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Chapter One

Ensembles: 3 examples

 



Codes: Shannon code ensemble

codewords

sent codeword

Unit hypercube 
in     dimensionsN

(random)

iid random points, uniform distribution2RN



Codes: Shannon code ensemble

codewords

sent codeword

received word

Unit hypercube 
in     dimensionsN

(random)

iid random points, uniform distribution2RN



Phase transitions in decoding

Probability of perfect 
decoding:

1

0

Shannon « bound »

p = noise

Decoding = find closest codeword

geometric phase transition



Phase diagram for compressed sensing

 M Linear measurements

=y F
x

 N Unknown x
<latexit sha1_base64="jj2f1EsrfSv2LdnaWQZVCYzppkw="></latexit>

y = Fx
<latexit sha1_base64="XTEXQJqQtI6VgSvfolQ2/WAU2wY="></latexit>

M < N
<latexit sha1_base64="AWZTdSbh7Sl997es9FRzcPYcZSs=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6EKk4KYbpaJ9QC2SpNM6NC+SiVKK4A+41U8T/0D/wjvjFNQiOiHJmXPvOTP3Xjf2eSos6zVnzMzOzS/kFwtLyyura8X1jWYaZYnHGl7kR0nbdVLm85A1BBc+a8cJcwLXZy13eCLjrVuWpDwKL8UoZt3AGYS8zz1HEHVxenR2XSxZZUstcxrYGpSgVz0qvuAKPUTwkCEAQwhB2I eDlJ4ObFiIietiTFxCiKs4wz0KpM0oi1GGQ+yQvgPadTQb0l56pkrt0Sk+vQkpTeyQJqK8hLA8zVTxTDlL9jfvsfKUdxvR39VeAbECN8T+pZtk/lcnaxHo41DVwKmmWDGyOk+7ZKor8ubml6oEOcTESdyjeELYU8pJn02lSVXtsreOir+pTMnKvadzM7zLW9KA7Z/jnAbNStneK1fO90vVYz3qPLawjV2a5wGqqKGOBnkP8IgnPBs1IzQy4+4z1chpzSa+LePhA5k9j/A=</latexit>

x
<latexit sha1_base64="jj2f1EsrfSv2LdnaWQZVCYzppkw=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6EoKgrhswT5AiyTptA7Ni8xELEV/wK1+m/gH+hfeGaegFtEJSc6ce8+Zuff6aciFdJzXgjU3v7C4VFwurayurW+UN7faIsmzgLWCJEyyru8JFvKYtSSXIeumGfMiP2Qdf3Sq4p1blgmexBdynLJe5A1jPuCBJ4lq3l2XK07V0cueBa4BFZjVSMovuEIfCQLkiMAQQxIO4UHQcw kXDlLiepgQlxHiOs5wjxJpc8pilOERO6LvkHaXho1przyFVgd0SkhvRkobe6RJKC8jrE6zdTzXzor9zXuiPdXdxvT3jVdErMQNsX/pppn/1alaJAY41jVwqinVjKouMC657oq6uf2lKkkOKXEK9ymeEQ60ctpnW2uErl311tPxN52pWLUPTG6Od3VLGrD7c5yzoF2rugfVWvOwUj8xoy5iB7vYp3keoY5zNNDS3o94wrN1ZoWWsPLPVKtgNNv4tqyHD2s2j30=</latexit>

sparse: ⇢N
<latexit sha1_base64="7JQXQRRpH5rGlNWsRgGyM96IeOE="></latexit>

non-zero components

L1
<latexit sha1_base64="EHUqaKaL3VOofsJ85cxAMYE115Y="></latexit> Find a    - component vector      such that the       equations

are satisfied and             is minimal
N

<latexit sha1_base64="9RGqtDRz7KLigA/FW3l6I1K+BFw="></latexit>

x
<latexit sha1_base64="jj2f1EsrfSv2LdnaWQZVCYzppkw="></latexit> M

<latexit sha1_base64="5b1oyHm8Xu99flxyJJevVRg1jCI="></latexit>

||x||1
<latexit sha1_base64="YyO3JfMc//3iVm97iiTZ0LZr5U8="></latexit>

BP Bayesian approach: max of              studied by BP  P (x|y)
<latexit sha1_base64="j6oE+wBTZrUuWccZQLBQLljXh4c="></latexit>

↵ = M/N
<latexit sha1_base64="xGQFGx5gyqV5tvOJXLMon+VmXlM="></latexit>
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↵ = M/N
<latexit sha1_base64="xGQFGx5gyqV5tvOJXLMon+VmXlM="></latexit>

Ensemble: iid elements of F ⇠ N (0, 1/N)
<latexit sha1_base64="1Pfqolyos3YQYy2nyXV4TyCXBUg="></latexit>
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Ensemble: iid elements of F ⇠ N (0, 1/N)
<latexit sha1_base64="1Pfqolyos3YQYy2nyXV4TyCXBUg="></latexit>
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Cavity method shows that the order parameters 
of the BP iteration fl ow according to the gradient of 
the replica free entropy    («density evolution» eqns)�

Analytic study: cavity equations, density 
evolution, replicas, state evolution

Replica method allows to compute the «free entropy»

�(D) = lim
N!1

1

N
logP (D)

D =
1

N

X

i

(xi � si)
2

P (D)where         is the probability that reconstructed     is
at distance      from original signal   .    

x

D s

analytic control of the BP equations
NB rigorous: Bayati Montanari, Lelarge Montanari
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NB comparison of theory (replica, cavity, 
density evolution) and numerical experiment



Perceptron learning in the ‘90s…
N

<latexit sha1_base64="9RGqtDRz7KLigA/FW3l6I1K+BFw="></latexit>

Task to be learnt= teacher perceptron
x

<latexit sha1_base64="jj2f1EsrfSv2LdnaWQZVCYzppkw="></latexit>

y = Sign(J.x)
<latexit sha1_base64="swOzcPaTQ+FibhoZ524ZdXULps4="></latexit>

Ji = ±1
<latexit sha1_base64="d9T0xCoBEIdu8ukjzj48kNngCyc="></latexit>

Learning= student perceptron
y = Sign(K.x)

<latexit sha1_base64="qOA2mEfLflWMOrA47P2MfRnmIr0="></latexit>

Ki = ±1
<latexit sha1_base64="gqJKmqYc9QyeJtNb8QETmoENUF4="></latexit>

Machine learning: database of P examples xµ
<latexit sha1_base64="hbl1mDG64SbfYBSM/ZuJew/cG8A="></latexit>

y
<latexit sha1_base64="mtMEcXb5Eom2nn0soJDduNt8krQ="></latexit>

and the desired labels yµ = Sign(J.xµ)
<latexit sha1_base64="4foNZU7WOxEfweSLKpfQOgKuixM="></latexit>

Learn the components of K. Compute the 
generalization error
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and the desired labels yµ = Sign(J.xµ)
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Learn the components of K. Compute the 
generalization error

Ensemble: iid xµ
i

<latexit sha1_base64="PlcEZ4B83p3NgQ5r15sDIlvwbxc="></latexit>

eg ⇠ N (0, 1/N)
<latexit sha1_base64="QqnhnLbLq6JISSZKsfo80eVGEDA="></latexit>



Perceptron learning in the ‘90s…
N

<latexit sha1_base64="9RGqtDRz7KLigA/FW3l6I1K+BFw="></latexit>

Task to be learnt= teacher perceptron
x
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y = Sign(J.x)
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Ji = ±1
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Learning= student perceptron
y = Sign(K.x)

