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Large N Limit of Chern Simons Vector Models

❖ I was a Ph.D. student at TIFR from 2007-2012, and I co-
authored one paper with Spenta: “Chern Simons Theory 
with  Vector  Fermion  Matter”  (1110.4386  also  with 
Giombi, Minwalla, Trivedi, and Yin)

❖ This  work  initiated  the  study  of  the  large  N  limit  of 
Chern-Simons  theories  coupled  to  vector  matter,  and, 
although  fairly  recent,  crucially  relies  on  many  of  the 
classic  techniques  for  solving  large  N  quantum  field 
theories that Spenta helped develop in the earlier parts of 
his career.



Large N  Limit of Quantum Field Theories and Spenta

❖ In this talk, I’ll first briefly review this paper, and some 
of the developments its led to over the years.

❖ I will then describe some recent work (1610.08472) (with 
S. Giombi, V. Gurucharan, V. Kirilin, E. Skvortsov) where 
we  calculate  the  1/N  higher-spin  spectrum  in  these 
theories.

❖ Finally  I  will  describe  some  preliminary  calculations 
(with V. Gurucharan) to generalize the above work to bi-
fundamental Chern-Simons theories. 



Chern Simons Theories with Matter
❖ Chern Simons theories with matter provide a large class of 

non-supersymmetric conformal field theories with coupling 
constant (N/k) that can be continuously varied in the large N 
limit.

❖ k is discrete, so cannot change under RG. For a given k, 
any other marginal couplings can be tuned to fixed points.

❖ These  theories  are  particularly  interesting  because  they 
provide  examples  of  non-supersymmetric  strong/weak 
dualities.



Large N Limits of Quantum Field Theory

❖ There  are  apparently  (at  least)  two  qualitatively 
different large N limits:

❖ Large  N  vector  models,  such  as  the  Gross-Neveu 
Model,  critical O(N)  model,  which can be solved in 
the large N limit. 

❖ Large  N  “matrix”  (or  adjoint)  models,  such  as  the 
large N limit of QCD, which cannot be solved in the 
large N limit.



❖ In  large  N  vector  models,  diagrams  can  be  summed 
over explicitly, like a geometric series. (’t Hooft model of 
2d QCD). 

❖ In large N matrix models, there appear to be too many 
diagrams to sum. (QCD in 4d).



❖ 2d QCD,  the  ’t  Hooft  model,  is  apparently  a  large  N 
matrix model. But because the Yang-Mills gauge field is 
non-dynamical  in  2  dimensions,  the  only  physical 
degrees  of  freedom  are  the  quarks,  which  are  in  a  
vector representation of the gauge group.

❖ In  3  dimensions,  a  Chern-Simons  gauge  field  is  also 
non-dynamical, so U(N)  Chern-Simons theory coupled 
to fundamental fermions (or any fundamental matter) is 
a large N vector model.



❖ Following  S.  R.  Wadia,  “On  The  Dyson-schwinger  
Equations  Approach  To  The  Large  N Limit:   Model  
Systems  And  String  Representation  Of  Yang-mills  
Theory,"  (1981), we can derive a Schwinger-Dyson 
Equation for the exact fermion propagator in light-cone 
gauge.  



Derivation of the Gap Equation as a Schwinger-Dyson Equation

❖ The action for the theory is:

In light-cone gauge, the cubic vertex vanishes, and the action becomes:

We can integrate out the gauge field to obtain an effective action for the fermions:



The four-point function factorizes in the large N limit, 
to yield an integral equation for the exact propagator:

From the effective action, we consider the following total derivative:



❖ The integral equation can be solved, after regulating it 
appropriately, to give a fairly simple result:

❖ One can proceed further by redoing the above calculation at finite 
temperature, to obtain the thermal free-energy of the theory…

❖ One can also use similar techniques to calculate planar three-point 
functions (Gur-Ari, Yacoby), or even four-point functions (Bedhotiya, 
SP) of gauge invariant operators to all orders in the ’t Hooft coupling.



Bosonization Duality
❖ One of the major follow-ups to this work was a 

bosonization duality (Aharony, Gur-Ari, Yacoby):

RG flow RG flow

Level-Rank Duality

Level-Rank Duality



Anomalous Dimensions
❖ The theories are also believed to be dual to higher-spin gauge theories (see 

Giombi-Yin for review).

