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	  JAK	  with	  G.	  Barsch:	  	  Nonlinear	  Physics	  of	  Materials	  

Free	  energy	  (C-‐T),	  FePd,	  1D	  solu3ons	  ’84;	  
Decaying	  fringing	  fields	  in	  austenite	  ’87;	  	  
Tweed	  as	  spin	  glass’	  91;	  
Shuffle	  order	  parameter	  ’94;	  
Strain	  compa3bility,	  tweed	  ’	  95	  	  ;	  

S. Kartha et al, PRL 67, 3630 (1991). 
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•  Linear	  vs.	  Nonlinear	  Elas3city	  in	  Strain	  	  

	  	  	  	  	  (	  ..	  and	  rota3on)	  

• 	  	  	  	  	  	  Glass	  Martensite:	  Con3nuum	  to	  Discrete	  Models	  	  
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	  Ferroic:	  “crystal	  with	  two	  or	  more	  disNnct	  orientaNon	  	  	  	  	  	  	  	  	  	  	  	  
	  states	  and	  switching	  between	  them	  by	  external	  fields”          (Aizu,	  69)	  

MulNferroic:	  	  	  two	  or	  more	  coexisNng	  ferroic	  properNes	  in	  the	  same	  phase	  

FerromagneNc	  
Ferroelectric	  
FerroelasNc	  
Ferrotoroidal,	  ….	  

FerroelasNcs	  
• 	  ElasNc	  heterogeneiNes:	  habit	  planes,	  twin	  boundaries	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  :polydomains	  (aggregates)	  

Issues:	  	  orientaNons,	  specific	  microstructure,….	  
	  	  	  (Wechsler-‐Liebermann-‐Read,	  Bowles	  McKenzie,	  Eshelby,	  Sapriel,	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Roytburd,	  Khachaturyan,……)	  	  

Symmetry breaking: Para       Ferroic 

M P ! ! = r " M



• Example:	  Cubic	  to	  Tetragonal	  
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Order	  parameter	  
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SYMMETRY ADAPTED STRAINS FOR CUBIC SYSTEM 
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Free	  energy	  for	  Cubic	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Tetragonal	  transiNon	  

Order	  Parameter	  

TransformaNon	  

Barsch &Krumhansl’84 
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Parameters from experiment 

Experiment: 
DSC, Ultrasonic 
X-ray Scattering  
Neutron Scattering 

!
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• 	  LaYce	  parameters	  

Cui,Shield,	  James,	  2004	  
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• 	  ElasNc	  constants	  



elastic dissipativeu! " "=#$ +#$
! !! " "##

ENERGY	  MINIMIZATION:	  	  Solve	  for	  	  displacement	  fields	  

	  	  	  	  Jacobs,	  85,	  92	  

Monte	  Carlo:	  	  	  	  	  

RelaxaNon,	  steepest	  descent:	  

Kartha	  et	  al.,	  95	  

Newton’s	  equaNons:	   Ahluwalia	  et	  al.,	  	  06	  
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fstruct e2( ) = a(T ! T 0)
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Energy	  minimizaNon	  using	  strains	  	  

	  CondiNons	  on	  strains	  for	  	  	  	  	  	  	  	  	  	  	  	  to	  
	  be	  single	  valued,	  conNnuous	  	  	  ?	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	      G = !

!"
" (!
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"
#
# )T = 0

St.	  Venant,	  1864	  

Problem:	  	  	  

! (F + "G) = 0

• 	  con3nuity	  at	  interfaces—no	  disloca3ons	  

• 	  compa3bility	  influences	  microstructure	  
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ElasNc	  	  	  	  	  
interacNon	  
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	  	  	  ANISOTROPIC	  LONG-‐RANGE	  INTERACTION	  	  
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COMPARISON OF APPROACHES 
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Repulsive potential drives interfaces 

   
!"2

ii

= 1
2
#2 a1$ (kx

2 % ky
2 )2"2

[k 4 + b1$ 8kx
2ky

2]
+ A2 '"2

i

+
& F("2 )
&"2

'

(
)
)

*

+
,
,

1
1 2

3 3[ ' (2 / ) ]
ab

a i a k
!

