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FERMI LIQUIDS, AND THEIR PHASE TRANSITIONS
From Chapter 18 of
Quantum Phase Transitions, Second Edition
Cambridge University Press

Subir Sachdev
Department of Physics, Harvard Unwversity, Cambridge MA 02138

The Fermi liquid is perhaps the most familiar quantum many-body state of solid
state physics. It is the generic state of fermions at non-zero density, and is found
in all metals. Its basic characteristics can already be understood in a simple free
fermion picture. Non-interacting fermions occupy the lowest energy single particle
states, consistent with the exclusion principle. This leads to the fundamental con-
cept of the Fermi surface: a surface in momentum space separating the occupied and
empty single fermion states. The lowest energy excitations then consist of quasi-
particle excitations which are particle-like outside the Fermi surface, and hole-like
inside the Fermi surface. Landau’s Fermi liquid theory is a careful justification for
the stability of this simple picture in the presence of interactions between fermions.

The purpose of this chapter is to describe two paradigms of symmetry break-
ing quantum transitions in Fermi liquids. In the first class, studied in Section II,
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the broken symmetry is related to the point-group symmetry of the crystal, while
translational symmetry is preserved; consequently the order parameter resides at
zero wavevector. In the second class, studied in Section III, the order parameter is
at a finite wavevector, and so translational symmetry is also broken. We will find
that these transitions have distinct effects on the Fermi surface, and so lead to very
different critical theories. We will study both critical theories using a simple ex-
ample in each class, both motivated by the physics of the cuprate superconductors.
For the first class we will consider the case of Ising nematic ordering, while in the
second class we will consider the onset of spin density wave order.

Among our aims is to understand the possible breakdown of Landau’s Fermi
liquid theory in Fermi gases. The most prominent example of this breakdown is
in spatial dimension d = 1, where we generically obtain (not necessarily near any
quantum phase transitions) a different quantum state known as the Tomonaga-
Luttinger liquid. We will meet examples of Fermi liquid breakdown in d > 2 in the
present chapter.

A comprehensive theoretical treatment of symmetry breaking transitions in a
Fermi liquid was given by Hertz [1], although many important points were antic-
ipated in earlier work [2-5]. We will review this treatment here, adapted to our
field-theoretic approach. A key step in Hertz’s work is to completely integrate out
the fermionic excitations near the Fermi surface, resulting in an effective action for
the order parameter characterizing the symmetry breaking alone. Such an approach
seems natural from the perspective of the classical phase transitions, in which we
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need only pay attention to the low energy fluctuations of the order parameter. How-
ever, here we also have the low energy quasiparticles near the Fermi surface: they
are not associated directly with the broken symmetry, but their existence is pro-
tected by the requirement of the presence of a Fermi surface. It seems dangerous
to integrate them out, and it would be preferable to make them active participants
in the critical theory. This is a subtle question which we will address carefully in
the present chapter. The main conclusion will be that the Hertz’s strategy remains
largely correct in d > 3, but that it fails badly in the important case of d = 2.
This conclusion applies to both classes of symmetry breaking transitions in a Fermi
liquid: with order parameters at zero and non-zero momentum.

I. FERMI LIQUID THEORY

Let us begin with a review of some basic ideas from the Fermi liquid theory
of interacting fermions in d dimensions. We consider spin-1/2 fermions c¢y, with
momentum k and spin a =1, | and dispersion ;. Thus the non-interacting fermions
are described by the action

dk 0
SC — /dT/ (271‘)616;2& (E + 5k> Cka s (1)
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FIG. 1: Two views of the Fermi surface of the cuprate superconductors (hole and electron
doped). The chemical potential is included in the dispersion €, and so the Fermi surface
is determined by €, = 0. The left panel has the momentum k£ = (0,0) (the “I" point”) in
the center of the square Brillouin zone, while the right panel has the I' point at the left
edge. The momenta with both up and down electron states occupied are shaded gray.