❖ To see this, let us consider the anomalous dimensions of the single-trace 
primary operators. We will see that they vanish at leading order, and the 1/
N anomalous dimensions are determined from planar three-point functions. 

❖ As is well-known, via the conformal algebra, the anomalous dimensions are 
determined by the divergence of the currents:



Higher Spin Spectrum
❖ The single trace operators in the theory are easy to enumerate: there is one 

single trace primary operator for each spin s>0, with scaling dimension ∆=s
+1, and a scalar with ∆=2.

❖ These take the schematic form:

❖ In the interacting theory, derivatives are replaced by covariant derivatives.

❖ They can be packaged into a generating function (where z is a null polarization vector):



Divergence of Higher Spin Currents
❖ Currents with s=1, and s=2 are conserved in the interacting theory, but higher spin 

currents are conserved only in the free theory.

❖ Matching scaling dimensions and spins, the divergence of the higher spin currents must 
take the following form, where [js] denotes a conformal descendent of js.

❖ We can fix the N and λdependence of the functions above, using planar 
three-point functions: 



❖ Let us focus on the double-trace term. We can fix the N and 
λdependence of the functions above, using planar three-
point functions:  

❖ From the results of Maldacena-Zhiboedov (or, for lower spins, from summing planar 
diagrams (Gur-Ari, Yacoby), we have:

❖ Putting these together, we have:



Constraining the divergence.
❖ We  can  also  uniquely  constrain  the  particular  combination  of 

descendents  represented  by  [js1]  [js2]  up  to  an  overall  constant, 
because conformal representation theory the divergence of js to be a 
conformal primary.

❖ We illustrate this with combinations involving the scalar operator j0. 

which is parity odd. Matching scaling dimensions and spin requires 
it to be of the following form:



❖ We can rewrite this using radial quantization as:

❖ Acting on this with K+ and using the conformal algebra: 

❖ we obtain:



❖ This translates into a recurrence relation for the cm:

❖ That can be solved to give:

❖ A similar calculation shows that 



❖ The RHS of the divergence equation therefore contains terms of the 
following form, with [js1] [js2] known explicitly.

❖ The coefficients Cs1s2s are “structure constants” that are nonzero only 
when s1+s2<s, and are closely related to the parity odd forms for the 
three point functions.

❖ While we expect that they can be determined from first principles 
using the slightly broken higher spin symmetry, we fixed them using 
the classical equations of motion.



❖ We found that:



General Form for anomalous dimensions
❖ Inserting this into the formula relating divergence and anomalous 

dimension, we find that they must take the following form:

❖ Simplifying, we find the anomalous dimensions take the form, 
where as and bs are spin dependent constants:



Spin dependent constants

❖ The spin dependent constants can be determined by summing 
contributions from all the double trace operators in the divergence. We find



Comments
❖ At large spin, we get logarithmic behaviour due to the harmonic sum, 

and the anomalous dimension is:

❖ The log s behaviour vanishes at weak and strong coupling, as expected from the 
bosonization duality. 

❖ The coefficient of log s may be interpreted as a cusp anomalous dimension, and 
perhaps could be reproduced by a Wilson loop caclulation with a light-like cusp..

❖ These should correspond to classically massless higher-spin gauge fields that 
acquire a mass due to loop effects in a holographic description.  



ABJ Triality
(Chang, Minwalla, Sharma, Yin): argued that Vasiliev’s higher-spin gauge 

theory arises as a phase of type IIA string theory:

ABJ Theory
M<<N

ABJM Theory
M=N

Type IIA supergravity onN = 6 Vasiliev Theory

AdS4 ⇥ CP3with Chan Paton factors i=1,..M

M/N

Gravitational
 ’t Hooft coupling

�



Non-Supersymmetric Version?
It is natural to ask if this generalizes to a non-supersymmetric triality.

U(N)×U(M) CS+
bifundamental fermions

M<<N

?
(non-susy) 

Vasiliev Theory 
with Chan Paton 

factors i=1,..M

M/N

Gravitational
 ’t Hooft coupling

�

U(M)×U(M) CS+
bifundamental fermions

M=N



Chern Simons Theories with Bifundamental Matter

❖ Consider U(N)×U(N) Chern-Simons theory, with equal 
and opposite levels coupled to a massless Dirac fermion 
in the bi-fundamental representation. 

❖ Though non-supersymmetric, this theory is clearly 
conformal (at least in perturbation theory) and, like 
ABJM, admits a large N limit. 



