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What 1S inference? 'j‘ Statistics

Infer a hidden rule, or hidden variables, from data.

Restricted sense : find parameters of a probability distribution

Urn with 10.000 balls. Draw 100, find 70 white balls and 50 black
Bedt guess for the compoosition of the urn? How reliable? Probability
that tt has 6000 white- 4000 black?

It only black and white balls , with fraction x of white,
100

probability to pick-up 70 white balls 1s ( > e
70
Log likelihood of : L(z) = 70logz + 30log(1 — x)

Masamum-at 7 — 7 Probabilitvof.6 ch i BT
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W hat iS inference? Artificial intelligence, “
\  machine learning

hidden layver 1 hidden layver 2 hidden layer 3

input laver

Machine with hundreds of thousands of parameters,
trained on very large data base: infer the parameters from

data (supervised learning)



What is inference? /" Information theory,
{ communication, signal

processing

Information

transter : error
correction by the use
of redundancy
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Noise
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Noise
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repetition Decoding is an

code inference process



Noise

L bits N bits N bits'j"'" N ,ts
— Coding =P | Channel | L | Decoding &
initial coded — “eemmmase recelvelt declided
message message messagl mesgage

REE’UHDM* REDUNDAN HEGUHth

Example :
repetition Decoding is an

code inference process

More powertful codes : multi-bits interactions



Efficient codes : parity checks

(LDPC codes)

Add redundancy, with structure allowing to decode

T {O, 1}

a
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1+ x4 + x5 + 27 = 0 (mod

Ty + x4 + ¢ + 7 = 0 (mod

2)
2)

1 2)

24 codewords

among 27 words



Error decoding: « crystal hunting »

inference problem
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Error decoding: « crystal hunting »

inference problem
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Error decoding: « crystal hunting »

inference problem

a

OJa

P(:C1,...,xN\@1,...,yN)) —

receirved /

(

]i[U% (z:]y

%

A priori knowledge of

the channel

I

Z:I:Z—O (mod 2)

1€0a

)

!

Parity check

constraints

Spin glass problem with multispin interactions,

discontinuous glass transition (1 step RSB)




Error decoding: inference problem

a

OJa

(!

Sl sz (i ly:) HH(Z:UZ—O m0d2)

1€0a

One possible decoding algorithm: use beliet-propagation
mean-field equations relating the local hields

Solve them iteratively (Gallager)



Phase Transitions in Error correcting codes

Shannon 1948 (random code ensemble)

Typical structured code ensemble (e.g. LDPC),
with optimal decoding

Typical structured code ensemble , with fast BP-
based decoding algorithm

Prob i

transmission

N — o0

Noise level
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N
Algo MAP  Shannon



Phase Transitions in Error correcting codes

Shannon 1948 (random code ensemble)

Typical structured code ensemble (e.g. LDPC),
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Phase Transitions in Error correcting codes

Shannon 1948 (random code ensemble)

Typical structured code ensemble (e.g. LDPC),
with optimal decoding

Typical structured code ensemble , with fast BP-
based decoding algorithm

Prob 1 — o Geometrical phase

transmission =
/ transitions

N—=—00 /
0

/ = + S
Glass transition Algo MAP  Shannon

(proliferation of metastable states)

Noise level




Error correction: decoding

COdGWOI’dS

sent codeword



Error correction: decoding
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Error correction: decoding

COdGWOI’dS

sent codeword

received word

metastable states



Phase transitions 1n decoding

Probability of perfect
decoding:

1
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Algo Max Prob Shannon



Phase transitions 1n decoding

Probability of perfect

decoding: /

Algo Max Prob Shannon



Phase transitions in decoding

Metastables states=traps

Probability of perfect
decoding: /

E— /
9 Q = P = noise
= t = =

Algo Max Prob Shannon




Phase transitions in decoding

Probability of perfect
decoding:

1

= A P = noise

Algo Max Prob Shannon



Phase transitions in decoding

Impossible

Noise



Statistical inference: general scheme

Challenge = rules with many hidden parameters. eg :
machine learning with large machine and big data, decoding