<latexit sha1_base64="qOA2mEfLflWMOrA47P2MfRnmIr0="></latexit>

Ki = ±1
<latexit sha1_base64="gqJKmqYc9QyeJtNb8QETmoENUF4="></latexit>

y
<latexit sha1_base64="mtMEcXb5Eom2nn0soJDduNt8krQ="></latexit>

Thermodynamic limit

N,P ! 1
<latexit sha1_base64="gfDC3CaBJX5IjjWn2L5JejxSGb8="></latexit>

↵ = P/N
<latexit sha1_base64="VMSBtR4QsmGiDwgDuSJCZc+Pgd4="></latexit>

Transition to perfect 
generalization

Györgyi 1990; Barbier et al 2018



Statistical-physics and probabilistic tools

Precise statements in the thermodynamic limit both on the 
phase diagram, and on the behavior of some classes of 
algorithms. 
But limited to an ensemble of disorder (in compressed 
sensing: choice of      )F

<latexit sha1_base64="3pA9fygINH3O4rqSdf+Rq1pbH8k="></latexit>

Complementary to other theoretical approaches that 
apply to a large class of problems (eg      norm applies to 
all       with RIP properties), or to the worst case

L1
<latexit sha1_base64="EHUqaKaL3VOofsJ85cxAMYE115Y="></latexit>

F
<latexit sha1_base64="3pA9fygINH3O4rqSdf+Rq1pbH8k="></latexit>

What ensembles can be studied?
What ensembles have been studied?

Does it matter?



Chapter Two

A first (simple) example: 

Hopfield Model
with

Structured Patterns

 



Hopfield model with structured patterns

Neurons =      binary spins:

⇠µi = ±1, i 2 {1, . . . n}, µ 2 {1, . . . p} ,

si 2 {±1}

Patterns to be memorized

N

E = �1

2

X

i,j

Jijsisj Jij =
1

N

X

µ

⇠µi ⇠
µ
j

PJ(s) =
1

Z
e(�/2)

P
i,j Jijsisj Z =

X

s

e(�/2)
P

i,j Jijsisj

Mezard 2017 

A spin glass, like the SK spin glass, except for the 
choice of Jij

<latexit sha1_base64="/CA+M3MzDgf3acQrwY80CV10XJs="></latexit>



Naive TAP equations

Hi =
X

k

Jki tanh(�Hk)� � tanh(�Hi)
X

k

J
2
ki[1� tanh2(�Hk)]

Disordered and infinite range



Naive TAP equations

Hi =
X

k

Jki tanh(�Hk)� � tanh(�Hi)
X

k

J
2
ki[1� tanh2(�Hk)]

Disordered and infinite range

i

j
TAP is valid only if indirect 
interaction from        to       
through other sites can be 
neglected

i

j

WRONG



TAP in the Hopfield model: more subtle!

j

Indirect interactions matter 
« Naive » TAP does not apply  

i

Jij =
1

N

X

µ

⇠µi ⇠
µ
j JijJjkJki 6= 0

The mean-field equations 
depend on the quenched 
disorder ensemble 



Jij =
1

N

X

µ

⇠µi ⇠
µ
jZ =

X

s

e(�/2)
P

i,j Jijsisj

Z =
X

s

Z Y

µ

d�µp
2⇡�

exp

2

4��

2

X

µ

�2
µ + �

X

µ,i

⇠µip
N

si�µ

3

5

Hubbard Stratonovitch (Gaussian transform) :

The Hopfield model as a Restricted Boltzmann Machine

Z =
X

s

exp

0

@ �

2N

X

µ

"
X

i

⇠µi si

#2
1

A



Z =
X

s

Z Y

µ

d�µp
2⇡�

exp

2

4��

2

X

µ

�2
µ + �

X

µ,i

⇠µip
N

si�µ

3

5

si

�µ

mi!µ

mµ!i

m̂µ!i
m̂i!µ

Spin-variable Pattern-variable Coupling, iid

Hopfield model is a 
restricted Boltzmann 
machine, with a 
specific set of 
couplings  

that store     patterns. 
iid couplings 

⇠µip
N

P



TAP-AMP equations in the paramagnetic or SG phase

Hi '
X

⌫

⇠
⌫
ip
N

A⌫ � ↵

1� �(1� q)
tanh(�Hi)

Aµ =
1p
N

X

j

⇠
µ
j tanh(�Hj)

q =
1

N

X

i

tanh2(�Hi)

First written in MPV 1987, claimed wrong in Nakanishi-
Takayama 1997, Shamir Sompolinsky 2000, actually 
correct. 
Can be used as an algorithm (with right time indices)



More general spin glass ensembles

Neurons =      binary spins: si 2 {±1}N

E = �1

2

X

i,j

Jijsisj

PJ(s) =
1

Z
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Structured patterns: combinatorial disorder



Structured patterns: combinatorial disorder

Modified Hopfield model: Combinatorial patterns

~⇠µ = (⇠µ1 , · · · , ⇠
µ
N )

~⇠µ built from superposition of elementary features ~ur

vµr 2 {±1}, binary~⇠µ =
1p
�N

X

r

vµr ~ur

« Model of the world »: hierarchy of combinatorial 
compositions

NB: linear manifold. One would like a non-linear one. See later



TAP equations in the Hopfield model with structured 
patterns

Modified Hopfield model: Combinatorial patterns

Disentangle the last term by another Hubbard Stratonovitch 
representation
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Visible neurons
Hidden: features

Hidden: patterns



TAP equations in the Hopfield model with structured 
patterns (MM, Phys Rev E 2016)
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mi!µ

mµ!i

m̂µ!i
m̂i!µ

si
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~tr

Hopfield 
model 

Restricted 
Boltzmann 
machine

with 
combinatorial 

patterns Two 
hidden 
layers



Hypothesis about the success of deep networks: successive 
disentanglement of combinatorial correlations?

Visible input Subfeatures Features Patterns

Combinatorial correlations = new type of correlations. 
Present in images, language, semantics, etc. Crucial (see also 
Baraniuk, Mossel)

si
�µ

~tr



Statistical physics of disordered systems builds upon the 

study of random ensembles of problems  

The choice of ensemble is crucial. eg  

with iid J is very different from J generated with Hebb rule, 

itself very different from Hebb rule with structured 

patterns. 

Challenge = build better ensembles of the « world », with 

combinatorial correlations, hierarchically structured, and 

study machine learning with these new ensembles 
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2

X

i,j

Jijsisj



Chapter Three

The Hidden Manifold 
Model

Learning in a three-layer 
feedforward network 

with structured patterns

 



Data structure

Why does it work?

