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Products of random matrices

o M= SL(2,R)N,
e f: M — M the shift map given by

f((an)n) = (ant1)n.

e The product of random matrices is the function given by

A((an)n) = «p,

Its iterates are dynamically defined by

A((an)n) = k1 - - - 0.
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Lyapunov Exponents

We call Lyapunov exponents the limits

1 \
Ar(x) = lim_—log | A"(x)]],

T 1 n —1-1
A-(x) = lim —log [|(A"(x)) "],

which exist for j-almost every x € M if logt || AL € LY (u).
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Lyapunov Exponents

If 1o is ergodic the Lyapunov exponents are constant for p-almost
every point x. In this case we write

1 \
A () = ) = inf [ 1og A d

A (x) = A () = igg% [ 1oglcan
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Weak* topology

We say that p, converges to p in the weak* topology if

[ vdun— [vi] >0

for all bounded continuous functions.
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Semicontinuity

If 1+ has compact support then, Ay is upper semi-continuous and A_
is lower semi-continuous.
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Bocker-Viana

Let G(2) be the space of compactly supported probability measures
on GL(2,R), equipped with the weakest topology, 7 , such that

* p— [dp is continuous for every continuous function ¢ : G — R
and
e p— supp p is continuous relative to the Hausdorff topology.

Then the extremal Lyapunov exponents 1 — A1 (u) vary continuously

on G(2).
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Measures with non compact support

The function g — Ay () is not upper semi-continuous relative to the
weak* topology. The same remains valid for o — A_(u) with lower
semi-continuity.
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Support

Let0<r<1/2<s<1,/=s/r>1and

a(2k — 1) = a(2k)"! = (e 9,k)
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Measure g

Consider the weights

pok = pak—1 = r* for k > 2,

1 r?
= =—(1-2 .
p1 = p2 2( r—1>

Define g = >~ pkda(k)-
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Measure g

Consider the weights

pok = pak—1 = r* for k > 2,

1 r?
= =—(1-2 .
p1 = p2 2( r—1>

Define g = >_ pkqa(k)- Then

A(q) =0.
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Measure g,

Change the weights

Define gn = >_ pida(k)-
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Measure g,

Change the weights

Define gn = >_ pgda(k)- Then

A(gn)=1+1""1>1.
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Wasserstein space

The Wasserstein space is the space

Pu(M) = {1 € P(M) - [ dlr0,x)dn(x) < +oo)

where xp € M is arbitrary.
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Remark

The Lyapunov exponents exist for every measure p in the Wasserstein
space P1(SL(2,R)).
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Remark

The Lyapunov exponents exist for every measure p in the Wasserstein
space P;1(SL(2,R)). If u = p" then

[1og11AG)1dn = [ tog lalldp < [ daid)dp < oo.

13 of 19
EEEEE————————————————————————



Wasserstein topology

We say that i, converge in the Wasserstein topology to p, if
¢ Mk = s

. /d(Xo,X)d,u,k(X) — /d(xo,x)d,u(x).

14 of 19



Wasserstein topology

We say that i, converge in the Wasserstein topology to p, if
¢ Mk = s

. /d(Xo,X)d,lLk(X) — /d(xo,x)d,u(x).

This convergence is metrized by the Wasserstein distance

() =sup{ [ v~ [ wavf,

where the supremum on the right is over all 1-Lipschitz functions .
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Wasserstein topology

The following properties are equivalent to the convergence in the
Wasserstein topology:

1. px — p and

lim lim sup/ d(xo, x)duk(x) =0;
d(x0,x)>R

R=00 ko0

2. For all continuous functions ¢ with |¢(x)| < C(1 + d(xo, x)),
C € R, one has

[ etadux) > [ ex)du).
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Semicontinuity with Wasserstein topology

Theorem (Viana, S)

The function Ay : P1(SL(2,R)) — R is upper semi-continuous
relative to the Wasserstein topology. The same remains valid for the
function \_ with lower semi-continuity.
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Stationary measures

If  is a probability measure such that for every measurable set
EcP!

n(E) = / (e E)dp(a),
then we have the following identity
A+ (p) = max {/d)dp Xn:n p-— stationary} )

where ® : SL(2,R) x P* — R is given by

IIOéVII

d(a, [v]) = log
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Discontinuity example
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Discontinuity example

Let px = e*‘/;,

a(k)=<g k91> and B:(‘l) _01>.

© g =Y pidagy and A (q) = X e Vlogk > 0.
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Discontinuity example

Let pk g ef\/z

a(k) = (g k91> and B = <2 _01> .

* G =3 Pudaqiy and A+ (q) = L e V¥logk > 0.
® Gn = Y ktn PkOa(k) T Pndg and Ay (gn) = 0.

18 of 19



Discontinuity example

Let pk g ef\/z

a(k) = (g k91> and B = <2 _01> .

* G =3 Pudaqiy and A+ (q) = L e V¥logk > 0.
® Gn = Y ktn PkOa(k) T Pndg and Ay (gn) = 0.
o W(gn, q) < pad(a(n), B) ~ ne=V" — 0.
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Thank Youl!ll
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