As an example it is useful to keep in mind the dispersion e, appropriate for the
cuprate superconductors, which is shown in Fig. 1. The fermion Green’s function
under the free fermion action S. has the simple form

1
GO(kawn) — — i e (2)

After analytically continuing to real frequencies, we observe that this Green’s func-
tion has a pole at energy €5 with residue 1. Thus there are quasiparticle excitations
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with residue A = 1, much like those found in the strong or weak coupling expansions
of the quantum Ising model. However, unlike those excitations, these quasiparti-
cles can have both positive and negative energies, as €, can have either sign; the
Fermi surface is the locus of points where €5 changes sign. The positive energy
qausiparticles are electron-like, while those with negative energy are hole-like 1.e.
they correspond to the absence of an electron. Note that the existence of negative
energy quasiparticles is not an indication of the instability of the ground state. All
true excitation energies are positive: the excitations are electron-like on one side of
the Fermi surface, and hole-like on the other side. It is just convenient to combine
the electron and hole quasiparticles within a single Green’s function, by identifying
hole-like quasiparticles with negative energy electron-quasiparticles.

We now wish to examine the stability of quasiparticles to interactions between
them. In keeping with the strategy followed in this book, this should be preceded
by an e! ective action for the low energy quasiparticles. The latter is usually done
by a gradient expansion, leading to an e! ective field theory. However, here we face
a unique di" culty: there are zero energy quasiparticles along a d! 1 dimensional
Fermi surtace identified by € = 0. It would therefore seem that we should expand
about all points on the Fermi surface. This is indeed the strategy followed in text-
book treatments of Fermi liquid theory: we measure momenta, K, , from the Fermi
surface, choose a cuto! so that |ki | < #, and then perform an RG which reduces the
value of # [6]. This procedure is illustrated in Fig. 2. Formally, for each direction
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FIG. 2: Traditional low energy limit of Fermi liquid theory. The Fermi surface has one
dimensional chiral fermions on every point, moving along the direction x . There fermions
are present for momenta |k | < A; i.e. in a momentum shell of width 2A around the Fermi
surface.

B, we debne the position of the Fermi surface by the wavevectok (), so that
0= krp(d)/|kr(0)|. Then we identify wavevectors near the Fermi surface by

k= kp(B)+ k, O (3)

Now we should expand in small momentak | . For this, we debPne the inPnite set of
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pelds! 42 (ki ), which are labeled by the spina and the direction 0, related to the
fermions c by

0, = J%_F! o (ki ). (4)

wherek and k, are related by (3), and S¢ is the area of the Fermi surface. Inserting
(4) into (1), expanding in k; , and Fourier transforming to real spacex,; , we obtain
the low energy theory

SpL = /dQD/dX| . (XI (#i$" IVF(D)%> ' ['ja(X! ), (5)

where the Fermi velocity is energy gradient on the Fermi surface/r (d) = |# K% ,.(a) .

For each g (5) describes fermions moving along the single dimensior, with the
Fermi velocity: this is a one-dimensional chiral fermion; the OchiralO refers to the fa
that the fermion only moves Iin the positive x, direction, and not the negative x;
direction. In other words, the low energy theory of the Fermi liquid is an inbnite set
of one-dimensional chiral fermions, one chiral fermion for each point on the Fermi
surface.

Apart from the free Fermi term in (5), LandauOs Fermi liquid theory also allows
for contact interactions between chiral fermions along diterent directions [6]. These
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are labeled by the Landau parameters, and lead only to shifts in the quasiparticle
energies which depend upon the densities of the other quasiparticles. Such shifts are
important when computing the response of the Fermi liquid to external density or
spin perturbations. However, the resulting fixed-point action of Fermi liquid theory
does not offer a route to computing the decay ot quasiparticles: the stability of the
quasiparticles is implicitly assumed in the fixed point theory. Our primary purpose
here is to verify the stability of the quasiparticles, so that we will be prepared for
the breakdown of Fermi liquid theory at quantum critical points. So we refer the
reader to the many textbook treatments of the traditional formulation of Landua’s
Fermi liquid theory, and turn to an alternative analysis below.