- Hidden manifolds and sub manifolds
- Combinatorial structure
- Euclidean correlations

• Analyse data
• Build generative models that can be 

analyzed fully in some large size limit
• Understand mechanisms

S. Goldt, F. Krzakala, MM, L. Zdeborova
                          arXiv:1909.11500



Mostly used so far 
Data = input patterns 
with iid entries

Pattern     , input entry    : µ
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NB Physicists use     patterns in    dimensions,  
statisticians use     patterns in      dimensions… Sorry

P
<latexit sha1_base64="qoyDzvjMxw7W7kcAaKTB25cjH+w="></latexit>

N
<latexit sha1_base64="9RGqtDRz7KLigA/FW3l6I1K+BFw="></latexit>

n
<latexit sha1_base64="nQ6T1xBBWCVniIvOVu7ZFR8upNA="></latexit> p

<latexit sha1_base64="zOd/o+NW+i7U7gBNug2KIxdisrg="></latexit>

Theory: Ensembles of data, 
ensemble of weights



  

Differences  between 
MNIST and iid data 
Learn using a 2-layer neural 
net,       hidden unitsK
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MNIST data

Generalization error decreases with 
The difference on MNIST between two trials agrees 
with generalization error 

The difference on random images between two trials 
is large (nearly uncorrelated functions)

K
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iid data and teacher network

Generalization error decreases with     , vanishes for 

The difference on random images between two trials 
is equal to      . For              the two trials learn the 
same global function

K
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ṽm
<latexit sha1_base64="JSj+qzxgAXlD5fJ1NfCc/hVCsS8="></latexit>

~̃wm
<latexit sha1_base64="Ego2WNz+JLmrPDFLitRbvleGvCI="></latexit>

Student Teacher



MNIST versus iid data



Learning dynamics

Plateau in the « teacher-
student » setup

M. Biehl and H Schwarze 95, Saad and Solla 95

After some time the dynamics stabilize in a metastable 
state where all the hidden units have roughly the same 
overlap with all the teacher vector. Long plateau before 
the specialization of hidden units occurs.



Differences  between MNIST and iid data 

Two different trials learn the same function in iid data 
teacher-student, completely different functions in 
MNIST (outside of the hidden manifold)

Plateau in the learning of teacher-student with iid data, 
not seen in MNIST



What data structure?



The hidden manifold of data

Input space: dimension 282 = 784
<latexit sha1_base64="M2W6lZjvlU1U0VewqQJbqdYuuoc="></latexit>

MNIST



The hidden manifold of data

Input space: dimension 282 = 784
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Manifold of handwritten digits in MNIST: 

Nearest neighbors’ distance : 

Grassberger Procaccia 83, Costa Hero 05, Heinz 
Audibert 05, Ansuini et al. 19, Spigler et al. 19…p ' cRd

<latexit sha1_base64="aeZQ86wxtaYdIeIHDNFUKvtdDHA="></latexit>

Rnn ' p�1/d
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The hidden manifold of data

MNIST: 

Nearest neighbors’ 
distance : 

de↵ ' 15
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d = 784
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Spigler et al. 19
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The hidden manifold of data

MNIST: 

Nearest neighbors’ 
distance : 

de↵ ' 15
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The neural net should answer: this image 
does not seem to be a handwritten digit

Rnn ' p�1/d
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Structure of the task: 
perceptual sub-manifolds

Hein Audibert 05

de↵(5) ' 12
<latexit sha1_base64="++Pr9a1UqWJWUQyVZU/jlWw0I+8="></latexit>

MNIST problem: in the 15-dim manifold of 
handwritten digits, identify the 10 perceptual 
sub manifolds associated with each digit, of 
dimensions between 7 and 13…



Structure of the task: 
perceptual sub-manifolds

Hein Audibert 05

de↵(5) ' 12
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MNIST problem: in the 15-dim manifold of 
handwritten digits, identify the 10 perceptual 
sub manifolds associated with each digit, of 
dimensions between 7 and 13…

… from an input in 784 dimensions!



A new ensemble 
for the hidden manifold

and for the task to be achieved

S. Goldt, F. Krzakala MM L. Zdeborova

arXiv:1909.11500 

https://arxiv.org/abs/1909.11500


An ensemble for the hidden 
manifold
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Data = input patterns built from     features ~Fr
<latexit sha1_base64="QDHVkDYZ2/W8UDbK4Q3vuB9DhzU="></latexit>

R
<latexit sha1_base64="DpjMd93MFyNJq3Mgk7jcVnbCgXE="></latexit>

A feature is a     component vector in the input spaceN
<latexit sha1_base64="9RGqtDRz7KLigA/FW3l6I1K+BFw="></latexit>

Each pattern is built from a weighted superposition 
of features (feature    has weight     ): r

<latexit sha1_base64="FmQle1G4UMcInf8ecu5LhtP9bMs="></latexit> Cr
<latexit sha1_base64="uXqgFrBDsQXW9Vs6Wi2FdwIS61w="></latexit>

RX

r=1

Cr
~Fr

<latexit sha1_base64="RbEgPYqDJAyzrUCwXelN+kRbyHg="></latexit>

Pattern    :µ
<latexit sha1_base64="aI6a64IH5GruKA5uRoiI3KWIgWI="></latexit>



An ensemble for the hidden 
manifold
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The   -dimensional data manifold is folded by applying 
the non-linear function 
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An ensemble for the task

Desired output = function of latent representation

« Latent 
representation »: 

Examples:
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An ensemble for the task

Desired output (task) = function of latent representation

« Latent 
representation »: 

Examples:
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(2 layers nn in 
latent space)



Manifold of data and sub 
manifolds of the task

Hidden manifold of data: folded R-dimensional manifold

« Latent 
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Experimenting with the 
« hidden manifold model »

Hidden manifold model MNIST
R = 10
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Hidden manifold model

Desired output (task) = function of latent representation

Data. « Latent 
representation »: 

Example

~X = f

"
1p
R

RX

r=1

Cr
~Fr

#

<latexit sha1_base64="Z9793x5P842SLkVK/5vzJK8Eu94="></latexit>

{Cr}
<latexit sha1_base64="56tD9NrjqeXbBUWvR6LtoCMwa0I="></latexit>

y = g

 
RX

r=1

w̃rCr

!

<latexit sha1_base64="SI0Vme585a1toFgah10jC00AnBA="></latexit>

• Does not have the pathologies of teacher-student setup 
with iid data

• Learning and generalization phenomenology     MNIST
• Can be studied analytically

⇠<latexit sha1_base64="nKeg8TdQUrNEybztXTaxodWBHxs="></latexit>



Analytic study of the hidden manifold model

Correlated 
components 

~X = f

"
1p
R

RX

r=1

Cr
~Fr

#

<latexit sha1_base64="Z9793x5P842SLkVK/5vzJK8Eu94="></latexit>

N
<latexit sha1_base64="9RGqtDRz7KLigA/FW3l6I1K+BFw="></latexit>

K
<latexit sha1_base64="Z7sMt76SLAJYUjbZN0APOsF55nw="></latexit>

vk
<latexit sha1_base64="qawaWKSzQy3zMwH2+lc9eIGWWB4="></latexit>

~wk
<latexit sha1_base64="bKAF74XDxrgW1+VQm2aQtIwicXc="></latexit>

iid

Solvable limit = thermodynamic limit with extensive 
latent dimension             ,             ,  

