψ|BA(0)

−ω|ψ >
where ψ is a pure state such that K|ψ >= 0.

I ω = 0 corresponds to zero mode(A0)!→ does not change under flows!
ω 6= 0 corresponds to non zero modes(Aω) → changes under flows.
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Modular Hamiltonian and eigenmodes in Holography: Why modular
modes?

I S(ρR) = γR
4GN

+ S(ρHR) +O(GN ) FLM where γR → HRRT surface(bulk codimension-2

surface) such that,

I ∂γR = ∂R
I Area(γR) → extremal!
I γR is homologous to R

I The last condition =⇒ there exist a homology hypersurface HR of codimension 1, such
that ∂HR = γR ∪R

I Entanglement wedge(EW) of R → bulk domain of dependence D[HR] of HR.

I JLMS → KR = KHR +OGN ,
=⇒ [φ(x),KR] = [φ(x),KHR ] for bulk x → spacelike separated to γR

I To reconstruct EW generically, one should smear modular evolved boundary
operators(JLMS) instead of local boundary operators(HKLL)!
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Application I: Zero modes in bulk reconstruction

I → local bulk free scalar field inside EW φ(X) =
∫∞
−∞ dω

∫
R dxfω(X|x)Oω(x)

(JLMS,FL)
Oω → modular modes of O(x).

I Also it was shown: O0(x) = 4π
∫
RT dYRT < φ(YRT )O(x) > φ(YRT ), [φ(YRT ),K] = 0

I Using the above fact that φ on RT → invariant under bulk modular flow and bulk
modular flow = boundary modular flow,HKLL formula for bulk scalar(and gauge) field in
vacuum AdS3 and BTZ. is reproduced (KL)

I generalization of KL to locally AdS3 geometries, connected to pure AdS3 by large
diffeomorphism. (DE)
I Starting point: consider KCFT2

→︸︷︷︸
z,z̄→g(z),ḡz̄

Kexc, Kexc → modular Hamiltonian for locally

excited state in CFT2.
I Condition: φ is localized at the intersection of two geodesic (g(y1), g(y2)),(g(y3), g(y4))

=⇒ [φRT ,K(g(y1), g(y2))] = [φRT , g(y3), g(y4)] = 0
I Solve: solving those two conditions with AdS/CFT boundary condition gives expression for

local scalar field at the geodesic of any locally AdS3.
I Check: we reproduce AdS3 and BTZ result, compute and match bulk-boundary OPE block

and propagator and 1
c correction of bulk field due to gravitational dressing for a special

class of diffeomorphism obeying Brown-Henneaux boundary conditions.

I modular berry connection: modular zero modes of connected subregions in CFT defines
a modular connection in the space of modular Hamiltonians which encodes bulk
Riemann curvature in AdS/CFT. (Czech et al. 2017,2019)
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Kexc, Kexc → modular Hamiltonian for locally

excited state in CFT2.
I Condition: φ is localized at the intersection of two geodesic (g(y1), g(y2)),(g(y3), g(y4))

=⇒ [φRT ,K(g(y1), g(y2))] = [φRT , g(y3), g(y4)] = 0
I Solve: solving those two conditions with AdS/CFT boundary condition gives expression for

local scalar field at the geodesic of any locally AdS3.
I Check: we reproduce AdS3 and BTZ result, compute and match bulk-boundary OPE block

and propagator and 1
c correction of bulk field due to gravitational dressing for a special

class of diffeomorphism obeying Brown-Henneaux boundary conditions.

I modular berry connection: modular zero modes of connected subregions in CFT defines
a modular connection in the space of modular Hamiltonians which encodes bulk
Riemann curvature in AdS/CFT. (Czech et al. 2017,2019)



Application I: Zero modes in bulk reconstruction

I → local bulk free scalar field inside EW φ(X) =
∫∞
−∞ dω

∫
R dxfω(X|x)Oω(x)

(JLMS,FL)
Oω → modular modes of O(x).