A shortcoming of the effective action (5) is that it only includes the dispersion of
the fermions transverse to the Fermi surface. Thus, if we discretize the directions n,
and pick a given point on the Fermi surface, the Fermi surface is effectively flat at
that point. We will shortly see that the curvature of the Fermi surface is important
in understanding the decay and breakdown of quasiparticles. Thus we have to take
the continuum scaling limit in a manner which keeps the curvature of the Fermi
surface fixed, and does not scale it to zero. For this, as shown in Fig. 3, we focus

attention on a single arc of the Fermi surface in the vicinity of any chosen point ko.

We will show in Section I A that the results are independent of the choice of EO on
the Fermi surface, but we defer that issue for now. Then we will choose our cutoft
A to scale towards the single point kg (the cutoff will be defined more carefully

Wednesday, January 15, 14



FIG. 3: Alternative low energy formulation of Fermi liquid theory. We focus on an ex-

tended patch of the Fermi surface, and expand in momenta about the point Eo on the
Fermi surface. This yields a theory of d-dimensional fermions v in (7), with dispersion
(14). The co-ordinate y represents the d — 1 dimensions parallel to the Fermi surface.

below), rather than scaling to all points on the Fermi surface, as we did for (5).

With EO chosen as Fig. 3, let us now define our low energy theory and scaling
limit |[7]. Unlike the one-dimensional chiral fermions which appeared in (5), we
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will now use a d dimensional fermion ! 5(x,y). Here x is the one dimensional co-
ordinate orthogonal to the Fermi surface, and % represents the (d! 1)-dimensional
transverse co-ordinates. After Fourier transformations, this fermion is related to
the underlying fermions cxg simply by

! a(k) — Cko+k,a (6)

In other words, we only shift the origin of momentum space from k=0tok=k.

Inserting (6) in (1), and expanding the dispersion in the vicinity of ko (contrast to
the expansion away from all points on the Fermi surface in (5)), we obtain the low
energy theory

We have added a co-e! cient $ to the temporal gradient term for future convenience:
we are interested in $ = 1, but will see later that in non-Fermi liquid states it is
convenient to allow $ to renormalize. Notice the additional second-order gradients
in y which were missing from (5): the co-e! cient & is proportional to the curvature

of the Fermi surface at ko. Also, as we have already noted, the fermion field in (7)
is d-dimensional, while that in (5) in one-dimensional. One benefit of (7) is now
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Immediately evident: it has zero energy excitations when

(8)

and so (8) debnes the position of the Fermi surface, which is then part of the lov
energy theory including its curvature. Note that (7) now includes an extended
portion of the Fermi surface; contrast that with (5), where the one-dimensional
chiral fermion theory for each @ describes only a single point on the Fermi surface
The gradient terms in (7) dePne a natural momentum space cutb, and associated
scaling limit. We will take such a limit at Pxed", ve and!. Notice that momenta
In the X direction scale as the square of the momenta in thg direction, and so we
can choosevg kg + ! °kj < " “. Notice that as we reduce" , we scale towards the

single point ¥, on the Fermi surface, as we required above.

It now a simple matter to apply the RG analysis to the fermion theory in (7).
At bxed ", v¢ and !, the action (7) Is invariant under the following rescalings of
spacetime:

9)

Note that we have chosen the directions parallel to the Fermi surface as the one
debning the primary length scale, with dimly] = ! 1, and the transverse direction
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has dim|x] = ! 2. The temporal direction rescaling implies that we have the dy-
namic exponentz = 2 when measured relative to they spatial directions. The RG
Invariance of (7) also requires the beld rescaling

We now have the tools needed to determine the role of fermion interactions. The

simplest contact interaction has the form
| | !

Si=up d' dx d¥ly! .1y, (11)

(12)

In other words, the interaction between the fermionsug Is irrelevant in all dimension
d > 1. This strongly suggests that the Fermi liquid picture of non-interacting
fermions Is indeed RG stable.

Let us understand the stability of Fermi liquid theory a bit better by computing
corrections to the fermion GreenOs function in (2). Let us write the interaction
corrected GreenOs function as

1

G(k, #) = (13)

| $H+ %! (K #)
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where now
k2
!k:vpkx+"5y. (14)

To brst order In ug, the fermion self energy is real (for real frequencies), and so only
modiPes the quasiparticle dispersion and residueA, but does not destabilize the
existence of the quasiparticle pole.