With fixed                ,                  ,    

N ! 1
<latexit sha1_base64="lKag02DzoGC1XNxMdNCbOT5gIcE="></latexit>

R ! 1
<latexit sha1_base64="xu1LBTUSW/VK+De8I0MpikjLez4="></latexit>

P ! 1
<latexit sha1_base64="YdWBAzMM7T9iYIzh/JVHBEFncjQ="></latexit>

R/N = �
<latexit sha1_base64="xOdaIFZpSceyk9XQdIKQxfig+yQ="></latexit>

P/N = ↵
<latexit sha1_base64="dmftsX8S6SE48Bdcc59QTFbh9v0="></latexit>

K
<latexit sha1_base64="Z7sMt76SLAJYUjbZN0APOsF55nw="></latexit>



Analytic study of the hidden manifold model

Correlated 
components 

~X = f

"
1p
R

RX

r=1

Cr
~Fr

#

<latexit sha1_base64="Z9793x5P842SLkVK/5vzJK8Eu94="></latexit>

N
<latexit sha1_base64="9RGqtDRz7KLigA/FW3l6I1K+BFw="></latexit>

K
<latexit sha1_base64="Z7sMt76SLAJYUjbZN0APOsF55nw="></latexit>

vk
<latexit sha1_base64="qawaWKSzQy3zMwH2+lc9eIGWWB4="></latexit>

~wk
<latexit sha1_base64="bKAF74XDxrgW1+VQm2aQtIwicXc="></latexit>

iid

Xi
<latexit sha1_base64="eeh84eS124eHNTDaAdL5MOhyq6M="></latexit>

Xj
<latexit sha1_base64="F+bKb7vGbofSQQq96fgFICXTJf8="></latexit>

balanced:

Fri = O(1)
<latexit sha1_base64="opeT6VeNwci16hvgb7LAZHKolDo="></latexit>

1

N

X

i

FriFsi = O(1/
p
N)

<latexit sha1_base64="AZCZ7Gcq4yDTPm8pfUrlWabzx+I="></latexit>

1

N

X

i

FriFri = 1
<latexit sha1_base64="fOUsox3n57wcpYCvyR/gNaDb4+A="></latexit>



Analytic study of the hidden manifold model

Correlated 
components 

~X = f

"
1p
R

RX

r=1

Cr
~Fr

#

<latexit sha1_base64="Z9793x5P842SLkVK/5vzJK8Eu94="></latexit>

N
<latexit sha1_base64="9RGqtDRz7KLigA/FW3l6I1K+BFw="></latexit>

K
<latexit sha1_base64="Z7sMt76SLAJYUjbZN0APOsF55nw="></latexit>

vk
<latexit sha1_base64="qawaWKSzQy3zMwH2+lc9eIGWWB4="></latexit>

~wk
<latexit sha1_base64="bKAF74XDxrgW1+VQm2aQtIwicXc="></latexit>

iid

Xi = f [ui]
<latexit sha1_base64="LEHtU2/b3Mi6LZmSuLd7wcWrRr8="></latexit>

ui =
1p
R

RX

r=1

CrFri

<latexit sha1_base64="VEkqPPtWDOrH4iZEJxjDcXFp9OE="></latexit>

Gaussian, weakly correlated         
when       are balanced andFri

<latexit sha1_base64="yWm6bAkkpob4eA9Ww6owbt6muV0="></latexit>

O(1)
<latexit sha1_base64="yWqd9aEiQP49xDqkMGm22gBuFKs="></latexit>

O(1/
p
N)

<latexit sha1_base64="KwW/JRQ2v3tpwGzGqSZM9vQ3EPg="></latexit>

E (f [ui]f [uj ]) = hf(u)i2 + huf(u)i2E (uiuj)
<latexit sha1_base64="MtP7E0kg9cV/7Oqxbs8Q1RaBQlU="></latexit>

Xi
<latexit sha1_base64="eeh84eS124eHNTDaAdL5MOhyq6M="></latexit>

Xj
<latexit sha1_base64="F+bKb7vGbofSQQq96fgFICXTJf8="></latexit>

Gaussian N (0, 1)
<latexit sha1_base64="hIA6IPhrmtts5mi0utARxuePtrI="></latexit>

u
<latexit sha1_base64="Zcstj7XVNx+eIB7ozwzmYbk8LAE="></latexit>



Gaussian Equivalence Theorem (GET)

Inputs of hidden units:
N

<latexit sha1_base64="9RGqtDRz7KLigA/FW3l6I1K+BFw="></latexit>

K
<latexit sha1_base64="Z7sMt76SLAJYUjbZN0APOsF55nw="></latexit>

vk
<latexit sha1_base64="qawaWKSzQy3zMwH2+lc9eIGWWB4="></latexit>

~wk
<latexit sha1_base64="bKAF74XDxrgW1+VQm2aQtIwicXc="></latexit>

Xi = f [ui]
<latexit sha1_base64="LEHtU2/b3Mi6LZmSuLd7wcWrRr8="></latexit>

ui =
1p
R

RX

r=1

CrFri

<latexit sha1_base64="VEkqPPtWDOrH4iZEJxjDcXFp9OE="></latexit>

�k =
1p
N

NX

i=1

wk
i f [ui]

<latexit sha1_base64="AiFKmOZAIBCepPl9vrtdICqbYAM=">AAAC/HicjVFPTxQxHH2MIn8EXfXopXFjwmkzAyRwgZB44UQwcYFkZ5l0ul1odv7ZdjBksn4TbtyIV7+AVz0bvoF+C3+tQ6ISIp3MzOv7vffaX5tWmTI2DK9nggcPZx/NzS8sPl5afvK08+z5gSlrLWRflFmpj1JuZKYK2bfKZvKo0pLnaSYP08kbVz88k9qosnhnzys5zPlJocZKcEtU0tmIMxKP+PGEbbF4rLloomkTm/fasr0pi02dJ43aiqbHe+xDokg2HtSJGiadbtgL/WC3QdSCLtqxX3a+I8YIJQRq5JAoYAln4DD0DBAhREXcEA1xmpD ydYkpFslbk0qSghM7oe8JzQYtW9DcZRrvFrRKRq8mJ8Nr8pSk04TdaszXa5/s2LuyG5/p9nZO/7TNyom1OCX2f74b5X19rheLMTZ9D4p6qjzjuhNtSu1Pxe2c/dGVpYSKOIdHVNeEhXfenDPzHuN7d2fLff2HVzrWzUWrrfHT7ZIuOPr3Om+Dg9VetNZbfbve3dlur3oeL/EKK3SfG9jBLvbRp+wLfMFXfAs+BpfBVfDptzSYaT0v8NcIPv8Cgg+lUA==</latexit>

GET: In the thermodynamic limit, the variables      
have a Gaussian distribution, with covariance

E[�̃k�̃`] = (c� a2 � b2)W k` + b2⌃k`
<latexit sha1_base64="aJsN3zDyY9Nx1BprP4fInwK6lG4=">AAADXXicnVHLSsNAFL1pfNZX1YULN4NVUKQlrYJulIIILitaKzStTKZjHTp5kEwEKf0P/0xcudWfEO+MKfhAFG9Icubce87MnetFUiTKcR6tnD02PjE5NZ2fmZ2bXygsLl0kYRoz3mChDONLjyZcioA3lFCSX0Yxp74nedPrH+l885bHiQiDc3UX8bZPe4G4FowqpK4K9wPXp+rG88jxkLRcJWSXE1eiQZd2+uQL4XIp2+Rgk5 Vop1ryOtWtPPl/NDuDvnYcbqMTcc9Ez6cjilwVik7ZMUG+g0oGipBFPSw8gAtdCIFBCj5wCEAhlkAhwacFFXAgQq4NA+RiRMLkOQwhj9oUqzhWUGT7+O3hqpWxAa61Z2LUDHeR+MaoJLCBmhDrYsR6N2LyqXHW7E/eA+Opz3aHfy/z8pFVcIPsb7pR5V91uhcF17BvehDYU2QY3R3LXFJzK/rk5ENXCh0i5DTuYj5GzIxydM/EaBLTu75bavLPplKzes2y2hRe9ClxwJWv4/wOLqrlyk65erpbrB1mo56CVViDTZznHtTgBOrQQO9Xa90qWeXckz1uz9rz76U5K9Msw6ewV94A/zC2BQ==</latexit>

