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Scaling

Trinity was the code name of the first nuclear weapons test of an atomic bomb. This test was conducted by 
the United States Army on July 16, 1945,[4][5][6][7] at a location about 35 miles (56 km) southeast of 
Socorro, New Mexico, at the White Sands Proving Ground, now the White Sands Missile Range.[
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Actual yield : 18 kt Taylor estimate : 22 kt !! 
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h

c2 =
gλ

2π
tanh

(2πh

λ

)

lim
λ→∞

f = f(0) = const. for large wavelengths 
the speed of the tsunami 
must be independent of 
wavelength
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Γ(r) = 〈S(r)S(0)〉 − 〈S(r)〉〈S(0)〉

critical exponents are not all independent

m =
1
N

∑
Si

α,β, γ, δ, ν, η
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Scaling hypothesis

m = m0|Tc − T

Tc
|β

m = Dh
1
δ

Can be combined into 
a single formula:

m(t, h) = (±t)βF±
( h

t∆

)

t = (T/Tc − 1);h = H/kBT

χT (h = 0) =
1

kBT

∂m

∂h
|h=0

∼ |t|β−∆(F ′
M )±(0)

⇒ ∆ = β + γ

scaling relation
Tuesday 9 November 2010



More scaling relations : 

FM (x) ∼ xλ

what happens on the critical isotherm?

m(0, h) ∼ |t|β
( h

|t|∆
)λ
∼ |t|β−∆λhλ

t→ 0

since we know that the magnetization remains finite for 
non-zero field, β = ∆λ;λ = 1/δ

βδ = β + γ

Scaling for the free energy 

fs(t, h) = t2−αFf

( h

t∆

)

α + 2β + γ = 2can show similarly that (how?)
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Scaling for the correlation function

Γ(k) = l−2−aξa
(
g(kξ)

[
1 + A

( l

ξ

)σ
+ · · ·

])

l is a microscopic length, at the c.p. ξ →∞.
If g(x) ∼ x−a then ξ dependence will cancel out. ∴ a = 2− η

but.. Γ(k = 0) ∝ χT

∴ γ

ν
= 2− α

But why do quantities scale?
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βH = −K
∑

〈ij〉

SiSj − h
N∑

i=1

Si

l = 3

SI =
1

|m̄l|
1
ld

∑

i∈I

Si

m̄l =
1
ld

∑

i∈I

〈Si〉

〈SI〉 = ±1

−βHl = Kl

Nl−d∑

〈IJ〉

SISJ + hl

Nl−d∑

I=1

Block transformation:
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effective correlation length: ξl =
ξ1

l

implies effective temperature: tl > t

effective field: hl = hm̄ll
d

free energy density : fs(tl, hl) = ldfs(t, h)

Now IF tl = tlyt

hl = hlyh

THEN can prove

fs(t, h) = t2−αFf

( h

t∆

)

∆ =
yh

yt

2− α =
d

yt

fs(t, h) = l−dfs(tlyt , hlyh)

l = t−1/ytis arbitrary so free to choosel
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All scaling ultimately related to the behavior of 
the correlation length vs. microscopic scale 
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Finite size scaling

L−1
l = L−1lyL ;⇒ yL = 1

at h = 0 we get, fs(t, L−1) = |t|2−αfs(L−1|t|−yL/yt)

fs(t, L−1) = |t|2−αfs

(ξ∞
L

)

True behavior recovered only in the limit L→∞ i.e. fs(0)

Think of L−1 as another field

fs([K], L−1) = l−dfs([K ′], lL−1)
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almost there ...
c(t, L−1) ∝ ∂2fs(t, L−1)

∂t2

= |t|−αfs(L−1t−ν)
= Lα/νD(tL1/ν)

Finally,

peak height shift ∝ Lα/ν
∴ peak position shift ∝ L−1/ν

We can do even better !!

Remember if f(x) is a scaling function, so is x−α/νf(x) !!
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ξ = LF (Ltν)Can show that :
lim

x→∞
F (x) ∼ 1/x

because at fixed t as L→∞, ξ ∼ t−ν

On the other hand, if system size is finite there is 
no singularity even at   t = 0

ξ

L
= A + BtL1/ν + ...
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Remarks

U4 = 1 − 〈m4〉
3〈m2〉

2

• It is often difficult to measure correlation functions directly, in 
that case one uses the Binder cumulant which has a similar 
behavior.

•  For first order transitions correlation lengths do not diverge so 
the finite size effects are weaker but increase with proximity of 
critical points. 
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