So let us move to second order irug. First, we use an RG argument. We are
Interested In the imaginary part of the self energy, and let us assume for now at
small #

Im! (k =0,#) ! ug#P. (15)

We determine p by scaling arguments. From (13) we know that dim] | = z = 2,
and so conclude from matching dimensions in (15) thatp = d. However, there is a
subtlety here: scaling arguments only yield the powerlaws of singular corrections,
and do not say anything about analytic backgrounds that may be allowed from the
structure of the theory. Here, a term with p = 2 Is permitted because Im is an
even function of #. So the proper conclusion is

P =min( d,2). (16)

The above scaling argument is Pne as it stands, but cannot substitute for the
Insight gained by an explicit computation. The Feynman diagram contributing to
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FIG. 4: Feynman diagram for the decay of quasiparticles at order u3. The dashed line is
the interaction ug, and a, b are spin labels.

the quasiparticle decay at order uZ is indicated in Fig. 4. We evaluate it in two

stages. First we evaluate the fermion loop of the fermions with spin label b; this
gives us the fermion polarizability

dk de,,
(g, wn) = / / "Gk + g en + wn)Golk, ). (17)

(2m)¢

This enters the self-energy by

We first explicitly evaluate Il(q,w,). We will only be interested in terms that
are singular in ¢ and w,,, and will drop regular contributions from regions of high
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momentum and frequency. In this case, it is permissible to reverse the conventional
order of integrating over frequency first in (17), and to first integrate over k.. It is
a simple matter to perform the integration over k, in using the method of residues
to yield

1 di1k de,, sen (€, + wy,) — sgn(e,
vr J (2m) @ (Cwn + WEQy + i/ﬁ:qg/Z + i1Kq, - ky)
 |wnl di 1k, 1

) | 19
d—1 : : K, -k (
2mvp ) (2m) (Cwn + Upq, + mqg/Z + IKq,y, - ky)

We now integrate along the component of Ey parallel to the direction of ¢, to obtain

dd_zky
(27)d—2

(20)

Note that in d = 2 the last non-universal factor is not present, and the result for II
is universal with A2 = 1. Note also that ¢ has dropped out of the result II: this
will be important in our subsequent treatment of quantum critical points.
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Now we insert (20) into (18). After evaluating the integral over ¢, we obtain

Y(k,wy) = i o /dd_lq?! /den 50 (€n + wWn)|€n|

2mvik ) (2m)d-1 s qy|
2 d—1
: o Up / A" qy 1
= isgn(wy,)w? =
(@n) dmvek ) (2m)41 |q,]
2
. isgn(wn)will;;%fim—? o d>2. (21)
F

Again, ¢ has dropped out. This result is in perfect accord with the scaling arguments
in (15) and (16).

Let us consider the important case d = 2. There is an infrared divergence in the
qy integral in (21) at small g,. This is only cutoff after we include a self-consistent
damping of the quasiparticle propagators in the Feynman diagram of Fig. 4, rather

than the bare propagators we have used above. After including this damping, we
expect that (15) will be modified to

A
ImX¥(k, w) ~ uiw? log ( ) , d=2; (22)

ugo w[

thus the scaling result is modified by a logarithm in d = 2.
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With{ImY ~ uéw? (up to logarithms)), we can now easily examine the fate of the

quasiparticles from . From , we see that the quasiparticle pole is always
broadened: the width of the quasiparticle peak is ~ u%si for a quasiparticle with
energy w = €x. Thus the quasiparticle width vanishes as the square of the distance
from the Fermi surface. Asymptotically close to the Fermi surface, the quasiparticle
width is much smaller than the quasiparticle energy: this is sufficient to regard the
quasiparticle as a sharp excitation, and confirm the validity of Landau’s Fermi liquid
theory:.