In communication,...
LU:(,CEl,...,ZEN) N=1
Many measurements Y = (y1, e ,yM) M—=1

Measure of the amount of data o= M / N

= Algorithms

= Prediction on the quality of inference, on the

performance of the algorithms, on the type of situations

where they can be applied



Bayesian inference with many unknown
and many measurements

Unknown parameters I = (33‘1, b ,$N) Prior PV (x)
Measurements e P(y|x)

Bayesian inference  P(z|y) < P(y|z)P°(x)

Often (but not necessarily):
Independent measurements R e H Tty

Factorized prior =it = H Sk Er=
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Bayesian inference with many unknown
and many measurements

P(z) = Z(ly) (1:[ sz;o(xi)) CXp _—;Eu(x,yu)_

1

B (z,y,) = —log P.(y.|z)

Statistical mechanics (inverse problem).

Example: Inverse Ising

e e e configuration N Ising spins

 ={Zrsf =coupling constants between spins r and s

1
Z(x)

Boltzmann distribution: p(y|z) = e~ 2in,s TrsSrSs

Reconstruct the couplings from typical spin configuration




Bayesian inference with many unknown

and many measurements

b= Z(ly) (1:[ Pio(xi)) CXp

B (z,y,) = —log P.(y.|z)

i Z Eu(xv yu)

1

Statistical mechanics (inverse problem).

4 Discrete or continuous variables x;

4 Interactions through e~ EulZ:yu)

QpaiI'WiSe : E'u G z],uaj’i(,u)x

emultibody

4 Disordered system, ensemble

4 Thermodynamic limit, phase transitions

Can be

7 ()

« Spin glass »



Spin glasses

® Disordered magnetic systems e.g.: CuMn
S; — ==
1 ,/'% J ¢ * Ly == Z Jijsisj
- i,]

J/ ¢ * ¢ P(sl,...,sN):%e_E/T



Spin glasses

® Disordered magnetic systems

S ==

1¢ ¢ * ¢ P&t

Fach spin ‘sees’ a different local field

eo—Calin

E=— Z JijSiSj
2,J

1
.,SN) — EG_E/T



Phase transition with many states:
spin glasses

® Many atoms, microscopic interactions are

known, “disordered systems” e.g.:. CuMn

Each spin ‘sees’ a different local field
Low temperature: frustration

J<0 J<0

J<0



Phase transition with many states:
spin glasses

® Many atoms, microscopic interactions are
known, “disordered systems” e.g

Fach spin ‘sees’ a different local field
Low temperature: frustration
Spins freeze in random directions =

Dithicult to find min. of E

. CuMn

J<0

J<0

lT



Phase transition with many states:
spin glasses

Energy

Many quasi-ground
states unrelated by
symmetries, many
metastable states

Slow dynamics, aging

Configurations

Spin glass

Fach spin ‘sees’ a different local field
Low temperature: frustration
Spins freeze in random directions = 1<

Dithicult to find min. of E

J<0

lT



Phase transition with many states:
spin glasses

Energy

Many quasi-ground
states unrelated by
symmetries, many
metastable states

Slow dynamics, aging

Configurations

Spin glass

=% Fach spin ‘sees’ a different local field
=+ Low temperature: frustration
= Spins freeze 1In random directions <0 10

= Dithicult to ind min. of E

Useless, but thousands of papers... o

lT



Inference, spin-
glass and crystal:
tomography of
binary mixtures




Inference, spin-
glass and crystal:

L measurements for

each angle

tomography of
binary mixture

Synchrotron light



Inference, spin-
glass and crystal:

L measurements for

each angle

tomography of
binary mixture

L angles:

L? measurements

L? pixels

Synchrotron light



Tomography

: L les:
of binary angles
mixtures L? measurements
L? pixels
ﬁ
ol .
sample * 3 ‘9- pixel size 1
size L

%‘:ﬁ o | domain size ¢

If the size of domains is > pixel: possible to

. > 1
reconstruct with < L° measurements :