W k` ⌘ 1

N

NX

i=1

wk
i w

`
i

<latexit sha1_base64="39CRG3VZ4lXXpFGpBYM/C7kuw5Y="></latexit>

⌃k` ⌘ 1

R

RX

r=1

Sk
rS

`
r

<latexit sha1_base64="R3ZtEgz9AouaPatoBjMsxWmlWNo="></latexit>

Sk
r ⌘ 1p

N

NX

i=1

wk
i Fir

<latexit sha1_base64="IDJU+skRvfLUveycoANXj6Bdnmc="></latexit>

c = hf(u)2i
<latexit sha1_base64="w0WkFYCgoV+JLbr3ei8QZguOCQY="></latexit>

a = hf(u)i
<latexit sha1_base64="KsQub6FCZbnjgCdRCGav1jbPiZI="></latexit>

b = huf(u)i
<latexit sha1_base64="EnaZjBPqnjzLlZi1zvfKFIYH2dM="></latexit>

Gaussian N (0, 1)
<latexit sha1_base64="hIA6IPhrmtts5mi0utARxuePtrI="></latexit>

u
<latexit sha1_base64="Zcstj7XVNx+eIB7ozwzmYbk8LAE="></latexit>

�k
<latexit sha1_base64="hvKQD81xCTkd+ubJTqsHECsLGT4="></latexit>

iid



Gaussian Equivalence Theorem (GET)

Inputs of hidden units:

Xi = f [ui]
<latexit sha1_base64="LEHtU2/b3Mi6LZmSuLd7wcWrRr8="></latexit>

ui =
1p
R

RX

r=1

CrFri

<latexit sha1_base64="VEkqPPtWDOrH4iZEJxjDcXFp9OE="></latexit>

�k =
1p
N

NX

i=1

wk
i f [ui]

<latexit sha1_base64="AiFKmOZAIBCepPl9vrtdICqbYAM="></latexit>

GET in a nutshell: in the thermodynamic limit (with  
extensive latent dimension of the hidden manifold,             ),
the inputs of hidden units have Gaussian distribution. Then 
the model is solvable.

R = �N
<latexit sha1_base64="D5GiLgOHl2BzFYeWPMDqYM0ADbc="></latexit>

NB:       and      are not necessarily random, but balanced Fri
<latexit sha1_base64="A7J/ZLJMvMohP+63QXjaYBv6U+8="></latexit>

wk
i

<latexit sha1_base64="glTT2zt5L3ReQuDhKJUkXGofzKY="></latexit>

S
k1k2...kp
r1r2...rq =

1p
N

X

i

w
k1
i w

k2
i ...w

kp

i Fir1Fir2 ...Firq = O(1)
<latexit sha1_base64="z6DCjNI6h0zCeWzTzKdV7OPUNyE="></latexit>



Gaussian Equivalence Theorem (GET)

Inputs of hidden units:

Xi = f [ui]
<latexit sha1_base64="LEHtU2/b3Mi6LZmSuLd7wcWrRr8="></latexit>

ui =
1p
R

RX

r=1

CrFri

<latexit sha1_base64="VEkqPPtWDOrH4iZEJxjDcXFp9OE="></latexit>

�k =
1p
N

NX

i=1

wk
i f [ui]

<latexit sha1_base64="AiFKmOZAIBCepPl9vrtdICqbYAM="></latexit>

c = hf(u)2i
<latexit sha1_base64="w0WkFYCgoV+JLbr3ei8QZguOCQY="></latexit>

a = hf(u)i
<latexit sha1_base64="KsQub6FCZbnjgCdRCGav1jbPiZI="></latexit>

b = huf(u)i
<latexit sha1_base64="EnaZjBPqnjzLlZi1zvfKFIYH2dM="></latexit>

Gaussian N (0, 1)
<latexit sha1_base64="hIA6IPhrmtts5mi0utARxuePtrI="></latexit>

u
<latexit sha1_base64="Zcstj7XVNx+eIB7ozwzmYbk8LAE="></latexit>

GET in a nutshell: in the thermodynamic limit (with  
extensive latent dimension of the hidden manifold,             ),
the inputs of hidden units have Gaussian distribution. Then 
the model is solvable.

R = �N
<latexit sha1_base64="D5GiLgOHl2BzFYeWPMDqYM0ADbc="></latexit>

NB: depends on the manifold folding function     only 
through the three quantities

f
<latexit sha1_base64="nSPHIv1jYfTR/j8f8NP5GW+jD7M="></latexit>

Any folding function      is statistically equivalent to a quadratic onef
<latexit sha1_base64="nSPHIv1jYfTR/j8f8NP5GW+jD7M="></latexit>

f(u) = ↵+ �u+ �u2
<latexit sha1_base64="VKNvdAIIvcltElK/uE1yRHyWSM4="></latexit>



  

Learn using a 2-layer neural 
net,       hidden unitsK

<latexit sha1_base64="Z7sMt76SLAJYUjbZN0APOsF55nw="></latexit>

N
<latexit sha1_base64="9RGqtDRz7KLigA/FW3l6I1K+BFw="></latexit>

K
<latexit sha1_base64="Z7sMt76SLAJYUjbZN0APOsF55nw="></latexit>

vk
<latexit sha1_base64="qawaWKSzQy3zMwH2+lc9eIGWWB4="></latexit>

~wk
<latexit sha1_base64="bKAF74XDxrgW1+VQm2aQtIwicXc="></latexit>

     = inside hidden R-dimensional manifold, folded by 
function 
Desired output given constructed from latent 
representation

Online learning of Hidden  Manifold Model

~X
<latexit sha1_base64="fzaif5vHvZpbMWctseVM/rRyoJI="></latexit>

f
<latexit sha1_base64="nSPHIv1jYfTR/j8f8NP5GW+jD7M="></latexit>

�
⇣
~X
⌘
=

KX

k=1

g
⇣
~wk. ~X/

p
N
⌘

<latexit sha1_base64="57eic7eJVl5UJGK6G4/M1kfJGcI="></latexit>
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"
1p
R

RX

r=1
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~Fr

#

<latexit sha1_base64="Z9793x5P842SLkVK/5vzJK8Eu94="></latexit>

�t( ~X) =
MX

m=1

g̃

 
RX

r=1

w̃m
r Cr

!

