Hyperbolic p-barycenters, circumcenters, and

Moebius maps

Kingshook Biswas,
Indian Statistical Institute,
Kolkata.

Kingshook Biswas



Moebius group in n dimensions

Kingshook Biswas



Moebius group in n dimensions

Moeb(R" U {c0})

Kingshook Biswas



Moebius group in n dimensions

Moeb(R" U {c0})

= < reflections in hyperplanes, inversions in spheres >

Kingshook Biswas



Moebius group in n dimensions

Moeb(R" U {c0})
= < reflections in hyperplanes, inversions in spheres >

= group of homeomorphisms of R"” U {cc} preserving
cross-ratios

Kingshook Biswas



Moebius group in n dimensions

Moeb(R" U {c0})
= < reflections in hyperplanes, inversions in spheres >

= group of homeomorphisms of R"” U {cc} preserving
cross-ratios

where cross-ratio of a quadruple of distinct points given by

_ € =nllllg" ="l
1€ = 'l = mll

[€.¢ n,7]

Kingshook Biswas



Moebius group in n dimensions

Moeb(R" U {c0})
= < reflections in hyperplanes, inversions in spheres >

= group of homeomorphisms of R"” U {cc} preserving
cross-ratios

where cross-ratio of a quadruple of distinct points given by

_ € =nllllg" ="l
1€ = 'l = mll

Conjugating by stereographic projection gives

[€.¢ n,7]

Moeb(S™) = group of homeomorphisms of S” preserving
cross-ratios
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Isometries of real hyperbolic space

H" = (R™! x R, ‘f(—sf) upper half-space model of n-dim real
hyperbolic space.
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Isometries of real hyperbolic space

H" = (R™! x R, ‘f(—sf) upper half-space model of n-dim real
hyperbolic space.

OH" = R"~1 U {oo} boundary.

Isom(H") = < reflections/inversions in planes/spheres
perpendicular to OH" >

Isom(H") — Moeb(R"~" U {oo})
f f|8H”

Isom(H") ~Moeb(R™' U {cc})
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(Mostow) For n > 3, any isomorphism ¢ : 71(M) — 71(N)
between fundamental groups of closed hyperbolic n-manifolds
M, N is induced by an isometry f : M — N.
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(Mostow) For n > 3, any isomorphism ¢ : 71(M) — 71(N)
between fundamental groups of closed hyperbolic n-manifolds
M, N is induced by an isometry f : M — N.

Step 1. Choosing basepoints xg, yo € H", ¢ induces equivariant
quasi-isometry

Fo : m1(M) - xo = m1(N) - yo
g-Xo— ¢(9) Yo
Step 2. F; extends to an equivariant homeomorphism

f: O0H" — OH".

Kingshook Biswas



(Mostow) For n > 3, any isomorphism ¢ : 71(M) — 71(N)
between fundamental groups of closed hyperbolic n-manifolds
M, N is induced by an isometry f : M — N.

Step 1. Choosing basepoints xg, yo € H", ¢ induces equivariant
quasi-isometry

Fo:m(M)-xo — m(N)- Yo
g-X— ¢(9) Yo

Step 2. F; extends to an equivariant homeomorphism
f:OH" — OH".

Step 3. f equivariant and quasi-conformal implies f Moebius.

Kingshook Biswas



(Mostow) For n > 3, any isomorphism ¢ : 71(M) — 71(N)
between fundamental groups of closed hyperbolic n-manifolds
M, N is induced by an isometry f : M — N.

Step 1. Choosing basepoints xg, yo € H", ¢ induces equivariant
quasi-isometry
Fo : m1(M) - Xxo — m1(N) - yo
g-Xo— ¢(9) Yo

Step 2. F; extends to an equivariant homeomorphism
f:OH" — OH".
Step 3. f equivariant and quasi-conformal implies f Moebius.

Step 4. f Moebius implies f extends to an equivariant isometry
F:H"— H".

Kingshook Biswas
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X closed negatively curved n-manifold
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Marked length spectrum rigidity

X closed negatively curved n-manifold

Each free homotopy class of closed curves contains a unique
closed geodesic

Length function Ix : m¢(X) — R*

Question: Given X, Y closed negatively curved n-manifolds,
and ¢ : m1(X) — m1(Y) an isomorphism such that Iy o ¢ = Ix, is
X isometricto Y?

(Otal) Yes, if n = 2.

(Hamenstadt) X, Y have same marked length spectrum if and
only if geodesic flows of X, Y are topologically conjugate.
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CAT(-1) spaces

(X, d) metric space is CAT(-1) if:
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CAT(-1) spaces

(X, d) metric space is CAT(-1) if:

(1) X is a length space: For all p, g € X, exists isometric
embedding v : [0, T = d(p, q)] — X with v(0) = p,~(T) = g.

(2) X satisfies CAT(-1) inequality: Geodesic triangles thinner
than in H?, d(s, t) < di2(5, 1).

Facts:

Unique geodesic joining any two points.
Contractible.

Examples:

X complete simply connected manifold, K < —1.