Tomography

of binary
mixtures
ﬁ
sample Y ’% .‘g pixel size 1
size L »
m ""# o } domain size £
-"':'.'
' *s

If the size of domains is > pixel: possible to

i 1
reconstruct with < L measurements &>



Tomography of This picture, digitalized on
binary 1000 x 1000 grid, can be

mixtures reconstructed fom
measurements with

16 angles

X

Compressed
sensing

If the size of domains is > pixel: possible to
reconstruct with <« L measurements
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Prior knowledge on {s;}:
neighboring pixels more
likely to be equal



N\
N

d
7

e
/¢ o= 2

o o/

~ .
/ B @ @

N

Prior knowledge on {s;}:

/ / /

17 Egrid

PS) = 1] ‘]“31_[5(%72 )

prior

neighboring pixels more
likely to be equal

1E0 U
Studied with

measurement mean-field



PS) = 1] J“JH5(WZ )

17 Egrid 1€

If enough measurements: The most
probable S (the ground state) gives
the perfect composition of the
sample.

« Crystal » : much more probable




Energy

Configurations

Energy

Configurations

Spin glass with crystal




Energy Energy

Configurations Configurations

Spin glass with crystal

« Crystal » : much more probable

But in some cases « crystal hunting »
may be computationally very hard !




Inference with many unknowns :
« crystal hunting » with mean-field
based algorithms



Historical development of mean field equations

- In homogeneous ferromagnets:

e  Weiss (infinite range, 1907)
* Bethe Peierls (finite connectivity, 1935)

=1 glassy systems:

* Thouless Anderson Palmer 1977,

« MM Parisi Virasoro 1986 (infinite range)
« Kabashima Saad 1998 (finite connectivity)
« MM Parisi 2001 (finite connectivity)

* Gallager 1963

- As an algorithm: |* Pearl 1986
e MM Parisi Zecchina 2002
 Kabashima 2003, 2008
* Donoho Bayati Montanari 2009
* Rangan 2010

e Krzakala MM Zdeborova 2012 ...



BP = Bethe-Peierls = Beliet Propagation

1

—

P(x1, - ,25) = Ya(®1, T2, T4)Pp(T2, 23) - - -



BP equations

First type of messages:

Probability of &1 1n the

absence of a:

=
//D Mi=a o)




BP equations

Second type of messages:

Probability of 1 when 1t

1s connected only to—C

/@
e BT




BP equations



BP equations

mc—>2($2) . Z wc(xlax%xS)mlﬁc(ml)mS%c(xS)

L1,X3



BP equations

, ¥ mi—c(r1) = Cmg1(T1)Me—1(T1)ms1(21)
—@
—_—

Mea(B2) = > Yo(@1, Tz, T3)ma o1 )Ms—o(23)

=

L1,X3



BP equations

Propagate messages

= along the edges, update
\ messages at vertices,

/@ using elementary local

probabilistic rules




BP equations

Propagate messages

along the edges, update

\ messages at vertices,
/@ using elementary local

probabilistic rules

Closed set of equations: two messages
“propagate” on each edge of the factor graph.



When is BP exact?

m1_>c(33'1) = Cmg— (ﬂfl)me_>1 (xl)mf—ﬂ (xl)

mc—>2(w2) — Z wc(:ply$27$3)m1—>c($1)m3—>c($3)

L1,T3

Fluctuations are handled correctly, but beware of correlations

e Exact in one dimension (transfer matrix
= dynamic programming)

e Exact on a tree (uncorrelated b.c)

e Exact on locally tree-like graphs (Erdés

Renyi etc.) if correlations decay fast
enough (single pure state) and

uncorrelated disorder

e Exact 1n infinite range problems 1if
correlations decay fast enough (single

pure state) and uncorrelated disorder

~
g
g
g
Q
U
Q
R
g
g
g
g
g
g

:_.-"'Loop length

€

. O(log N)

‘e
‘e
e
L]
--------------

a




Two important developments

1) The special case of infinite-range models

2) What happens 1n a glass phase, when there are many pure

states, and therefore many solutions ?