I Also it was shown: O0(x) = 4π
∫
RT dYRT < φ(YRT )O(x) > φ(YRT ), [φ(YRT ),K] = 0

I Using the above fact that φ on RT → invariant under bulk modular flow and bulk
modular flow = boundary modular flow,HKLL formula for bulk scalar(and gauge) field in
vacuum AdS3 and BTZ. is reproduced (KL)

I generalization of KL to locally AdS3 geometries, connected to pure AdS3 by large
diffeomorphism. (DE)
I Starting point: consider KCFT2

→︸︷︷︸
z,z̄→g(z),ḡz̄

Kexc, Kexc → modular Hamiltonian for locally

excited state in CFT2.
I Condition: φ is localized at the intersection of two geodesic (g(y1), g(y2)),(g(y3), g(y4))

=⇒ [φRT ,K(g(y1), g(y2))] = [φRT , g(y3), g(y4)] = 0
I Solve: solving those two conditions with AdS/CFT boundary condition gives expression for

local scalar field at the geodesic of any locally AdS3.
I Check: we reproduce AdS3 and BTZ result, compute and match bulk-boundary OPE block

and propagator and 1
c correction of bulk field due to gravitational dressing for a special

class of diffeomorphism obeying Brown-Henneaux boundary conditions.

I modular berry connection: modular zero modes of connected subregions in CFT defines
a modular connection in the space of modular Hamiltonians which encodes bulk
Riemann curvature in AdS/CFT. (Czech et al. 2017,2019)



Application II: Construction of zero modes in excited
states(Das,Ezhuthachan)

I For the time being, lets assume that we have information of full spectrum of
modes(both zero and non zero) in the vacuum and all order corrections of ∆ in excited
state. We want to construct zero modes in a class of excited state we mentioned earlier.

I [∆, A0] = 0 Around the vacuum in first order perturbation of state

∆ = ∆(0) + ∆(1), A0 = A
(0)
0 +A

(1)
0 such that,[∆(0), A

(1)
0 ] = −[∆(1), A

(0)
0 ]

I Ansatz: A
(1)
0 as a linear combination of all non zero modes of vacuum i.e

A
(1)
0 =

∫∞
−∞ dkCkB

(0)
k where B

(0)
k satisfies

∆(0)B
(0)
k ∆(0)−1 = ekB

(0)
k =⇒ [∆(0), B

(0)
k ] =

(
ek − 1

)
B

(0)
k ∆(0)

I Hence we get from the first order equation:∫∞
−∞ dkCk

(
ek − 1

)
B

(0)
k = −[∆(1), A

(0)
0 ]∆(0)−1

→ RHS is known! We need to evaluate Ck. Using orthogonality we get,

Ck =
<ψ|[∆(1),A

(0)
0 ]∆(0)−1A

(0)
k |ψ>

<ψ|B(0)
k A|ψ>(1−e−k)

I A
(1)
0 =

∫∞
−∞ dk

<ψ|[∆(1),A
(0)
0 ]∆(0)−1A

(0)
k |ψ>

<ψ|B(0)
k A|ψ>(1−e−k)

B
(0)
k → 1st order correction of zero modes!

I Similarly we can get the nth order correction perturbatively and get,

A
(n)
0 =

∫∞
−∞ dk

<
(

[∆(n),A
(0)
0 ]+[∆(n−1),A

(1)
0 ]+···+[∆(1),A

(n−1)
0 ]+[∆(0),A

(n)
0 ]

)
∆(0)−1A

(0)
k >

<B
(0)
k Oi>(1−e−k)

B
(0)
k



Application II: Construction of zero modes in excited
states(Das,Ezhuthachan)

I For the time being, lets assume that we have information of full spectrum of
modes(both zero and non zero) in the vacuum and all order corrections of ∆ in excited
state. We want to construct zero modes in a class of excited state we mentioned earlier.

I [∆, A0] = 0 Around the vacuum in first order perturbation of state

∆ = ∆(0) + ∆(1), A0 = A
(0)
0 +A

(1)
0 such that,[∆(0), A

(1)
0 ] = −[∆(1), A

(0)
0 ]

I Ansatz: A
(1)
0 as a linear combination of all non zero modes of vacuum i.e

A
(1)
0 =

∫∞
−∞ dkCkB

(0)
k where B

(0)
k satisfies

∆(0)B
(0)
k ∆(0)−1 = ekB

(0)
k =⇒ [∆(0), B

(0)
k ] =

(
ek − 1

)
B

(0)
k ∆(0)

I Hence we get from the first order equation:∫∞
−∞ dkCk

(
ek − 1

)
B

(0)
k = −[∆(1), A

(0)
0 ]∆(0)−1

→ RHS is known! We need to evaluate Ck. Using orthogonality we get,

Ck =
<ψ|[∆(1),A

(0)
0 ]∆(0)−1A

(0)
k |ψ>

<ψ|B(0)
k A|ψ>(1−e−k)

I A
(1)
0 =

∫∞
−∞ dk

<ψ|[∆(1),A
(0)
0 ]∆(0)−1A

(0)
k |ψ>

<ψ|B(0)
k A|ψ>(1−e−k)

B
(0)
k → 1st order correction of zero modes!

