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Starting from the random triangulation definition of two-dimensional euclidean quantum
gravity, we define the continuum limit and compute the partition function for closed surfaces of
any genus. We discuss the appropriate way to define continuum string perturbation theory in
these systems and show that the coefficients (as well as the critical exponents) are universal. The
universality classes are just the multicritical points described by Kazakov. We show how the exact
non-perturbative string theory is described by a non-linear ordinary differential equation whose
properties we study. The behavior of the simplest theory, c 0 pure gravity, is governed by the
Painlevé transcendent of the first kind.

1. Introduction

Despite much work, the theory of strings in non-critical dimensions is still poorly
understood. Besides the original motivation for these strings as alternate descrip-
tions of the three-dimensional Ising model and of the large-N Yang—Mills theory,
we might also hope they will shed more light on strings in the critical dimensions, in
two ways. One is that the Liouville degree of freedom in the non-critical string [1] is
not strictly speaking a conformal field theory; if we can understand it, we may be
able to describe new solutions of the critical string which also are not conformal
field theories [2—41.
A more important point is that these string theories are, at least for dimensions

less than 1, much simpler than the critical string. They can be non-perturbatively
defined and — as we shall see below — solved exactly, yet they share many of the
formal properties of the critical string. A useful analogy is the relation in field
theory between QCD and interacting scalar field theory in zero or one dimension.
Although the degrees of freedom and the symmetries are completely different in the
two cases, the theories can be defined using the same functional integral techniques,
and there are interesting properties of the theories (such as the relation between the
perturbation series and the exact amplitudes) for which the analysis is very similar.
We can therefore hope that the exact solution of a lower-dimensional string will
provide ideas which could be used to make an exact definition of critical string
theory and give some information about its non-perturbative behavior.
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Where	was	Spenta?	(late	eigh0es)	

ICTS_17	



Spring	1991	
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Large	N	Expansion	
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Recurring	theme	we	heard	today	

•  Emphasis	on	physical	intui0on	
•  Emphasis	on	unity	of	physics	
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Large	N	expansion	as	a	fixed	point	
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Kondo	Physics:	
Sengupta,	Georges	(1995)	
Parcollet,	Georges,	Kotliar,	Sengupta	(1998)	
	
Singular	Value	Distribu0on	of	Random	Matrices:	
Sengupta,	Mitra	(1999)	
	
Informa0on	Theory	of	MIMO	Systems:	
Moustakas,	Baranger,	Balents,	Sengupta,	Simon	(2000)	
Moustakas,	Simon,	Sengupta	(2003)	
	
Algorithmic	Phase	Transi0ons	in	Compressed	Sensing:	
Ramezanali,	Mitra,	Sengupta	(2015)	
	
	



High	dimensional	pa`ern	recogni0on:	
for	machines	(and	for	brains)	
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Curse	of	dimensionality	



Dimension	Reduc0on	101:	Principal	
Components	Analysis	(PCA)	

h`p://www.hgu.mrc.ac.uk/Research/Hill/Fig_4.jpg	
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Cij = (Xia − Xi

a

∑ )(Xja − Xj )

Diagonalize	covariance	matrix	with	
Element	given	by:	



PCA->	
Singular	Value	Decomposi0on	(SVD)	
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If	we	define	 X̂
ia
= X

ia
− X

i
then	 C = X̂X̂

T

Diagonalizing	covariance	matrix	C		is	the	same	
thing	as	doing	a	singular	value	decomposi0on	of	
devia0ons	X	hat,	and	ordering	singular	vectors	
according	to	the	size	of	singular	values.	
		



SVD	for	Denoising/Compressing	
Images	

1st 50th 120th ⇥ = 0%

1st 14th 120th ⇥ = 5%

1st 9th 120th ⇥ = 10%

1st 5th 120th ⇥ = 15%

⇥% �

�
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From	Poon,	Ng	and	Sridharan,	2009	

Q:	What	K	is	op2mal?	
A:	Departure	from	singular	
values	of	pure	noise.	

