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feature training lazy training

no features are learned

f(w) = f(wo) + Vf(wo) - dw

the network learns features

characteristic training time separating the two regimes
training procedure to force each regim



Overparametrization

¢ perform well
e theoretically tractable

How does the network perform in the
infinite width limit?
There exist two??limits in the literature

n neurons per layer



The 2 limits can be understood in the context of the central limit thm

Central Limit Theorem:
Asn - oo, Y — Gaussian

1

/Y : 1 ;:X (Law of large numbers) ™\ _ L g
. | vn
(¥) = (X277 (Y) = /n(X;)?? 77
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regime 1: kernel limit

At initialization

1 h
7" = —= ¥ Wy 6(z)

v/n

j=1

Independent terms in the sum, CLT With this scaling, small correlations

=>when n - o output is a Gaussian adds up significantly => the weights will
process change only a little during training

[1995 R. M. Neal]




regime 1: kernel limit

space of functions R? — R
(dimension )

network manifold
(dimension N)

d input dimension
N number of parameters
m size of the trainset




regime 1: kernel limit

neural tengant kernel
O(w, x1,X2) = Vi, f(w,x1) * Vi, f(w, x0)??2?

forn - «

The NTK is independent of the initialization
and is constant through learning

=> the network behaves like a kernel method
7

The weights barely change
ldw| ~ O(1) and dW;; ~ O(1/n)?? 22(0(1/4/n) at the extremity)
7?7

The internal activations barely change

dz ~ O(1/4/n) - 2018 Jacot et al.]
=> no feature training 2018 Du et al.]

[2019 Lee et al.]




regime 2: mean field limit

Another i e
. . 7/ h 1
limit ! o= /f,f/f RN

forn — oo X .% \. f(w,x)
\

studied theoretically for 1 hidden layer

n

f(W X):_ZW¢( ZWUXJ)

i=1
\ was - Sl the kernel limit




regime 2: mean field limit

1 n
— ¥ Wiix;)

_ 1 i
f(W!X)_EIz:lWI' l;b(‘\/ﬁj_l

e

]_ &
- instead of o

implies

e no output fluctuations at initialization
77




regime 2: mean field limit

1 n
¥ Y. Wijx;)

j=1

1 n
f(W,X) = E Z Wf ¢’(
i=1

; instead of - implies

e no output fluctuations at initialization
77

e we can replace the sum by an integral

n

Y. Wix;)
j=1

1

f(w, %)~ f(p,x) = [ dp(W, W) W ¢ 7

where p is the density of neuron's weights



regime 2: mean field limit

n

: 1
flp,x) =] dp(W,W) W qf)(ﬁ Y. Wix;j)

j=1

p follows a differential equation

[2018 S. Mei et al], [2018 Rotskoff and Vanden-Eijnden],

[2018 Chizat and Bach]

In this limit, the internal activation do change
(Y) = (X;) => feature training

10



What is the difference between the two limits

kernel limit2? 2222222222 22and?2?2 22 222222 7?
1 ?? mean field limit 1

Vvn n

frozen internal activationsz® change

e which limit describe better finite n networks?

e are there corresponding regimes for finite n???
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we use the scaling factor a to investigate
the transition between the two regimes
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[2019 Chizat??and Bach]

e if ais fixed constantand n — « then => kernel limit
o if @ ~ in and n — o then => mean field limit

v/n
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inearize the network with f - f;

We would like that for any finite n, in the
limit @ - oo, the network behaves linearly

a - (f(w,x) = f(wo, x))
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loss function

1
W
|

_.-"""'.’F':".;..-f. .\:\.‘H‘H“%

This o? is here to converge in a time that does not scale with
a in the limita - oo
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continuous dynamics

w = -V, L(w)

Implemented with a dynamical adaptation
of the time step dt such that,

4 _ |IVL(te)-VL@)|? 5
107 < 1wt oreep < 10

(works well only with full batch and smooth loss)

le.l



continuous dynamics
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momentum dynamics

V = —%(v + VL)

W =1V



there is a plateau for large values of a
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the ensemble average converge withn —
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the ensemble average

fx)=[ f(w(wo),x) du(wo)



plot in function of /na overlap the lines
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the kernel evolution displays two regimes
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MNIST 10k parity, FC L=3, softplus, gradient flow with momentum
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the phase space is split in two by a* who decays with /n

lazy training

kernel limit

mean fielq i
feature training 'd limit
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same for other datasets: the trends depends on the dataset
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same for other datasets: the trends depends on the dataset
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CNN: the tendency is inverted

test error
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how does the learning curves depends on n and a

lazy
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there is a characteristic time in the learning curves

v/na

lazy
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t; characterise the curvature of the network manifold

space of functions R? — R
(dimension )

network manifold
(dimension N)

d input dimension

N number of parameters
m size of the trainset
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t; is the time you need to drive to realize the earth is curved

v

1 ~ R/v

7




the rate of change of W determines when we |leave the tangent
space, aka t; ~ y/na
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W;; and z; are initialized ~ 1
W;; and 7; at initialization = ¢,

Upper bound: consider weight of last layer

actually the correct scaling

Wk =-2L =0

:fl"‘"\/ﬁﬂ

1
aﬁ) wt=0(1)
w0 = O(
7=0(

ai)
1
)

28



convergence time is of order 1 in Iaz_y regime??

*LW)= grpr I ()~ [(4,9),)
(xy)eD
S n=1000 \
n=100 \
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convergence time is of order 1 in lazy regime??

1
a?|D|

& L(W) =

Y. E(a(f(w,x) = [(wo, X)), y)

(xy)e D

7
* f(w,x) = Vyf(w,x) " W
¢ =-V,f(w,x) V,L
o o ofls (CL V)
¢ ~ 10
7

* "aft=1"= "tigyy = [0 "
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when the dynamics stops before t; we are in the lazy regime

(time to exit the tangent space) (time to converge in the lazy regime)
77 =77
¥ o L
RN
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linearize the network with f - fo was not necessary

a* ~ 1/4/n

then for large n

—

(X*f(Wo,X) <1

=3

o™ (f(w, x) = f(wo, X)) & o™ f(w, x)

for large n our conclusions should holds without this trick



lazy training
stop before t;

kernel limit

feature training mean field limit
go beyond ¢

time to leave the tangent space t; ~ y/na

?77=> time for learning features
arxiv.org/abs/1906.08034

github.com/mariogeiger/feature_lazy
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