<latexit sha1_base64="qpUGlcU1xQiPX7aSSR2o1EIGces="></latexit>

https://arxiv.org/abs/1909.11500


Online learning: ODE for SGD

New pattern (and therefore new latent representation      ) 
at each time

�
wk

i

�µ+1 �
�
wk

i

�µ
= � ⌘p

N
�g0(�k)f(ui)

<latexit sha1_base64="wSuo9OEs/5yAlvDxtUcZyxibgac=">AAADL3icjVHLbtQwFD0TXmV4DbBkYzFCzAh1lBQk2IAqwYIVKhLTVmo6I8fjTM04DxwHVEX5KP6EXcUGsaQ/wBauTSoBVQWOkhyfe8/xvb5JqVVlw/BzLzh3/sLFS2uX+1euXrt+Y3Dz1nZV1EbIqSh0YXYTXkmtcjm1ymq5WxrJs0TLnWT13MV33ktTqSJ/Yw9LuZ/xZa5SJbglaj54G2uZ2tGHuZqtYqOWB3Y8a+KsfhC16+ yMWNtn7Ol6nBoumlha3jZx9c7Y5lXbsviF1Jaz5f1RrKmKBZ+txiwd1XM1ng+G4ST0i50GUQeG6NZWMThCjAUKCNTIIJHDEtbgqOjZQ4QQJXH7aIgzhJSPS7Tok7amLEkZnNgVfZe02+vYnPbOs/JqQadoeg0pGe6RpqA8Q9idxny89s6OPcu78Z6utkP6J51XRqzFAbH/0p1k/q/O9WKR4onvQVFPpWdcd6Jzqf2tuMrZb11ZciiJc3hBcUNYeOXJPTOvqXzv7m65j3/zmY51e9Hl1jh2VdKAo7/HeRpsb0yih5ON14+Gm8+6Ua/hDu5iRPN8jE28xBam5P0J3/Gjh+BjcBR8Cb7+Sg16neY2/ljB8U/4jLhz</latexit>

Evolution of the weights during learning D Saad and S Solla 95, Biehl 
and Schwarze 95, …

� =
KX

`=1

g(�`)�
NX

m=1

g̃(⌫m)
<latexit sha1_base64="RtpuidsosHb0CvNnRe38PUuuWFM="></latexit>

Cr
<latexit sha1_base64="uXqgFrBDsQXW9Vs6Wi2FdwIS61w="></latexit>

�k
<latexit sha1_base64="TD/TXK0cfiz4CpTxULOtcqeM42c="></latexit>

⌫m
<latexit sha1_base64="pc1qWxPampyd/DE37YbekTfc3LE="></latexit>GET:     and        are Gaussian, and the learning dynamics 

can be analyzed by ordinary differential equations for order 
parameters like

W k` ⌘ 1

N

NX

i=1

wk
i w

`
i

<latexit sha1_base64="39CRG3VZ4lXXpFGpBYM/C7kuw5Y="></latexit>



ODE Theory vs simulations N=8000, D=4000, M=2, K=2

Sk
r =

1p
N

NX

i=1

wk
i Fir

<latexit sha1_base64="hS5EUclQ2zx8qIJ85rfm3/3FPyw="></latexit>

W k` =
1

N

X

i

wk
i w

`
i

<latexit sha1_base64="mwZTm/lfMjoBYQ2X19OpvJavebo="></latexit>

⌃k` =
1

D

DX

r=1

Sk
rS

`
r

<latexit sha1_base64="a58/6xxa6FECeUoWWxJrwNKr2l0="></latexit>



ODE Theory vs simulations N=8000, D=4000, M=2, K=2

Rkm =
b

D

DX

r=1

Sk
r w̃

m
r

<latexit sha1_base64="ldsEQevR0DhmM9WYUSB5jd8FZvs="></latexit>

correlation of pre-activation of neuron k in 
the student and the eight m in the latent task

Sk
r =

1p
N

NX

i=1

wk
i Fir

<latexit sha1_base64="hS5EUclQ2zx8qIJ85rfm3/3FPyw="></latexit>

specializes after 100 steps



ODE Theory vs simulations N=1023, D=1023, M=2, K=2

Hadamard F



  

Learn using a 2-layer neural 
net,       hidden unitsK

<latexit sha1_base64="Z7sMt76SLAJYUjbZN0APOsF55nw="></latexit>

N
<latexit sha1_base64="9RGqtDRz7KLigA/FW3l6I1K+BFw="></latexit>

K
<latexit sha1_base64="Z7sMt76SLAJYUjbZN0APOsF55nw="></latexit>

vk
<latexit sha1_base64="qawaWKSzQy3zMwH2+lc9eIGWWB4="></latexit>

~wk
<latexit sha1_base64="bKAF74XDxrgW1+VQm2aQtIwicXc="></latexit>

     = inside hidden R-dimensional manifold, folded by 
function 
Desired output given constructed from latent 
representation

Phase diagram of Hidden Manifold Model

~X
<latexit sha1_base64="fzaif5vHvZpbMWctseVM/rRyoJI="></latexit>

f
<latexit sha1_base64="nSPHIv1jYfTR/j8f8NP5GW+jD7M="></latexit>
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KX

k=1

g
⇣
~wk. ~X/
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N
⌘

<latexit sha1_base64="57eic7eJVl5UJGK6G4/M1kfJGcI="></latexit>
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"
1p
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r=1
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~Fr

#

<latexit sha1_base64="Z9793x5P842SLkVK/5vzJK8Eu94="></latexit>

�t( ~X) =
MX

m=1

g̃

 
RX

r=1

w̃m
r Cr

!

<latexit sha1_base64="qpUGlcU1xQiPX7aSSR2o1EIGces="></latexit>

Learn from database of     patterns. 
Training error

P
<latexit sha1_base64="BsQL4a1DLmTU4MsCsiGBBjmfniw="></latexit>

E =
PX

µ=1

✏ [�t(Xµ)� �(Xµ)]

<latexit sha1_base64="WTp55BUO6vgjfqbBLYk5VDraGi8="></latexit>

https://arxiv.org/abs/1909.11500


Gardner’s computation: probability (or volume) that      
compatible with the data  

wk
i

<latexit sha1_base64="W/gxEI4DF4VTuEOfnoDWqT3S/Pc="></latexit>

n
~Xµ,�t(~xµ)

o

<latexit sha1_base64="gCdzzSDBt7OtwOG6zgQwZD0SAX8="></latexit>

Z =

Z Y

i,k

⇥
dwk

i Pw(w
k
i )
⇤
e��

P
µ ✏(�t( ~Xµ)��( ~Xµ))

<latexit sha1_base64="9DovtmKgj5DqEcT3E6OjI6dYlag="></latexit>



Gardner’s computation: probability (or volume) that      
compatible with the data  

wk
i

<latexit sha1_base64="W/gxEI4DF4VTuEOfnoDWqT3S/Pc="></latexit>

n
~Xµ,�t(~xµ)

o

<latexit sha1_base64="gCdzzSDBt7OtwOG6zgQwZD0SAX8="></latexit>

Z =

Z Y

i,k

⇥
dwk

i Pw(w
k
i )
⇤
e��

P
µ ✏(�t( ~Xµ)��( ~Xµ))

<latexit sha1_base64="9DovtmKgj5DqEcT3E6OjI6dYlag="></latexit>

Compute 
1

N
logZ

<latexit sha1_base64="D42rPQ8+gfbEv2HNP1RlV4Xnx+E="></latexit>

averaged over the distribution of 

latent components          , using replicasCµr
<latexit sha1_base64="16t/K3uo7vUrFUmaHdeOmJG5suA="></latexit>

ECZ
n ' eN (n)

<latexit sha1_base64="Oy/eczDwdLnz1Lvea1y5vr9QgFU="></latexit>

EC
1

N
logZ =  0(0)

<latexit sha1_base64="Pgn+146LKrC3xytyHEO1H31UHac="></latexit>



Gardner’s computation: probability (or volume) that      
compatible with the data  

wk
i

<latexit sha1_base64="W/gxEI4DF4VTuEOfnoDWqT3S/Pc="></latexit>

n
~Xµ,�t(~xµ)

o

<latexit sha1_base64="gCdzzSDBt7OtwOG6zgQwZD0SAX8="></latexit>

Z =

Z Y

i,k

⇥
dwk

i Pw(w
k
i )
⇤
e��

P
µ ✏(�t( ~Xµ)��( ~Xµ))