An important and frequently used diagnostic of the stability of the quasiparticle

is the discontinuity in the fermion momentum distribution function n(k) = (¢, cka)-
This can be computed from the real frequency Green’s function G(k,w) by (here
we set ( = 1)

(23)

(24)

we find a step discontinuity in the momentum distribution function at the Fermi
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of strength A.

n(K)

A

nk)= AL ")+ ...

18

(25)

1

D
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The Fermi liquid Occupied state

£ ff (aT v u>f

2m
+ 4 Fermi terms

Empty states

e Fermi wavevector obeys the Luttinger relation k% ~ Q, the
fermion density

e Sharp particle and hole of excitations near the Fermi surface
with energy w ~ |¢q|?, with dynamic exponent z = 1.

e The phase space density of fermions is effectively one-dimensional,
so the entropy density S ~ T'. It is useful to write thisis as .S ~
T(4=9)/2 with violation of hyperscaling exponent 6 = d — 1.
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Entanglement entropy of the Fermi quqid

B

A

A/P
. L . ; . 1
Logarithmic violation of Oarea lawO:Sg = 1—2(kF P)In(ke P)

for a circular Fermi surface with Fermi momentum kg,
where P Is the perimeter of region A with an arbitrary smooth shape

D. Gioev and I. KliclRhysical Review Let®&rs100503 (2006
B. SwinglePhysical Review Leti€rs, 050502 (2010
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e k% ~ Q, the fermion density

e Sharp fermionic excitations
near Fermi surface with
w~ lqg|?, and z = 1.

e Entropy density S ~ T(4=0)/z
with violation of hyperscaling
exponent 6 = d — 1.

e Lintanglement entropy
Sg ~ k% 'Pln P.
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Iron pnictides
a new class of high temperature superconductors
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In the pseudogap phase ofa

0.12 ()N T =¥ 1T

: 0.2f
high-Tc superconductor o
=
R. DaoyJ. Chandavid LeBoeyDlivier Cyr- = i
Choiniere Francis LalibertdNicolas Doiron- +~
LeyraudB. J. RamshaRuixing Liang 5
D.A. BonnW. N. Hardy, andLouis Taillefer % ;

Nature463, 519 (2010).

300 I | I I
YBCO |
250 F T*\\ % .
3

200 B o5 \E\\i l =
< 150 PG ke -
l— ;\\

100 + y

50

%.08 g1 012 014 016 018 0.2
p (per planar Cu atom)

Wednesday, January 15, 14


http://arxiv.org/find/cond-mat/1/au:+Daou_R/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Daou_R/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Chang_J/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Chang_J/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+LeBoeuf_D/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+LeBoeuf_D/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Cyr_Choiniere_O/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Cyr_Choiniere_O/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Cyr_Choiniere_O/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Cyr_Choiniere_O/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Laliberte_F/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Laliberte_F/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Doiron_Leyraud_N/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Doiron_Leyraud_N/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Doiron_Leyraud_N/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Doiron_Leyraud_N/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Ramshaw_B/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Ramshaw_B/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Liang_R/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Liang_R/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Bonn_D/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Bonn_D/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Hardy_W/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Hardy_W/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Taillefer_L/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Taillefer_L/0/1/0/all/0/1

Quantum criticality of Ising-nematic ordering in a met
py

Occupied states

Sk
\\ J \ Empty states

A metal with a Fermi surface
with full square lattice symmetry

Wednesday, January 15, 14



Quantum criticality of Ising-nematic ordering in a met
py

ah
(N

Spontaneous elongation along y direction:

> X

Wednesday, January 15, 14



Quantum criticality of Ising-nematic ordering in a met
py

LD
N

> X

Spontaneous elongation along direction:

Wednesday, January 15, 14



Ising-nematic order

parameter

O ~ /d2k (cos ky — cos k) CLJCka

Measures spontaneous breaki

ng of square lattice

point-group symmetry of unc

erlying Hamiltonian
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Quantum criticality of Ising-nematic ordering

Effective action for Ising order parameter

Sy = / d°rdr [(0:0)* + (Ve)® + (A — A)o” + ug”|
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Quantum criticality of Ising-nematic ordering