Infinite range models : from N’ messages on
the edges to N distributions on the vertices

S e
"’}z\' e Hml/—ﬂ(xi)

Z2N v

Small difference, treated
g perturbatively

Mean-field equations can be

written only In terms of site

pdfs: M;(x;). TAP, AMP...



Example: SK model

: 1
SK model Pairwise interactions Jij =0 (\/—N>

Mistig) (81) OCE T

hi_,; ®local field on1in absence of )

BP equations: f;\, = % S atanh(tanh(8.J:) tanh(Bhy ;)
) ~ )" Jy;tanh(Bhp;)
xen
e o %Zatanh[tanh(ﬁJki) it
k ~ N Jg; tanh(Bhy;)
k

1
e fe (—) : expand 1n the difference

=



SK model, TAP equations

1
SK model Pairwise interactions Jij =0 (\/—N>

Corrections can be handled to first order in perturbation theory, and all

the equations close on the N variables H, » TAP equations

H; =) Jiitanh(8Hy) — Btanh(BH;) Y Ji;[1 — tanh®(BHy)]
k k



SK model, TAP equations

1
SK model Pairwise interactions Jij =0 (\/—N>

Corrections can be handled to first order in perturbation theory, and all

the equations close on the N variables M, » TAP equations

t+1 t t—1 t—1
H; =) Jiitanh(8Hy) — Btanh(BH;) Y Ji;[1 — tanh®(BHy)]
k k

Time iteration (Bolthausen): AMP algorithm in information theory



Two important developments

1) The special case of infinite-range models

2) What happens in a glass phase, when there are many pure

states, and therefore many solutions ?



2) What happens in a glass phase, when there are many pure

states, and therefore many solutions ?

Misu(@:) = || mosia:)
BP equations V(1)
Correct if, in absence of the 1-
interaction, the correlations
between ¥ and ¢ can be =
neglected. (E T

[.oop length O(log V)



2) What happens in a glass phase, when there are many pure

states, and therefore many solutions ?

Misu(@:) = || mosia:)
BP equations V(1)
Correct if, in absence of the 1-
interaction, the correlations
between ¥ and ¢ can be =
neglected. (E T
Energy a
mz—),u CE’@ H ml/—)@ 377,> . [C\]———C
v (#1)
Glassy phase: many states, e

many solutions of BP



2) What happens in a glass phase, when there are many pure

states, and therefore many solutions ?

g 87
BP equations mz’—>,u(33i) — H My —q (357,) Statistics of ’L—W( z)
V(1) over the many states &
Correct if, in absence of the 1- e (m)
interaction, the correlations
related to
between Kk and € can be
P V—>1 (m)
neglected.
e Survey propagation

mz_>,u 37@ — H m;/_m 377, M Parist Zecchina
v v (F 1) =

Configurations

Glassy phase: many states,
many solutions of BP



SP-BP 2 Auxihary problem: statistics

over solutions:




Power of message passing algorithms

Approximate solution of very hard, and very large constraint

satisfaction problems, ...FAST! (typically linear time)

- i

~

R E
LB @
~

SR
A o

)

BP:

Best decoders for LDPC error correcting codes

P: Best solver of random satishability problems

Best algorlthm for learmng patterns 1n neural networks (e. g.

binary perceptron)

A
N

Data clusterlng, graph colorlng, Steiner trees, etc..
Fully connected networks : TAP (=AMP). Compressed sensing,

linear estimation, etc.

Local, simple update equations:

Each message 1s updated using
information from Incoming
messages on the same node.

Distributed, solves hard global pb



Power of message passing algorithms

Approximate solution of very hard, and very large constraint

satisfaction problems, ...FAST! (typically linear time)

B.
S|
B

P: Best decoders for LDPC error correcting codes
P: Best solver of random satishability problems

P: Best algorithm for learning patterns in neural networks (e.g.

binary perceptron)

sl
\Q

Data clusterlng, graph colorlng, Steiner trees, etc..
Fully connected networks : TAP (=AMP). Compressed sensing,

linear estimation, etc.