❖ The most natural large-N limit is the 't Hooft limit, in 
which the 't Hooft coupling λ=N/k is held constant. 

❖ We might consider a slight generalization to to gauge 
groups with possibly unequal ranks M and N (as in ABJ) 
and levels kN and kM, for each of the two Chern-Simons 
gauge fields. 



❖ What can we say about the holographic dual of this theory?

❖ Small changes in the ’t Hooft couplings (which are 
effectively continuous) will correspond to dilation and 
axion fields in the bulk.

❖ In addition the conserved stress tensor and U(1) current 
correspond to Maxwell and graviton fields in the bulk.

❖ There appear to be no other protected operators in the 
theory, so the dual may be Einstein-Maxwell-Axion-
Dilaton gravity with a small negative cosmological 
constant



❖ However,  another  large  N  limit  may  exist,  as  is  well-
known since the discovery of ABJM.   ABJM at fixed k, say 
k=1,  and large N is dual to M-theory on AdS4×S7/Zk

❖ k  is  an  integer  and  cannot  be  deformed  continuously, 
hence the bulk dual contains no dilaton.  

❖ For the non-supersymmetric theory, it is not immediately 
obvious that the “M-theory" large-N limit exists; however, 
if  the  limit  does  exist,  the  holographic  dual  would  not 
contain  a  dilaton  or  axion,  and  may  be  as  simple  as 
Einstein-Maxwell  gravity  with  a  small  negative 
cosmological constant.



❖ We might instead consider theories based on gauge group 
O(N)×O(N),  coupled  to  ‘bi-vector'  Majorana  fermions 
instead of bifundamental Dirac fermions.  In this theory, 
the spin-1 current vanishes identically because as do all 
other odd-spin conserved currents in the free theory.  

❖ The only conserved and protected current operator in the 
theory appears to be the stress tensor.  

❖ Hence if the finite-k, large-N limit exists for the O(N)xO(N) 
theory,  the  holographic  dual  may  be  as  simple  as  pure 
Einstein  gravity  with  a  small  negative  cosmological 
constant



❖ Bifundamental theories are large-N ``matrix models'', 
which are as intractable at strong coupling  as classic 
large-N theories with adjoint degrees of freedom. 

❖ Without supersymmetry, studying these theories at 
strong coupling appears impossible; making direct 
analytical tests of any conjectural holographic duals 
difficult.



M/N Expansion

❖ However, U(N)×U(M) theory is exactly solvable when 
M is much less than N. 

❖ Perturbation theory in M/N takes us from an exactly 
solvable large N vector model towards an unsolvable 
large N matrix model.



M/N Expansion

❖ We study U(N)×U(M) Chern-Simons coupled to 
bifundamental fermions, with levels kN and kM 
respectively. 

❖ We work in the large N limit, keeping the following 
three parameters fixed:

�N = N
kN

, �M = N
kM

, ↵ = M
N



❖ When M=1 and N is large, the scaling dimensions of the 
single-trace operators  are protected --  the holographic 
dual is therefore believed to be a Vasiliev theory with an 
infinite tower of higher-spin gauge fields even at strong 
coupling. 

❖ However, when M=N these operators are part of a much 
larger  family  of  single-trace  primary  operators,  and 
their scaling dimensions are no longer protected.



M/N Anomalous Dimensions

❖ It would be particularly interesting if we could obtain 
any information about the anomalous dimension of any 
unprotected operator in some strong coupling limit.

❖ Goal:  Calculate  the  first-order  (in  M/N)  corrections  to 
the  anomalous  dimensions  of  these  operators,  to  all 
orders in λM and λN.



M/N Expansion







❖ Here we can separately consider the cases: 

❖ λM=0 and all orders in λN .

❖ λN=0 and all orders in λM. 

❖ (Not yet calculated) All orders in both λM, λN.



Scalar Operator
❖ To calculate the anomalous dimension of the scalar primary to all orders 

in λM  with λN=0, is like a large flavour expansion.

�(0) =
128�2

�
⇡2�2 � 128

�

3 (⇡2�2 + 64)2
M

N



Higher Spin Operators

❖ We can repeat the calculation for higher spin operators, 
also working in light cone gauge.

❖ The answer comes out to be:



❖ For even s:

❖ for s=4,6  this is:

� =

M

N

16�2

(⇡2�2
+ 64)

log s

❖ At large s, we have



Congrations and Thanks, Spenta.