Effective action for Ising order parameter

Sy = / d°rdr [(0:0)* + (Ve)® + (A — A)o” + ug”|

Effective action for electrons:

1 S, = /d! Z c;-f! "o —Ztijcj! C;l

=1 | i< j

S IR
LJ ZZ/CZ! ch, (" +#he)

=1 k
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Quantum criticality of Ising-nematic ordering

Coupling between Ising order and electrons

! le "

Sepc="! g d "q (cosky ! cos ky)Ck+q/2’aCk! a/ 2,0
a=1 k,q

for spatially dependent "

A A

SER

"> Q "< Q
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Quantum criticality of Ising-nematic ordering

_ /dzrdT (0 $)* + 2 (VP)* + (A — Ac)p” + ugp?]

Ny
— ZZ/dTCk, (8 —|—€k) Ci!
=1 k
! 1/ V¢
=—qg d "q (cosk; —cosky)c, ., q/2. k! q/2,

=1 k.
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Quantum criticality of Ising-nematic ordering

¥ | [Buctuation at wavevectord couples most e!ciently to fermions
near * Kg.
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Quantum criticality of Ising-nematic ordering

¥ | [Buctuation at wavevectord couples most e!ciently to fermions
near + Kp.

¥ Expand fermion kinetic energy at wavevectors aboutt ko and
boson ( ) kinetic energy aboutd = 0.
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Quantum criticality of Ising-nematic ordering

I T IO S IR (#,")°

202

M. A. Metlitski and S. Sachdev, Phys. Rev. B 82, 075127 (201C




Quantum criticality of Ising-nematic ordering

One loop ¢ self-energy with N ¢ fermion flavors:
|

2
N d-k dQ2 1

Ame 2m L i(Q+w) + Ky + 0 + (ky +)2] 1iQ! Kk, + K3
Ny ol

A o] Landau-damping

H

ri

Yo (q,w)
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Quantum criticality of Ising-nematic ordering

Electron self-energy at order 1/N ¢ :

I
1~ d’qd# 1

_ "
Ne  4"22" 2
f Di(#+ Q)+ ke + 0 + (ky +0)?] qé | Iljyll

#

»(k, Q)

9 $ 20/02/3

— | | " g
SN.I: 4"

sgn(Q)[Q* 3
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[ I
" dig T d% 1

(28)" 2% g + &%/ |oy|

This can be evaluated by the same methods used for (18). Integrating owgrwe bnd the

(k") =17

Go(K+ 0, %+ "n) (45)

analog of (21)
n 2 ! qd! 1q)/ | d$, Sgﬂ($1 + | n)lqyl

VA ¢y R Y R 7Y
_ e g o oy |° + oA o]
#VF 0/sgn(' n) o) 1 -lay[In BHE (46)

Evaluation of the g, integral yields a result which agrees with (42) and (43) ial = 2, and
with the expected logarithmic corrections ind = 3. In the physically important case of
d =2, the g, integral evaluates to

n2

!(k’!”)_ %/3 3 sgn@ n)|!nl?° . d

2, (47)

In agreement with (43).
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Quantum criticality of Ising-nematic ordering

Electron self-energy at order 1/N ¢ :
!

- 2
nkQ) = 1 dqd# 1 ) "
N¢  4"22" oG |#]
Pi#+Q) + ke 0+ (ky +0y)2] A o
) $ %3
= 1" N, o sgn(Q)]Q]? 3 [! ! ‘d/3 IN dimension d.J
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Quantum criticality of Ising-nematic ordering

Schematic form of! and fermion GreenQOs functions 1d dimensions

1/N ; 1

7 G ’# — =
o, L OO g isgn @ TN
! a |

D(0,#) =

In the boson caseg? " #YZv with z, =3/2.
In the fermion case,q " o " #Y21* with zz =3/d.

Note zz < z, for d > 2 # Fermions have higher energy than
bosons, and perturbation theory ing is OK.
Strongly-coupled theory ind = 2.
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Quantum criticality of Ising-nematic ordering

1/N; 1

G o~ —
; f(q’w) Gy + qg | isgﬂ(w)‘w‘Q/S/Nf

In both cases ¢, " qz " w'/% with z = 3/2. Note that the
bare term " w in G} ! is irrelevant.