X metric tree.
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Boundary at infinity

0X :={[y]:v:[0,00) = X geodesicray}/ ~
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Boundary at infinity

0X :={[y]:v:[0,00) = X geodesicray}/ ~
where vy ~ o if {d(v1(t),72(f)) : t > 0} bounded.
(o0) := 1.
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where vy ~ o if {d(v1(t),72(f)) : t > 0} bounded.
(o) :=[]-

For x € X, ¢ € 0X, unique geodesic ray -~ with
7(0) = x,7y(0) = &.
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v R — X with y(—o0) = &,v(c0) = 1.

Cone topology on X = X UJX :

Neighbourhood of ¢ = v(o0) € 9X: Points y € X outside ball of
radius R such that geodesic joining v(0) to y stays close to
up to time R.
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Boundary at infinity

OX :={[y]:v:[0,00) = X geodesicray}/ ~
where vy ~ o if {d(v1(t),72(f)) : t > 0} bounded.
(o) :=[]-

For x € X, ¢ € 0X, unique geodesic ray -~ with
7(0) = x,7y(0) = &.

For &,n € 0X distinct points, unique bi-infinite geodesic
v R — X with y(—o0) = &,v(c0) = 1.

Cone topology on X = X UJX :

Neighbourhood of ¢ = v(o0) € 9X: Points y € X outside ball of
radius R such that geodesic joining v(0) to y stays close to
up to time R.

X compact iff X proper.
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Examples:

X simply connected complete manifold, K < —1, then the map

TIX = aX
V = yy(00)

(where v, unique geodesic ray with 4,,(0) = v) is a
homeomorphism, X U X ~ B" U dB".
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Examples:

X simply connected complete manifold, K < —1, then the map

TIX = aX
V = yy(00)

(where v, unique geodesic ray with 4,,(0) = v) is a
homeomorphism, X U X ~ B" U dB".

X rooted binary tree, then X ~ {0, 1}V (Cantor set).

Kingshook Biswas



Visual metrics

For x,y,z € X, Z(-"yxz comparison angle between
[x,y),[x, 2) at x.
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Visual metrics

For x,y,z € X, Z(-"yxz comparison angle between
[x,y),[x, 2) at x.

For x € X, &,n € 0X, limiting comparison angle

exn = lim £ Dyxz

y—=&,2=m

exists.
Visual metric on 90X based at x c X:

(-1)
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Visual metrics

For x,y,z € X, Z(-"yxz comparison angle between
[x,y),[x, 2) at x.

For x € X, &,n € 0X, limiting comparison angle

exn = lim £ Dyxz

y—=&,2=m

exists.

Visual metric on 90X based at x c X:

(-1)
px(§;m) = sin (4125)(77>

Example. X = H" (ball model), po(&, ) = 5||€ — 7.
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Gromov inner product between y,z € X at x € X:

V2)x = %(d(X,Y) +d(x,2) - d(y,2))
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Gromov inner product between y,z € X at x € X:
1
(y12)x == 5(d(x, y) + d(x, 2) - d(y, 2))

For X metric tree, (y|z)x = length of common segment of
[x, ], [x, Z].
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1
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Gromov inner product between y,z € X at x € X:
1
(y12)x == 5(d(x, y) + d(x, 2) - d(y, 2))

For X metric tree, (y|z)x = length of common segment of
[x, ], [x, Z].
For &, € 90X, the limit

(€ln)x = lim (y|2)x € [0, 0]
y

—&,2—m
exists.

Visual metric

px(&,m) = exp(—(&[n)x)
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Moebius and conformal maps between metric spaces

(Z, p) metric space, cross-ratio defined by

p(&,m)p(€'sn')

& &l = e ey
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Moebius and conformal maps between metric spaces

(Z, p) metric space, cross-ratio defined by

p(&,m)p(€'sn')
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Injective map f: (Zy, p1) — (Z2, p2) between metric spaces is
Moebius if it preserves cross-ratios.
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Moebius and conformal maps between metric spaces

(Z, p) metric space, cross-ratio defined by

p(&,m)p(€'sn')
p(&n)p(& )

Injective map f: (Zy, p1) — (Z2, p2) between metric spaces is
Moebius if it preserves cross-ratios.

[57 ’5/7 7, 77,]/7 =

f is conformal if

exists for all ¢ € Z;.

df,, 0, : Z1 — Ris called the derivative of f with respect to the
metrics p1, po.
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We say f is C' conformal if df,, ,, is continuous.
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We say f is C' conformal if df,, ,, is continuous.

Any Moebius map is C' conformal.
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We say f is C' conformal if df,, ,, is continuous.
Any Moebius map is C' conformal.

Any Moebius map satisfies the Geometric Mean-Value
Theorem:

paF(€). () \?
(01(57"7)) = dfpy,p,(§)dfpy o (1)

Kingshook Biswas



Spaces of Moebius metrics

For two metrics p1, p2 on the same space Z,if [ ],, =[ |z
define the derivative of p, with respect to pq to be

Zﬁz := derivative of the Moebius map id : (Z, p1) — (Z, p2)
]
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Spaces of Moebius metrics

For two metrics p1, p2 on the same space Z,if [ ],, =[ |z
define the derivative of p, with respect to pq to be

Zﬁz := derivative of the Moebius map id : (Z, p1) — (Z, p2)
]

Let (Z, pp) be a compact metric space with diam(Z, pg) = 1.