		 

Xrecon = X +USKV
†
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Describe	the	distribu0on	in	a	different	
coordinate	system	

		 

P(H) dHia
ia
∏ =Cexp[− N

2 !σ 2 tr(H2)] dHia
ia
∏

→Ce
− N
2 !σ 2 λi

2

i
∑

|λi2 −
i< j
∏ λ j

2 |ν λi
ν(N−M+1)−1

i
∏ ( dλi )

i
∏ dµ(U)dµ(V )

		 

H =UΛV † =U

λ1 0 ! 0
0 λ2 ! 0
" " # "
0 0 ! λM
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Coulomb	of	Singular	Values	
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n-m	zeros	

Logarithmic	repulsion	
due	to	N-M	zeros	

Quadra0c	poten0al	from	
exp(-Tr(HTH))	

Logarithmic	repulsion	between	
m	nonzero	singular	values	

		 

p(λ1 ,...,λN )∝exp[−E(λ1 ,...,λN )]

= exp[−( N2 !σ 2 λi
2

i
∑ −ν(N −M) logλi

i
∑

−ν log|λi2 −λ j
2 |

i< j
∑ )]



SVD	of	`Just	Noise’	
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Sengupta	and	Mitra,	
PRE	1999	

		 

ρ(λ)= a
λ

(λmax2 −λ2)(λ2 −λmin
2 )

where

λmin,max =σ (M +N)∓2 MN

Histogram	of	singular	values	
For	a	2000X10000	random	matrix	

Marcenko	
And	
Pastur,	
1967	

Gavish,	Donoho	2013	



Compressed	Sensing	
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Explaining	Data	

																							h1																																																		
																																					h2																	Y	
																												h3	
																																																								r=K

-1/2
			

																																																																										h4	
																																			r=M-1/2

										
																																												h5	
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Y = haXa
a
∑



Convex	relaxa0on	

Compressed	sensing:	
	

		

y ≈Wx0 , 	with	y∈RM ,x0 ∈RN ,M <N , 	
but	||x0 ||0≤K <M.
Find	x̂ = argmin

x
||x ||1 	subject	to	y =Wx.

Is	x̂ ≈ x0 	when	W 	is	a	random	matrix?

Donoho	and	Tanner	2009	
ICTS_17	



Sparsity	enforced	by	l1	norm	

L0-L1	relaxa0on:		
	Minimize	
		
Subject	to	

ICTS_17	

|| X ||1

Works	of	Candes,	Tao	
Donoho,	from	around	2004	

Y = HX



Large	Dimensions	

The	transi0on	happens	with	
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N ,M ,K→∞,	holding
M /N =α ,K /N = ρ 	fixed.



Phase	Transi0on	in	Compressed	
Sensing	by	L0-L1	Relaxa0on	
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Donoho	and	Tanner,	Phil.	Trans.	Roy.	Soc	2009	
Replica	Method	Analysis:	Kabashima	
Wadayama	and	Tanaka,	2009	
Ganguly	and	Sompolinsky,	2010	



Error	profile	

ICTS_17	

0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50

↵

0.000

0.005

0.010

0.015

0.020
q(

M
S

E
)

⇢ = 10/200, �2 = 1.0

� = 1e � 1

� = 1e � 2

� = 1e � 3

� = 1e � 4

� = 1e � 5

� = 1e � 6



Random-like	deep	network	

Deep	nets	

		 

hM1×1
(1) ≈σ (WM1×N

(1)† xN×1 +b1),
hM2×1
(2) ≈σ (WM2×M1

(2)† hM1×1
(1) +b2)

!

hMd×1
(d ) ≈σ (WM2×M1

(d )† hM1×1
(d−1) +bd )
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From	h`p://www.andrewsnoke.com	



‘Pre-image’	of	the	final	layer	ac0va0on	

•  Fully-connected	layers	of	deep	nets	

		 

h(1) ≈σ (W (1)†x +b1),
h(2) ≈σ (W (2)†h(1) +b2)
!

h(d ) ≈σ (W (d )†h(d−1) +bd )
Call	this	map	Φ f :
h(d ) =Φ f (x)

		 

What	is	the	preimage	of	Φ f ?
Reconstruction :
!x = argminx l(Φ f (x),h(d ))+R(x)

ICTS_17	



ICTS_17	

Mahendran	and	Vedaldi	2015	



Alterna0ve	‘genera0ve’	model	

		 

Are	deep	nets	reversible	when	W's	are	random?	
Namely,	is	h(d ) ≈Φ f ( !x)?

Arora,	Liang	and	Ma	2016	
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Alternative:	run	the	net	backwards
randomly	zeroing	some	coordinates
!h(d−1) ≈τ(W (d )h(d ))⊙nd−1drop

!h(d−2) ≈τ(W (d−1)h(d−1))⊙nd−2drop

#
!x ≈τ(W (1) !h(1))⊙n0drop ,
Define	a	distribution:
P( !x |h(d ))



Reversibility	in	One-layer	‘Deep’	Net	
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Run	the	net	backwards
randomly	zeroing	some	coordinates
!x = γ ReLU(Wh)⊙ndrop
!h=ReLU(W † !x +b)
Compute	joint	distribution	P( !hi ,hi )
Turns	out	that	W † !x +b	is	nearly	Gaussian.	
Use	that	to	show		 !hi ≈hi .
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