lEcTURE 4

NODAL LiNES OF MAASS
FORMS AND CRITICAL HRCOLATIN

o

SIE—

PETER SARNAI

TIFR 2012 .



AuToMORPrIC cusP FoRMS ARE THE
BLocks ©OF M oDERA  ALTOM ORPHI

»

BLILDING
Form ThEORY. THEIR BY(STENCE (3
sulRTLE

. EVERYWHERE UNRAMIFIED FoRM S

FoR Gl /@ ( ANALOGUES FoR Gla
oF THE Rz mann BeTA F@chmw);

M= sk, (2)

on [ BY UNEAR FRACTIONAL

ACTS
TRANS -,










Below is the nodal set {¢ = 0} of a highly excited modular form
for SLQ(Z)

1
Ap+Ap =0, )\:Z+R2.

¢(z) is SLa(Z) periodic. Is the zero behaving randomly? How
many components does it have?

B

Hejhal-Rackner nodal lines for A = 1/4 + Rz, R = 125.313840
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Below a picture of the zero set ¢ = 0 of such a “Maass form” for
SLy(Z), A= 1 + 2, t = 125.34... (Hejhal-Rackner).

Is the zero set behaving randomly? How many components does it
have?
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58 nodal domains in A
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The trouble is giving a lower bound for N(¢). In general it need
not grow!

Nodal domain of an eigenfunction on the square, N(¢) = 2.
From Courant—Hilbert; Vol |. Thesis A. Stern, Gottingen, 1925.
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Symmetry for X:

The isometry z — —Z of H induces an isometry o : X — X.
§ = Fix(o) ={z:0(z) =z} =6 UdyU 3.

¢ is either even or odd with respect to 0. We stick to the even
ones.

e If Q is a nodal domain for ¢, then so is o(2).
— either o(Q2) = Q, we call Q inert (or real), or

a(Q)NQ =10, we call Q split.
@ () is inert iff Q meets 0 nontrivially.
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FIGURE 2

Denote by K?(¢) the number of sign changes of ¢ when traversing 5. A key
role is played by the arc § = {z € X : 0(z) = z} which is fixed by o. This arc is
composed of three piecewise analytic geodesics, denoted by d1, d2 and d3 in Figure
3. A simple topological analysis (see Section 1) shows that

1
) L+ 5K(6) < Nin(9) < 1 Z5 14,
and more generally for 5 a nonempty segment of §
1
(6) L+ 5K (6) <NG(9) < 125N Bl + 1,

The complexification technique of Toth and Zelditch (using a form of Jensen’s
Lemma) may be applied to our ¢’s whose normal derivative vanishes along 4, to
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