I Similarly we can get the nth order correction perturbatively and get,

A
(n)
0 =

∫∞
−∞ dk

<
(

[∆(n),A
(0)
0 ]+[∆(n−1),A

(1)
0 ]+···+[∆(1),A

(n−1)
0 ]+[∆(0),A

(n)
0 ]

)
∆(0)−1A

(0)
k >

<B
(0)
k Oi>(1−e−k)

B
(0)
k



Application II: Construction of zero modes in excited
states(Das,Ezhuthachan)

I For the time being, lets assume that we have information of full spectrum of
modes(both zero and non zero) in the vacuum and all order corrections of ∆ in excited
state. We want to construct zero modes in a class of excited state we mentioned earlier.

I [∆, A0] = 0 Around the vacuum in first order perturbation of state

∆ = ∆(0) + ∆(1), A0 = A
(0)
0 +A

(1)
0 such that,[∆(0), A

(1)
0 ] = −[∆(1), A

(0)
0 ]

I Ansatz: A
(1)
0 as a linear combination of all non zero modes of vacuum i.e

A
(1)
0 =

∫∞
−∞ dkCkB

(0)
k where B

(0)
k satisfies

∆(0)B
(0)
k ∆(0)−1 = ekB

(0)
k =⇒ [∆(0), B

(0)
k ] =

(
ek − 1

)
B

(0)
k ∆(0)

I Hence we get from the first order equation:∫∞
−∞ dkCk

(
ek − 1

)
B

(0)
k = −[∆(1), A

(0)
0 ]∆(0)−1

→ RHS is known! We need to evaluate Ck. Using orthogonality we get,

Ck =
<ψ|[∆(1),A

(0)
0 ]∆(0)−1A

(0)
k |ψ>

<ψ|B(0)
k A|ψ>(1−e−k)

I A
(1)
0 =

∫∞
−∞ dk

<ψ|[∆(1),A
(0)
0 ]∆(0)−1A

(0)
k |ψ>

<ψ|B(0)
k A|ψ>(1−e−k)

B
(0)
k → 1st order correction of zero modes!

I Similarly we can get the nth order correction perturbatively and get,

A
(n)
0 =

∫∞
−∞ dk

<
(

[∆(n),A
(0)
0 ]+[∆(n−1),A

(1)
0 ]+···+[∆(1),A

(n−1)
0 ]+[∆(0),A

(n)
0 ]

)
∆(0)−1A

(0)
k >

<B
(0)
k Oi>(1−e−k)

B
(0)
k



Application II: Construction of zero modes in excited
states(Das,Ezhuthachan)

I For the time being, lets assume that we have information of full spectrum of
modes(both zero and non zero) in the vacuum and all order corrections of ∆ in excited
state. We want to construct zero modes in a class of excited state we mentioned earlier.

I [∆, A0] = 0 Around the vacuum in first order perturbation of state

∆ = ∆(0) + ∆(1), A0 = A
(0)
0 +A

(1)
0 such that,[∆(0), A

(1)
0 ] = −[∆(1), A

(0)
0 ]

I Ansatz: A
(1)
0 as a linear combination of all non zero modes of vacuum i.e

A
(1)
0 =

∫∞
−∞ dkCkB

(0)
k where B

(0)
k satisfies

∆(0)B
(0)
k ∆(0)−1 = ekB

(0)
k =⇒ [∆(0), B

(0)
k ] =

(
ek − 1

)
B

(0)
k ∆(0)

I Hence we get from the first order equation:∫∞
−∞ dkCk

(
ek − 1

)
B

(0)
k = −[∆(1), A

(0)
0 ]∆(0)−1

→ RHS is known! We need to evaluate Ck. Using orthogonality we get,

Ck =
<ψ|[∆(1),A

(0)
0 ]∆(0)−1A

(0)
k |ψ>

<ψ|B(0)
k A|ψ>(1−e−k)

I A
(1)
0 =

∫∞
−∞ dk

<ψ|[∆(1),A
(0)
0 ]∆(0)−1A

(0)
k |ψ>

<ψ|B(0)
k A|ψ>(1−e−k)

B
(0)
k → 1st order correction of zero modes!

