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Phenomena!

Disloca?ons	
  (Arzt)	
  Fracture	
  (Tate)	
  

Phase	
  boundary	
  (Moelans)	
   Adhesive	
  film	
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Theoretical Setting!
•  Free	
  boundary	
  coupled	
  to	
  a	
  pde/	
  free	
  discon?nuity	
  

•  `Gradient	
  flow’	
  

•  Shallow	
  interface	
  

•  Large	
  literature	
  in	
  random	
  se\ng	
  
–  Roughness,	
  Pinning-­‐depinning	
  
– Macroscopic	
  behavior	
  	
  

Lεu = f
vn

Γvn = F ε(x) + cκ + Nu

Γ = {y = g(x)}

x 

y 

�

Γ
vnξdA = −δΓE , E = Eε(u,Γ)

gt = η(x, g) + c∆g + Ag
Example	
  

Ag =
�

g(x�)
x− x� dx�

gt = (F − F �)β

My	
  mo?va?on:	
  
• Microstructure	
  and	
  F*	
  
• Not	
  only	
  random	
  

• Possibly	
  high	
  contrast	
  

This	
  talk:	
  Peeling	
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Example in one dimension!
s	
  

σ	
  
ds

dt
= σ − σ∗(s)

� L

0

ds

σ − σ∗(s)
ds = T, v̄ =

L

T
= L

�� L

0

ds

σ − σ∗(s)
ds

�−1

€ 

σ−

€ 

σ +€ 

˙ s 

€ 

σ

v̄ =
�

0 σ− ≤ σ ≤ σ+

v̄(σ) else

Formally,	
  	
  

But,	
  boundary	
  may	
  get	
  stuck.	
  	
  

Asympto?cally	
  near	
  cri?cal	
  forces,	
  

v̄ = (σ − σ+)1/2
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Stiffness heterogeneity!

Fhet

Fhom
≈ 5.8

(independent	
  of	
  peel	
  angle)	
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Experimental set up!

Epoxy layer

PET backing film
UV adhesive

PET stiffening patches

F, up

p

Plastic substrate
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Peeling!

R. Rivlin, J. Paint Tech 9: 215, 1944 

Fv = Gȧ

F =
G

1− cos θ

F 

θ	



Rivlin	
  (1944):	
  

a 
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Stiffness heterogeneity!

Propaga?on	
  criteria:	
  
(Dθ�)� − F sin(θ − θp) = 0
1
2
Dθ�2

����
l+

−G = 0

E =
� sN

l

1
2
D(s)(θ�(s))2ds− F · u−

� l

0
Gds

=⇒ F =
D1G�N

i=1 Di (cos(θi − θp)− cos(θi−1 − θp))

Uniform:	
  F =
G

1− cos θ

Interes?ng	
  length-­‐scale:	
  

� θk

θk−1

�
D1G− F

�
k−1�

i=1

Dif(θi, θi−1) + Dkf(θ, θk−1)

��−1/2

dθ

=
√

2
Dk

(sk − sk−1)

λ =
�

D

2G
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Stiffness heterogeneity!
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Stiffness heterogeneity!
Two-­‐segment	
  strip:	
  

F =
GD1

D2 + (D2 −D1) cos(θ1 − θp)− cos(θp)

=⇒ Feff =
Ds

Dc
Fhom

Feff =






Ds

De
Fhom p << λ

Ds

Dc
Fhom p >> λ

Periodic	
  strip:	
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Adhesive heterogeneity!
E =

D

2

�

Ωp

(κ2
x + κ2

y + 2νκxκy + (1− ν)κ2
xy)dA

−
�

Ωb

G(x, y)dxdy − λFp · up

Assume	
  interface	
  is	
  almost	
  straight;	
  
Linearize	
  about	
  singly-­‐bent	
  film	
  

D∇4w − Fp cos(θ0
x − θp)

∂2w

∂x2
+ Fpκ0

x sin(θ0
x − θp)

∂w

∂x
= 0

w|x=0 = 0,
∂w

∂x

����
x=0

= −κ0
xf,

∂w

∂x

����
x=∞

= 0,
∂2w

∂x2

����
x=∞

= 0,

y x 

Dκ0
x
∂2w

∂x2
(0, y) +

Fp

1− cos θ
−G(f(y), y) = ft(y)

Af G∞
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Peel-front evolution!
•  Evolu?on	
  

•  Bending	
   (Ŵ ,XXXX −2k2Ŵ ,XX +k4Ŵ )− cos(θ0
X − θp)Ŵ ,XX +K0

X sin(θ0
X − θp)Ŵ ,X = 0

ft = Af + G∞ −G(f, y)
f̂t(k) = −g(k)f̂(k) + G∞ − �G(f, y)(k)

10-2 10-1 100 101 102
100

101

102

103

k

LG
G

ave

Lg
G
G )( p
ave

Lk
G
G 4
ave

g(k)

g(k) ∼ |k|

k >> 1, ξ = kX, W,ξξξξ − 2W,ξξ + W = 0 =⇒ W = Aξe−ξ =⇒ g(k) = |k|
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Overall evolution!
•  Local	
  evolu?on	
  

•  Periodic	
  se\ng	
  
Theorem	
  

	
  There	
  exist	
  G*	
  such	
  that	
  there	
  exist	
  sta?onary	
  solu?on	
  for	
  G∞	
  ≤	
  G*.	
  	