<latexit sha1_base64="9DovtmKgj5DqEcT3E6OjI6dYlag="></latexit>

Compute 
1

N
logZ

<latexit sha1_base64="D42rPQ8+gfbEv2HNP1RlV4Xnx+E="></latexit>

averaged over the distribution of 

latent components          , using replicasCµr
<latexit sha1_base64="16t/K3uo7vUrFUmaHdeOmJG5suA="></latexit>

ECZ
n ' eN (n)

<latexit sha1_base64="Oy/eczDwdLnz1Lvea1y5vr9QgFU="></latexit>

EC
1

N
logZ =  0(0)

<latexit sha1_base64="Pgn+146LKrC3xytyHEO1H31UHac="></latexit>

Zn =

Z Y

ik

nY

a=1

⇥
dwka

i Pw(w
ka
i )

⇤
e��

P
µ,a ✏(�t( ~Xµ)��a( ~Xµ))

<latexit sha1_base64="KUSFBIMFt4cxSg3HvuRdk1zkmdM="></latexit>

Committee with weights wka
i

<latexit sha1_base64="D8ELsmZ/1PIadV8MNtiV92auWTM="></latexit>



Zn =

Z Y

ik

nY

a=1

⇥
dwka

i Pw(w
ka
i )

⇤
e��

P
µ,a ✏(�t( ~Xµ)��a( ~Xµ))

<latexit sha1_base64="KUSFBIMFt4cxSg3HvuRdk1zkmdM="></latexit>

�a
⇣
~Xµ

⌘
=

KX

k=1

g
⇣
~wka. ~Xµ/

p
N
⌘

<latexit sha1_base64="HyBUikIgKuL7AIbvwsFiSFYFM50="></latexit>

�ka
µ =

1p
N

NX

i=1

wka
i f

"
1p
R

DX

r=1

FirCµr

#

<latexit sha1_base64="OqReVGW57B3Gd6jIjbbnY0UoHQA="></latexit>

⌫mµ =
1p
R

RX

r=1

ewm
r Crµ

<latexit sha1_base64="64zyfv6+5CmVXVodCg5MAxS1d+M="></latexit>

Natural variables = inputs to hidden neurons

GET      These are joint Gaussian, with known covariance

        The replica computation can be done, for any 

ECZ
n =

Z Y

ika

⇥
dwka

i Pw(w
ka
i )
⇤Y

µ

E�;⌫ exp

"
��
X

µ,a

✏

 
X

m

eg(⌫mµ )�
X

k

g(�ka
µ )

!#

<latexit sha1_base64="4new/4aIsnSVFch9VhdppRxp0kw="></latexit>

g, g̃
<latexit sha1_base64="ut5/Tgii7K77xEqG5pKMPWpEX5I="></latexit>

,K,M
<latexit sha1_base64="EXwXwW1SEkdCxG6VZwIlhPkR84s="></latexit>

✏,
<latexit sha1_base64="9QxdBgws+3hHT1r336youuia96A="></latexit>



Gardner’s computation: volume of space in      
compatible with the data  

wk
i

<latexit sha1_base64="W/gxEI4DF4VTuEOfnoDWqT3S/Pc="></latexit>

Evaluated with replicas

n
~Xµ,�t(~xµ)

o

<latexit sha1_base64="gCdzzSDBt7OtwOG6zgQwZD0SAX8="></latexit>

The volume can be written in terms of the local 
input fields to the hidden variables,       .  �ka

µ
<latexit sha1_base64="uBifU80bByk3HYnqYofpjGVceZo="></latexit>

The GET shows that these are Gaussian variables, 
independent for different patterns, correlated for 
one given pattern. Finite number of correlations 
between      variables, so the computation can be 
done.

nk
<latexit sha1_base64="tzvD8CjCS0Qrd4dhv59ujxt/FeQ="></latexit>

Results… coming soon.

In short



NB: Hidden manifold and random features

Correlated 
components 

~X = f

"
1p
R

RX

r=1

Cr
~Fr

#

<latexit sha1_base64="Z9793x5P842SLkVK/5vzJK8Eu94="></latexit>

N
<latexit sha1_base64="9RGqtDRz7KLigA/FW3l6I1K+BFw="></latexit>

K
<latexit sha1_base64="Z7sMt76SLAJYUjbZN0APOsF55nw="></latexit>

vk
<latexit sha1_base64="qawaWKSzQy3zMwH2+lc9eIGWWB4="></latexit>

~wk
<latexit sha1_base64="bKAF74XDxrgW1+VQm2aQtIwicXc="></latexit>

iid

Xi
<latexit sha1_base64="eeh84eS124eHNTDaAdL5MOhyq6M="></latexit>

Xj
<latexit sha1_base64="F+bKb7vGbofSQQq96fgFICXTJf8="></latexit>



Correlated 
components 

~X = f

"
1p
R

RX

r=1

Cr
~Fr

#

<latexit sha1_base64="Z9793x5P842SLkVK/5vzJK8Eu94="></latexit>

N
<latexit sha1_base64="9RGqtDRz7KLigA/FW3l6I1K+BFw="></latexit>

K
<latexit sha1_base64="Z7sMt76SLAJYUjbZN0APOsF55nw="></latexit>

vk
<latexit sha1_base64="qawaWKSzQy3zMwH2+lc9eIGWWB4="></latexit>

~wk
<latexit sha1_base64="bKAF74XDxrgW1+VQm2aQtIwicXc="></latexit>

iid Cr
<latexit sha1_base64="uXqgFrBDsQXW9Vs6Wi2FdwIS61w="></latexit>

R
<latexit sha1_base64="DpjMd93MFyNJq3Mgk7jcVnbCgXE="></latexit>

Connection between       and      :Cr
<latexit sha1_base64="uXqgFrBDsQXW9Vs6Wi2FdwIS61w="></latexit>

Fri
<latexit sha1_base64="A7J/ZLJMvMohP+63QXjaYBv6U+8="></latexit>

Xi
<latexit sha1_base64="eeh84eS124eHNTDaAdL5MOhyq6M="></latexit>

Hidden manifold model = build patterns directly in feature 
space, from iid coefficients in latent representation

f
<latexit sha1_base64="PH6YkPw5KLWtG6/fSPaXMtQD2bA="></latexit>

g
<latexit sha1_base64="yXcxiias/tnqBh4KlXdlFvVn3B0="></latexit>

{Fri}
<latexit sha1_base64="fdRyhWLetUXXcX8UV/ZZ6VJYf8w="></latexit>



NB: Hidden manifold and random features

Correlated 
components 

~X = f

"
1p
R

RX

r=1

Cr
~Fr

#

<latexit sha1_base64="Z9793x5P842SLkVK/5vzJK8Eu94="></latexit>

N
<latexit sha1_base64="9RGqtDRz7KLigA/FW3l6I1K+BFw="></latexit>

iid Cr
<latexit sha1_base64="uXqgFrBDsQXW9Vs6Wi2FdwIS61w="></latexit>

R
<latexit sha1_base64="DpjMd93MFyNJq3Mgk7jcVnbCgXE="></latexit>Connexion to Montanari Mei 

arXiv:1908.05335

f
<latexit sha1_base64="PH6YkPw5KLWtG6/fSPaXMtQD2bA="></latexit>

{Fri}
<latexit sha1_base64="fdRyhWLetUXXcX8UV/ZZ6VJYf8w="></latexit>

K = 1
<latexit sha1_base64="QqHe19OskX9nDSiUnn6SHTJGAqg="></latexit>

~w
<latexit sha1_base64="gZt+dVMMeKPbbsaipW0+bWPxpPc="></latexit>

Linear regression
Task �

⇣
~X
⌘
= ~wk. ~X/

p
N

<latexit sha1_base64="ZtEFPx84dNNr1FAuQFEvPVsB2xk="></latexit>

�t( ~X) =
RX

r=1

w̃m
r Cr

<latexit sha1_base64="0OIXXjo9JPeNLDrXi2hMvwp8u38="></latexit>

�t( ~X) =
MX

m=1

g̃

 
RX

r=1

w̃m
r Cr

!