! ! " !
=

# #

32 /k a! "=

x

y

k
k

=
k
!=



σ(x) = C(x) : ε(x)

σ(x) = C0(x) : ε(x) + δC : ε(x)

C(x)− C0(x) Moulinec	  and	  Suquet,	  94,	  98	  

∇ · σ = 0

Linear	  problem	  

Solve	  for	  equilibrium	  microstructure	  using	  compa3bility	  of	  strains	  

Itera3vely	  solve	  for	  	   σ(x), ε(x)

  ! (x) = C0(x) :"(x)+# (x)

! (u(x)) = !0 (x)*! (x)

  !(k) = "0(k)# (k)

‘Response	  of	  ElasNcally	  
	  Heterogeneous	  
	  Microstructure’	  
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Hexagonal                  Orthorhombic             Lead Orthovanadate   
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GEOMETRICAL	  NONLINEARITY:	  linear	  strains	  	  	  	  	  	  	  	  	  displacement	  gradients	  
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Displacement	  gradients	   GL	  strains	  



Reference	  	   Current	  	  

e3 = 1 2(! xy + ! yx )

Steady	  State	  shear	  strain	  aeer	  quench	  through	  transi3on	  
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Shear	  
Strain,	  e3	  

Strains	  

e1 ≡ 1

2
(εxx + εyy),

e2 ≡ 1

2
(εxx − εyy),

e3 ≡ 1

2
(εxy + εyx),

e	  	  :	  G-‐L	  strain	  
	  	  	  	  :	  Linear	  strain	  e



Rota3ons	  Follow	  Strains	  
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Landau Continuum model       

Discrete (pseudo spin model) 

Microstructure, Glassy behavior,…. 

skeletal 
approximation 

H = SiSj!
Si = 0,±1

! S

F(!)

(Mean Field Theory, Renormalization Group or 
 Monte Carlo) 

Coarsegraining: 
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Spin 1 (Blume-Capel) with  long-range interactions 

 
H= -J(!) SiSj + J'(!) Si
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2D: Triangle            Centered rectangle  
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Continuum Landau theory Spin model using MFT 

Twinned microstructure for cubic to tetragonal from MFT 

Vasseur et al. (2010) 

Other structural transitions: 





Effects of disorder:  

+ long-range 

! Jo ! 0distributions 

a)  Mean field: Replica 

b)  Monte Carlo 

c)  Renormalization Group 

m = < S >

q = < S >2

p = < S2 >

Glass phase, 
Edwards-Anderson OP  

Order Parameters: 

J



Thermodynamic Phases and RG fixed points 

m = < S > p = < S2 > q = < S >2



Phase diagram  

Ti50(Pd50-‐xCrx)	  	  RG	  phase	  diagram	  



Ti50(Pd50-‐xCrx)	  	  Phase	  diagram	  for	  	  

Xue,	  Zhou	  et	  al.	  (2011)	  



	  	   	   TransiNon	  from	  glass	  to	  long	  range	  ordered	  martensite	  
phase	  in	  Ti50(Pd40Cr10)	  alloy	  

Xue, Zhou et al. (2011) 



Interplay	  of	  disorder	  and	  long-‐range	  



Summary:	  

•  	  	  
JAK	  with	  G.	  Barsch:	  	  Nonlinear	  Physics	  of	  
Materials	  

Free	  energy	  (C-‐T),	  FePd,	  1D	  solu3ons	  ’84;	  
Decaying	  fringing	  fields	  in	  austenite	  ’87;	  	  
Tweed	  as	  spin	  glass’	  91;	  
Shuffle	  order	  parameter	  ’94;	  
Strain	  compa3bility,	  tweed	  ’	  95	  	  ;	  
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