Local, simple update equations:

Each message 1s updated using
information from Incoming
messages on the same node.

Distributed, solves hard global pb




An example of fully connected model:

Generalized Linear Regression
Unknowns: i ¢=1,..., N
Linear combinations: 2, = E i TE e e 1

()
Outputs Yu generated from Pout (yu |Z'u)

Prior factorized H = (x@)
)

Bayes

P(zly) = HP ;) HPout(yu|ZFm$i)

L

Examples: tomography, linear regression, perceptron learning,

compressed sensing...



P(x|y) = HP ;) HPout(yMZFM’imi)

L

Perceptron

learning

Pout = (ylm Sign(zu))

Pattern U

o

Linear regression:
Individual g4 : expression of disease ¥,

Value of factor ¢ for individual M : £ (i

Find the best weights of factors &5

2
Minimize mean square error with regularization p .= —¢ —(Yu—2.)"/(2A)

§Z(y ZFW:C@ _|_ZH33ZH P(z;) — o llzill/A
[

l.asso



(£E|y HP xz HPout(y,u|ZF,ui$i)

U

Compressed sensing :
Unknown variables x;

Linear measurements Y, = Z e
- N2
Pout — e (Yu—2u)"/(24)
Compressed sensing regime : M < N

sparse prior (in appropriate basis)

4 Wavelet Coefficients
x 10

x105




Paly) = i T[P@) T] Pl 3 P

= e

St
Spin glass with multispin /";’(‘ Fli

\

F ui :1ud, known

interactions, infinite range: write

mean held equations.

My (Ti)

My—i(Zs)

= P(z;)

Becomes Gaussian in the thermodynamic limit

Messages:

Mézard 1989, Opper Winther 96, Kabashima 2003, 2008 , Donoho Maleki
Montanar1 2009, Rangan+ 2011, Krzakala+ 2012, ...



Aj—p — /d$Z ZT; mz—),u(xz) BP equatlons
_ 2 2

P I -
mu—m;(ﬂ?i) - 7 -6 2 Ap—itBu—iti
p—>1

1 .

M (Ti) = (1 —=p)o(z;) + pp(zi)) e 2

~ Zf)/#'u, A’Y—)’L—Fx’b Z’Y#,u ny_>,i
y A




(CLH“ } / Az i M (25) BP equations

2 2

mu—>i(ﬂ3i) — i e 2 (rCHTY
1 z2
Miou(i) = Zi—p (1= p)o(zi) + po(ai)] e = 2oy Ay =it @i 2y By

Four «messages» sent along each edge * — 1
(4N M numbers) can be simplified to 0(v) parameters



From « cavity messages » TAP equations
Qiyy = /d:vz- T; Miy,,(25)
Viesy = /dazi 27 mi_s,(25) — a?_m
To tull local distribution
a; = /dmi m;(x;)x; = (x;)
v; = /dacz- mi(z;)x? — a? = (x7) — a’
TAP = coupled equations between the 2N variables @i, Vi

[teration — algorithm : GAMP

Statistical study —— phase diagram



Benchmark: noiseless limit of compressed
sensing with iid measurements

System of linear measurements

/l] o

Measurements
[y

=1
\ v )

N 8

Signal ©

F = M x N matrix

Random F : «random projections» (incoherent with signal)

Pb: Find £ when |[M < N

and X is sparse



Phase diagram

«Thermodynamic limit» N >1  variables
R =pN non-zero variables

M = aN equations

@ Solvable by enumeration when «a > p but O(e")

® /1 norm approach

Find a ¥ - component vector x such that the M
equations Yy = I'x are satisfied and ||:z:|\1is minimal

® AMP = Bayesian approach Planted: ¢r(x)