<latexit sha1_base64="qpUGlcU1xQiPX7aSSR2o1EIGces="></latexit>

with     
linear g̃

<latexit sha1_base64="hwEIxhDp0flXfSomK7ORNR/ovio="></latexit>

M = 1
<latexit sha1_base64="NQCSpF6visgq68uP+azpgdJKI+Q="></latexit>

Generalization Montanari et-al 1911.01544



NB: Hidden manifold and random features

Correlated 
components 

~X = f

"
1p
R

RX

r=1

Cr
~Fr

#

<latexit sha1_base64="Z9793x5P842SLkVK/5vzJK8Eu94="></latexit>

N
<latexit sha1_base64="9RGqtDRz7KLigA/FW3l6I1K+BFw="></latexit>

iid Cr
<latexit sha1_base64="uXqgFrBDsQXW9Vs6Wi2FdwIS61w="></latexit>

R
<latexit sha1_base64="DpjMd93MFyNJq3Mgk7jcVnbCgXE="></latexit>Connexion to Montanari Mei 

arXiv:1908.05335

f
<latexit sha1_base64="PH6YkPw5KLWtG6/fSPaXMtQD2bA="></latexit>

{Fri}
<latexit sha1_base64="fdRyhWLetUXXcX8UV/ZZ6VJYf8w="></latexit>

K = 1
<latexit sha1_base64="QqHe19OskX9nDSiUnn6SHTJGAqg="></latexit>

~w
<latexit sha1_base64="gZt+dVMMeKPbbsaipW0+bWPxpPc="></latexit>

Linear regression
Task �

⇣
~X
⌘
= ~wk. ~X/

p
N

<latexit sha1_base64="ZtEFPx84dNNr1FAuQFEvPVsB2xk="></latexit>

�t( ~X) =
RX

r=1

w̃m
r Cr

<latexit sha1_base64="0OIXXjo9JPeNLDrXi2hMvwp8u38="></latexit>

�t( ~X) =
MX

m=1

g̃

 
RX

r=1

w̃m
r Cr

!

<latexit sha1_base64="qpUGlcU1xQiPX7aSSR2o1EIGces="></latexit>

with     
linear g̃

<latexit sha1_base64="hwEIxhDp0flXfSomK7ORNR/ovio="></latexit>

M = 1
<latexit sha1_base64="NQCSpF6visgq68uP+azpgdJKI+Q="></latexit> Linear regression of 

random features is a 
special case of HMMGeneralization Montanari et-al 1911.01544



NB: Hidden manifold and random features

Correlated 
components 

~X = f

"
1p
R

RX

r=1

Cr
~Fr

#

<latexit sha1_base64="Z9793x5P842SLkVK/5vzJK8Eu94="></latexit>

N
<latexit sha1_base64="9RGqtDRz7KLigA/FW3l6I1K+BFw="></latexit>

iid Cr
<latexit sha1_base64="uXqgFrBDsQXW9Vs6Wi2FdwIS61w="></latexit>

R
<latexit sha1_base64="DpjMd93MFyNJq3Mgk7jcVnbCgXE="></latexit>Connexion to Montanari Mei 

arXiv:1908.05335

f
<latexit sha1_base64="PH6YkPw5KLWtG6/fSPaXMtQD2bA="></latexit>

{Fri}
<latexit sha1_base64="fdRyhWLetUXXcX8UV/ZZ6VJYf8w="></latexit>

K = 1
<latexit sha1_base64="QqHe19OskX9nDSiUnn6SHTJGAqg="></latexit>

~w
<latexit sha1_base64="gZt+dVMMeKPbbsaipW0+bWPxpPc="></latexit>

Linear regression



NB: Hidden manifold and random features

Correlated 
components 

~X = f

"
1p
R

RX

r=1

Cr
~Fr

#

<latexit sha1_base64="Z9793x5P842SLkVK/5vzJK8Eu94="></latexit>

N
<latexit sha1_base64="9RGqtDRz7KLigA/FW3l6I1K+BFw="></latexit>

iid Cr
<latexit sha1_base64="uXqgFrBDsQXW9Vs6Wi2FdwIS61w="></latexit>

R
<latexit sha1_base64="DpjMd93MFyNJq3Mgk7jcVnbCgXE="></latexit>Connexion to Montanari Mei 

arXiv:1908.05335

f
<latexit sha1_base64="PH6YkPw5KLWtG6/fSPaXMtQD2bA="></latexit>

{Fri}
<latexit sha1_base64="fdRyhWLetUXXcX8UV/ZZ6VJYf8w="></latexit>

K = 1
<latexit sha1_base64="QqHe19OskX9nDSiUnn6SHTJGAqg="></latexit>

~w
<latexit sha1_base64="gZt+dVMMeKPbbsaipW0+bWPxpPc="></latexit>

Linear regression
Statistically equivalent to a case where 

Xµi = ↵+
�p
R

RX

r=1

CµrFri + ⌘µi
<latexit sha1_base64="MltvcjCM1Ehx+b7fgKEqivaWvqI="></latexit>

Consequence of GET and
iid

c = hf(u)2i
<latexit sha1_base64="w0WkFYCgoV+JLbr3ei8QZguOCQY="></latexit>

a = hf(u)i
<latexit sha1_base64="KsQub6FCZbnjgCdRCGav1jbPiZI="></latexit>

b = huf(u)i
<latexit sha1_base64="EnaZjBPqnjzLlZi1zvfKFIYH2dM="></latexit>

NB: applies also to the 
case where         are not 
random (but they must 
be « balanced »)

Fri
<latexit sha1_base64="A7J/ZLJMvMohP+63QXjaYBv6U+8="></latexit>



Summary

Desired output (task) = function of latent representation

Data has  « Latent representation »: 

Example ~X = f

"
1p
R

RX

r=1

Cr
~Fr

#

<latexit sha1_base64="Z9793x5P842SLkVK/5vzJK8Eu94="></latexit>

{Cr}
<latexit sha1_base64="56tD9NrjqeXbBUWvR6LtoCMwa0I="></latexit>

y = g

 
RX

r=1

w̃rCr

!

<latexit sha1_base64="SI0Vme585a1toFgah10jC00AnBA="></latexit>

• Does not have the pathologies of teacher-student setup 
with iid data

• Learning and generalization phenomenology     MNIST
• Can be studied analytically : online learning and full batch 

in the limit where                 , thanks to a Gaussian 
Equivalence property 

⇠<latexit sha1_base64="nKeg8TdQUrNEybztXTaxodWBHxs="></latexit>

Data structure is important
- Hidden manifolds and sub manifolds
- Combinatorial structure

Hidden Manifold Model

R = O(N)
<latexit sha1_base64="5d12PBb7gosKsBDI+cr278pIGyw="></latexit>