  	
  

	
  There	
  exist	
  pulsa?ng	
  solu?ons	
  for	
  G∞	
  >	
  G*.	
  	
  In	
  fact,	
  for	
  each	
  G∞	
  >	
  G*	
  
there	
  exists	
  an	
  unique	
  T	
  such	
  that	
  f(y,t)	
  =	
  f(y,t+T)	
  -­‐	
  1.	
  

	
  For	
  G∞	
  near	
  G*,	
  v	
  ~	
  (G∞-­‐	
  G*)1/2	
  

•  Overall	
  adhesive	
  strength	
  
G*(n)	
  –	
  Poten?ally	
  anisotropic!	
  

N. Dirr, A. Yip, Int. Free Boundaries 8: 79-109, 2009 
P. Dondl, K. Bhattacharya, Submitted, 2011 

f̂t(k) = −|k|f̂(k) + G∞ − �G(f, y)(k)

f(y, t) f(y, t + T )
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Asymmetric adhesive strength!
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Small peel angle!
•  Observe	
  Rivlin	
  peel	
  force	
  increases	
  as	
  small	
  angles	
  

– Experiments	
  do	
  not	
  show	
  this	
  singular	
  behavior	
  
– Elas?c	
  stretching	
  of	
  the	
  tape	
  becomes	
  important;	
  
However,	
  correc?ons	
  for	
  elas?city	
  due	
  to	
  Kendall	
  s?ll	
  
predicts	
  this	
  singular	
  behavior	
  

F =
G

1− cos θ
→∞ as θ → 0
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Shallow angle peeling!
Microscope	
  
objec?ve	
  lens	
  

vp	
  =	
  0.02	
  mm/s	
  θp	
  

θ p = 11.5o 	
   θ p = 4.5o 	
  

Rough	
  peel	
  
front	
  at	
  

small	
  angles	
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Small peel angle!
•  Observe	
  Rivlin	
  peel	
  force	
  increases	
  as	
  small	
  angles	
  

–  Experiments	
  do	
  not	
  show	
  this	
  singular	
  behavior	
  
–  Elas?c	
  stretching	
  of	
  the	
  tape	
  becomes	
  important;	
  
However,	
  correc?ons	
  for	
  elas?city	
  due	
  to	
  Kendall	
  s?ll	
  
predicts	
  this	
  singular	
  behavior	
  

•  Peel	
  front	
  becomes	
  rough	
  
•  Model	
  the	
  tape	
  as	
  Föppl-­‐von	
  Kármán	
  plate	
  and	
  study	
  
linear	
  stability	
  of	
  the	
  peel	
  front	
  …	
  stable!	
  

•  	
  Observed	
  roughness	
  seems	
  to	
  be	
  related	
  to	
  a	
  shear	
  
instability	
  in	
  the	
  adhesive	
  layer	
  

F =
G

1− cos θ
→∞ as θ → 0
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Mechanical	
  and	
  Civil	
  Engineering	
  
California	
  Ins?tute	
  of	
  Technology	
  

A few comments on fracture!

with	
  	
  

Chris	
  Larsen	
  (Worcester	
  Polytechnic	
  Ins?tute)	
  

B.	
  Bourdin	
  (Louisiana	
  State	
  University)	
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Layered media!

G	
  
E1	
  

G	
  
E2	
  

Uniform	
  toughness,	
  different	
  modulus	
  

Geff

�
= G p <<

�
G/E

> G p >>
�

G/E

Example	
  1	
   Example	
  2	
  

Different	
  toughness,	
  uniform	
  modulus:	
  
Where	
  will	
  the	
  crack	
  go?	
  

KII = 0
maxJ

max(J −G)
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Variational Approach to Fracture!
•  Recast	
  Griffith	
  as	
  cri?cality	
  of	
  a	
  total	
  energy	
  

•  Reformulate	
  Griffith	
  in	
  terms	
  of	
  minimiza?on	
  of	
  a	
  total	
  
energy	
  with	
  respect	
  to	
  any	
  compa?ble	
  displacement	
  field	
  and	
  
any	
  crack	
  set	
  (Francfort	
  and	
  Marigo,	
  1993)	
  

•  Phase	
  field	
  approach	
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Surfing boundary conditions!

u	
  =	
  A	
  K(x-­‐vt)	
  

Elas?c	
  buffer	
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A few movies!
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Concluding remarks!
•  Heterogenei?es	
  can	
  give	
  rise	
  to	
  
significant	
  enhancement,	
  asymmetry	
  
and	
  anisotropy	
  in	
  adhesive	
  strength	
  

•  Current	
  work:	
  
–  Op?miza?on	
  
–  Free	
  discon?nuity	
  problems	
  

•  Acknowledgement.	
  NSF	
  