P(x) = H[(l — p)o(zi) + po(a;)] H 0 (yu - ZFMZ%)
1=1 ? pu=1 1



Performance of AMP with Gauss-Bernoulli
prior: phase diagram

BP L+
LA V
BP
I \ ,,,,,,,,,,,, N\
0.8: . i 0.8:
0.6 | : ] 0.6
[ _ .|
0.4 ; ] 04
i o, P | | i o, (P)
- Cgp(P) | - &, p(P)
0.2 ' % SBEP | T 0.2 - % S-BEP
L/ / x=p ] i x=p
ol okl o
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
P P
Gaussian signal Binary signal
1 2 1
—x° /2 _
o7(1) = e~/ or(7) = 5 (02,1 + 0z, —1)




Analysis of random instances : phase
transitions

N (real) variables, M measurements (linear functions)

Analysis of random instances : phase transitions
Reconstruction of signal using BP. Fixed 7, decrease @

Easy Impossible
L Ultimate N/M =1/«
A;\Igorr:thlrdnlc (information
thresho theoretic)

threshold



J | -\

Many « crystals »

Easy Impossible
| Not h
Beliet . «Seeded » BP Ot SNOYS
Propagation measurements
N/M

Dynamical phase transition. Ubiquitous in statistical
inference. Conjecture « All local algorithms
freeze »... How universal?



Getting around the glass trap

Design the matrix F so that one nucleates the naive
state (crystal nucleation idea,
...borrowed from error correcting codes : « spatial

coupling »)

«Seeded BPy



Nucleation and seeding

ilo




Nucleation and seeding

ilo




0
— X
0
M : unit coupling

: coupling J;
Structured : coupling />
measurement matrix. : no coupling (null elements)
Variances of the
matrix elements

I'vi = independent random Gaussian variables,

zero mean and variance J, .y /N



Block 1 has a large value of "y . ynit coupling
M such that the solution arise

: ||
in this block... coupting /

: coupling />
: no coupling (null elements)

... and then propagatesin the
whole system!

L=38 Q1 > app

NZ:N/L Oéj:Ck/<Cva q > 2
1

Mz' :CVZN/L o = —(()41—|—(L—1)Oé/)

L



Numerical

study

Mean square error

0.4 |

UjI\J.A_hA

~ ~~ —~ —~ —
—_

OO O

-

PP
Il

t=150
t=200
t=250
t=300

0.3 |

0.1h

t =10

decoding of ©

first block

L =20

N = 50000

1IO |
Block index

p=.4

15

t = 100
decoding

T of blocks
] 1to 9

20



Performance of the probabilistic
approach + message passing +
parameter learning+ seeding matrix

N N N
Z:/Hdaﬁ]H CE@ ‘|‘,0¢ 33'@ H (?JMZFMZCEZ)
1=1

J:]_ 1—=1 :

( ) » Simulations
» Analytic approaches
(replicas and cavity)

— Oc = PO

Reaches the ultimate information-theoretic threshold

Proof: Donoho Javanmard Montanari



Performance of AMP with Gauss-Bernoulli
prior: phase diagram

BP Ly
Ly |
BP
1 B \, ,,,,,,,,,,,, = l — ——————N\r
0.8:— : 0.8:— __
| j | BP with
o | ‘_ o /‘_seeding
s - s -
04l i 0.4 L A
BP W|th —T o4 (P) o, (p)
seeding o2 | e IR 02 e
_ a=p a=p
ol | ol o -
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
p p
Gaussian signal Binary signal
I _ 1
br(r) = —==e™ /7 Or(z) = 5 (92,1 + 0,1




-

Easy Impossible

N/M

Phase transitions are crucial in large inference problems
Hard-lmpossible = absolute limit (Shannon-like)
Kasy- Hard = limit for large class of algorithms (local)



The spin glass cornucopia

A very sophisticated and powerful corpus of conceptual
and methodological approaches has been developed
(replicas, cavity, TAP.,...) mostly in the years 1975-2000,
and has found applications in many ditferent fields of

information theory and computer science

Portrait of Ottavio Strada,
Lintoretto, Venice 1567

Ryk o Musewm Amoterdam