I Similarly we can get the nth order correction perturbatively and get,

A
(n)
0 =

∫∞
−∞ dk

<
(

[∆(n),A
(0)
0 ]+[∆(n−1),A

(1)
0 ]+···+[∆(1),A

(n−1)
0 ]+[∆(0),A

(n)
0 ]

)
∆(0)−1A

(0)
k >

<B
(0)
k Oi>(1−e−k)

B
(0)
k



Application II: Construction of zero modes in excited
states(Das,Ezhuthachan)

I For the time being, lets assume that we have information of full spectrum of
modes(both zero and non zero) in the vacuum and all order corrections of ∆ in excited
state. We want to construct zero modes in a class of excited state we mentioned earlier.

I [∆, A0] = 0 Around the vacuum in first order perturbation of state

∆ = ∆(0) + ∆(1), A0 = A
(0)
0 +A

(1)
0 such that,[∆(0), A

(1)
0 ] = −[∆(1), A

(0)
0 ]

I Ansatz: A
(1)
0 as a linear combination of all non zero modes of vacuum i.e

A
(1)
0 =

∫∞
−∞ dkCkB

(0)
k where B

(0)
k satisfies

∆(0)B
(0)
k ∆(0)−1 = ekB

(0)
k =⇒ [∆(0), B

(0)
k ] =

(
ek − 1

)
B

(0)
k ∆(0)

I Hence we get from the first order equation:∫∞
−∞ dkCk

(
ek − 1

)
B

(0)
k = −[∆(1), A

(0)
0 ]∆(0)−1

→ RHS is known! We need to evaluate Ck. Using orthogonality we get,

Ck =
<ψ|[∆(1),A

(0)
0 ]∆(0)−1A

(0)
k |ψ>

<ψ|B(0)
k A|ψ>(1−e−k)

I A
(1)
0 =

∫∞
−∞ dk

<ψ|[∆(1),A
(0)
0 ]∆(0)−1A

(0)
k |ψ>

<ψ|B(0)
k A|ψ>(1−e−k)

B
(0)
k → 1st order correction of zero modes!

I Similarly we can get the nth order correction perturbatively and get,

A
(n)
0 =

∫∞
−∞ dk

<
(

[∆(n),A
(0)
0 ]+[∆(n−1),A

(1)
0 ]+···+[∆(1),A

(n−1)
0 ]+[∆(0),A

(n)
0 ]

)
∆(0)−1A

(0)
k >

<B
(0)
k Oi>(1−e−k)

B
(0)
k



Application II: Construction of zero modes in excited
states(Das,Ezhuthachan)

I For the time being, lets assume that we have information of full spectrum of
modes(both zero and non zero) in the vacuum and all order corrections of ∆ in excited
state. We want to construct zero modes in a class of excited state we mentioned earlier.

I [∆, A0] = 0 Around the vacuum in first order perturbation of state

∆ = ∆(0) + ∆(1), A0 = A
(0)
0 +A

(1)
0 such that,[∆(0), A

(1)
0 ] = −[∆(1), A

(0)
0 ]

I Ansatz: A
(1)
0 as a linear combination of all non zero modes of vacuum i.e

A
(1)
0 =

∫∞
−∞ dkCkB

(0)
k where B

(0)
k satisfies

∆(0)B
(0)
k ∆(0)−1 = ekB

(0)
k =⇒ [∆(0), B

(0)
k ] =

(
ek − 1

)
B

(0)
k ∆(0)

I Hence we get from the first order equation:∫∞
−∞ dkCk

(
ek − 1

)
B

(0)
k = −[∆(1), A

(0)
0 ]∆(0)−1

→ RHS is known! We need to evaluate Ck. Using orthogonality we get,

Ck =
<ψ|[∆(1),A

(0)
0 ]∆(0)−1A

(0)
k |ψ>

<ψ|B(0)
k A|ψ>(1−e−k)

I A
(1)
0 =

∫∞
−∞ dk

<ψ|[∆(1),A
(0)
0 ]∆(0)−1A

(0)
k |ψ>

<ψ|B(0)
k A|ψ>(1−e−k)

B
(0)
k → 1st order correction of zero modes!