( Strongly-coupled theory without quasiparticles. j
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Quantum criticality of Ising-nematic ordering

Simple scaling argument forz = 3/ 2.
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Simple scaling argument forz = 3/ 2.
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Quantum criticality of Ising-nematic ordering

Simple scaling argument forz = 3/ 2.

Under the rescalingx ! x/s,y! y/st? and! ! 1/s?, we
Pnd invariance provided

11 I 11 S
# o # S(22+1) /4
0 | 0 S(3! 22)1 4

So the action Is invariant provided z = 3/ 2.
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FL
Fermi
liquid

e k% ~ Q, the fermion density

e Sharp fermionic excitations
near Fermi surface with
w~ lqg|?, and z = 1.

e Entropy density S ~ T(4=0)/z
with violation of hyperscaling
exponent 6 = d — 1.

e Lintanglement entropy
Sg ~ k% 'Pln P.
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FL . NFL |
Fermi Nematic

liquid QCP

¥ Fermi surface
e k% ~ Q, the fermion density with k& 1 Q.

e Sharp fermionic excitations
near Fermi surface with n(k)
w ~ |q|*, and z = 1.

A

e Entropy density S ~ T(4=0)/z
with violation of hyperscaling

exponent 6 = d — 1.

e Lintanglement entropy
SE ~ k%_lplnp.
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FL
Fermi
liquid

e k% ~ Q, the fermion density

NFL
Nematic

QCP

¥ Fermi surface
with k;‘é! Q.

e Sharp fermionic excitations
near Fermi surface with
w~ lqg|?, and z = 1.

¥ Di! use fermionic
excitations with z =3/ 2
to three loops.

e Entropy density S ~ T(4=0)/z
with violation of hyperscaling
exponent 6 = d — 1.

e Lintanglement entropy
Sg ~ k% 'Pln P.

M. A. Metlitski and S. Sachdev,
Phys. Rev. B 82, 075127 (201C
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¥ Fermi surface
with k;‘é! Q.

e Sharp fermionic excitations
near Fermi surface with
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¥ Di! use fermionic
excitations with z =3/ 2
to three loops.
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Entanglement entropy of the non-Fermi quu‘d

)
y

Logarithmic violation of “area law”: Sg = Cg kpPIn(kpP)

for a circular Fermi surface with Fermi momentum kg,
where P is the perimeter of region A with an arbitrary smooth shape.
The prefactor Cg is expected to be universal but # 1/12:
independent of the shape of the entangling region, and dependent

only on IR features of the theory.

B. SwinglePhysical Review Leti€rs, 050502 (201
Y. Zhang,T. Grover, and A.Vishwandthysical Review Lett€¥s, 067202 (201

Wednesday, January 15, 14



Entanglement entropy of the non-Fermi quu‘d

B

A P

A

Logarithmic violation of “area law”: Sg = Cg kpPIn(kpP)

for a circular Fermi surface with Fermi momentum kg,
where P is the perimeter of region A with an arbitrary smooth shape.
The prefactor Cg is expected to be universal but # 1/12:
independent of the shape of the entangling region, and dependent

only on IR features of the theory.

B. SwinglePhysical Review Leti€rs, 050502 (201
Y. Zhang,T. Grover, and A.Vishwandthysical Review Lett€¥s, 067202 (201
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for a circular Fermi surface with Fermi momentum kg,
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FL
Fermi
liquid

e k% ~ Q, the fermion density

NFL
Nematic

QCP

¥ Fermi surface
with k%! Q.

e Sharp fermionic excitations
near Fermi surface with
w~ lqg|?, and z = 1.

¥ Di! use fermionic
excitations with z=3/2
to three loops.

e Entropy density S ~ T(4=0)/z
with violation of hyperscaling
exponent 6 = d — 1.

¥ S Tl )/z
with | = d" 1.

e Lintanglement entropy
SE ~ k%_lplnp.

¥ Sp! kL 'PInP.
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