I Similarly we can get the nth order correction perturbatively and get,

A
(n)
0 =

∫∞
−∞ dk

<
(

[∆(n),A
(0)
0 ]+[∆(n−1),A

(1)
0 ]+···+[∆(1),A

(n−1)
0 ]+[∆(0),A

(n)
0 ]

)
∆(0)−1A

(0)
k >

<B
(0)
k Oi>(1−e−k)

B
(0)
k



Connection between OPE blocks and
modular algebra



CFT2 modular Hamiltonian:connection to OPE blocks
I An integral expression(shadow formalism) of OPE block of dimension hk, h̄k constructed

out of OPE of two operators with dimension and spin of (∆i, li), (∆j , lj) is:

Bij
k (y1, ȳ1; y2, ȳ2) =nijk

∫ y2

y1

dζ

∫ z̄2

z̄1

dζ̄

(
(ζ − y1)(y2 − ζ)

y2 − y1

)hk−1((ζ̄ − ȳ1)(ȳ2 − ζ̄)

ȳ2 − ȳ1

)h̄k−1

×

(
(y2 − ζ)(ȳ2 − ζ̄)

(ζ − y1)(ζ̄ − ȳ1)

)∆ij
2
(

(y2 − ζ)(ζ̄ − ȳ1)

(ζ − y1)(ȳ2 − ζ̄)

) lij
2

Ok(ζ, ζ̄)

I Sum of two OPE blocks BT with hk = 2, h̄k = 0 and BT̄ with hk = 0, h̄k = 2 gives
modular Hamiltonian of a single interval in CFT2 → BT +BT̄ = −6Hmod(Czech et al.
2016)!

I The total modular Hamiltonian of CFT2 interval can be written as:

K = KR +KL =

∫ ∞
−∞

dω
(ω − y1)(y2 − ω)

y2 − y1
Tωω(ω) +

∫ ∞
−∞

dω̄
(ω̄ − ȳ1)(ȳ2 − ω̄)

ȳ2 − ȳ1
T̄ω̄ω̄(ω̄)

I Using TOk OPE we can finally get that, [K,Bij
k ] = 2πilijB

ij
k

→ lij 6= 0 =⇒ non zero modular modes(Das, Ezhuthachan 2019)!
lij = 0 =⇒ zero modes(Czech et al.2017)!

I But positive self adjoint ∆ =⇒ positive real eigen values!
→ ope blocks do not lie in the domain over which the ∆ is self-adjoint! → do not
satisfy orthogonality!(resolution?→ will see later!)
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)h̄k−1

×

(
(y2 − ζ)(ȳ2 − ζ̄)
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(ζ − y1)(ȳ2 − ζ̄)
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Construction of the dual of non zero modular modes in CFT2

I Bij
k (lij = 0)→ geodesic operator=

∫
γ dse

−s∆ijφ(x(s)).

I Define: PD = KR −KL and get [PD, B
ij
k ] = 2πi∆ij and [K,PD] = 0.

I In CFT2, K generates modular flows, PD generates translation along modular time slice.
Both K,PD → written in terms of conformal killing vector, that leave causal diamond
invariant.

I In dual AdS3, bulk isometry of the corresponding CFT2 killing vectors =⇒
Kb generates boost around geodesic, Pb,D generates translation along geodesic. Both
Kb, Pb,D leaves a geodesic invariant.

I Under finite transformation of magnitude s0(generated by PD) and t̃0(generated by K),
the non zero modes transform as:
Bij
k → es0∆ij︸ ︷︷ ︸

zero mode part

et̃0lij︸︷︷︸
non-zero mode part

Bij
k

I Question: zero modes are localized on the RT surface(geodesic), where are the non-zero
modes localized in AdS3?
answer:→ somewhere inside EW!(JLMS,FL)
→ more precisely, dual of scalar block Bij

k (lij 6= 0) is localized inside a Lorentzian
cylinder!(DE)
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Proposal of dual description of non-zero mode(Das,Ezhuthachan)

I Our proposal: for scalar OPE block made out of OPE of two operators with lij 6= 0 →

Bij
k = ck

∫
cylinder

dt̃dse−t̃lije−s∆ijφ(x(s, t̃), z(s, t̃), t(s, t̃))

The surface of Lorentzian cylinder is generated by K and PD.

I Among the bulk isometries SO(2, 2), the geodesic is stabilized by Kb, Pb,D
SO(1, 1)× SO(1, 1) → gives a invariant cylinder!

I Solving dynamics of Kb gives the equation of curves of cylinder.

I define an invariant distance t̃ from the geodesic to the surface of cylinder
I Now we make our proposal which satisfy the following conditions:

I Casimir eigenvalue equation on OPE blocks Bijk ⇐⇒ Klein-Gordon equation of motion on
field φ

I Boundary condition on Bijk at the coincidence limit x1 → x2 or, R→ 0 ⇐⇒ AdS/CFT
boundary condition on φ at z → 0.

I When lij = 0 , Bijk reduces to geodesic operator

I → an non-trivial example of entanglement wedge observable!
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zero modes in excited state of CFT2(Das,Ezhuthachan)

I < Bij
k (z1, z2)Bi′j′

k′ (z3, z4) >= Gij,i
′j′

hk
(z, z̄) 6= δ(lij + li′j′) → does not satisfy

orthogonality!
→ can’t be used in the construction of zero modes in excited states in the method we
described earlier!

I Construct Ck

Ck(y1, ȳ1; y2, ȳ2) =nijk

∫ y2

y1

dζ

∫ z̄2

z̄1

dζ̄

(
(ζ − y1)(y2 − ζ)

y2 − y1

)hk−1((ζ̄ − ȳ1)(ȳ2 − ζ̄)

ȳ2 − ȳ1

)h̄k−1

×(
(y2 − ζ)(ȳ2 − ζ̄)

(ζ − y1)(ζ̄ − ȳ1)

)−iα(
(y2 − ζ)(ζ̄ − ȳ1)

(ζ − y1)(ȳ2 − ζ̄)

)−iβ
Ok(ζ, ζ̄); (α, β ∈ R)

such that [K,Ck] = πβCk for real positive β

I One can define C(s) =
∫∞
−∞ dβe

isβCk and then by putting s = 0, one get C. The
existence of C implies a well defined orthogonalization in Ck.

I in stead of Bij
k , we could work with Ck to construct perturbative zero modes in CFT2

excited states.

I α→ i
∆ij

2 and β → i
lij
2 =⇒ Ck → Bij

k
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(ζ − y1)(ζ̄ − ȳ1)

)−iα(
(y2 − ζ)(ζ̄ − ȳ1)
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)−iβ
Ok(ζ, ζ̄); (α, β ∈ R)

such that [K,Ck] = πβCk for real positive β

I One can define C(s) =
∫∞
−∞ dβe

isβCk and then by putting s = 0, one get C. The
existence of C implies a well defined orthogonalization in Ck.

I in stead of Bij
k , we could work with Ck to construct perturbative zero modes in CFT2

excited states.

I α→ i
∆ij

2 and β → i
lij
2 =⇒ Ck → Bij

k



Summary

I We have focussed on two different applications of algebra of observables in QFT:→
OPE and Modular theory

I In the OPE part: We have studied OPE blocks(in particular spinning blocks in CFT2)
and their duals.

I In modular theory:→ we find application of modular zero modes in bulk
reconstruction(for a large class of locally AdS3 geometries connected by large
diffeomorphism)
→ construct a perturbative expansion of zero modes for a class of excited state in any
QFT provided the vacuum is fully known!

I Lastly, we commented on the connection of OPE blocks and modular algebra in
AdS3/CFT2:
→ OPE blocks = modular modes(zero and non zero) for vacuum CFT2

→ non zero modes in terms of bulk cylindrical object!
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→ non zero modes in terms of bulk cylindrical object!
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I Modes in higher dimensional CFT?

I ∆ and its modes under RG flow?

I More physical, time dependent case from this abstract prescription?

I EW reconstruction in dual excited state in AdS3 in terms of zero mode perturbation?

I Connection between two algebraic notions beyond symmetric cases?
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Thank You!