Assume pg is antipodal, i.e. for any ¢ € Z there exists n € Z
such that po(&,n) = 1.
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Spaces of Moebius metrics

For two metrics p1, p2 on the same space Z,if [ ],, =[ |z
define the derivative of p, with respect to pq to be

dre := derivative of the Moebius map id : (Z, p1) — (Z, p2)

dp1
Let (Z, pp) be a compact metric space with diam(Z, pg) = 1.

Assume pg is antipodal, i.e. for any ¢ € Z there exists n € Z
such that po(&,n) = 1.

Space of Moebius metrics:

M(Z, po) := {p : p diameter one, antipodal metricon Z,[ ], =[ s}
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_ dp2
vilpt, p2) = rgmealeog dp; (€)

is a metric on M(Z, pg) making it into a proper metric space.
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Cross-ratio on 90X

X CAT(-1) space, x € X, then

1€, 0.1 ]py = exp (—(&n)x — (€' [0)x + (&ln)x + (€'n)x)
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X CAT(-1) space, x € X, then

1€, 0.1 ]py = exp (—(&n)x — (€' [0)x + (&ln)x + (€'n)x)

does not depend on x, so X has a canonical cross-ratio.

Kingshook Biswas
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X CAT(-1) space, x € X, then

1€, 0.1 ]py = exp (—(&n)x — (€' [0)x + (&ln)x + (€'n)x)

does not depend on x, so X has a canonical cross-ratio.

Any isometry F : X — Y between CAT(-1) spaces extends to a
Moebius map f: 90X — 9Y.
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Cross-ratio on 90X

X CAT(-1) space, x € X, then

1€, 0.1 ]py = exp (—(&n)x — (€' [0)x + (&ln)x + (€'n)x)

does not depend on x, so X has a canonical cross-ratio.

Any isometry F : X — Y between CAT(-1) spaces extends to a
Moebius map f: 90X — 9Y.

For x,y € X,
dpy
dpx

(&) = exp(B(x, ¥, )

where
B(x.y.€) = lim(d(x,2) — d(y.2))

(the Busemann function)
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Isometric embedding

Assume X is proper and geodesically complete. Then (0.X, px)
is compact, diameter one and antipodal.
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Isometric embedding

Assume X is proper and geodesically complete. Then (0.X, px)
is compact, diameter one and antipodal.

Let M(0X) := M(0X, px) (independent of choice of x € X).
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Isometric embedding

Assume X is proper and geodesically complete. Then (0.X, px)
is compact, diameter one and antipodal.

Let M(0X) := M(0X, px) (independent of choice of x € X).
The map

ix 1 X = M(0X)
X > px

is an isometric embedding.
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Isometric embedding

Assume X is proper and geodesically complete. Then (0.X, px)
is compact, diameter one and antipodal.

Let M(0X) := M(0X, px) (independent of choice of x € X).
The map

ix 1 X = M(0X)
X > px

is an isometric embedding.
The image of the embedding is } log 2-dense in M(0.X).
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Geodesic flow of a CAT(-1) space

X CAT(-1) space. Define the geodesic flow space of X by
gX :={v: R — X bi-infinite geodesic }

(endowed with the topology of uniform convergence on
compacts).
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Geodesic flow of a CAT(-1) space

X CAT(-1) space. Define the geodesic flow space of X by
gX :={v: R — X bi-infinite geodesic }

(endowed with the topology of uniform convergence on
compacts).

(For X a simply connected manifold with K < —1, the map
v+ +/(0) identifies §X with T'1X)
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Geodesic flow of a CAT(-1) space

X CAT(-1) space. Define the geodesic flow space of X by
gX :={v: R — X bi-infinite geodesic }

(endowed with the topology of uniform convergence on
compacts).

(For X a simply connected manifold with K < —1, the map
v+ +/(0) identifies §X with T'1X)

The geodesic flow of X is the 1-parameter group of
homeomorphisms (¢; : SX — GX);cr defined by

(¢7)(8) == (s + 1)
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Define continuous ’projections’

T7:GX = X
v = 7(0)
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Define continuous ’projections’

T7:GX = X
v = 7(0)

and

p:SX — 0X
v = y(00)
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Conformal maps and geodesic conjugacies

Given X, Y CAT(-1) spaces and f : 9X — 9Y a conformal map,
f induces a homeomorphism ¢ : $X — GY conjugating the
geodesic flows, which is defined as follows:
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Conformal maps and geodesic conjugacies

Given X, Y CAT(-1) spaces and f : 9X — 9Y a conformal map,
f induces a homeomorphism ¢ : $X — GY conjugating the
geodesic flows, which is defined as follows:

Given v € GX, let x = v(0), ¢ = y(—0), 1 = y(400).
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Conformal maps and geodesic conjugacies

Given X, Y CAT(-1) spaces and f : 9X — 9Y a conformal map,
f induces a homeomorphism ¢ : $X — GY conjugating the
geodesic flows, which is defined as follows:

Given vy € §X, let x = v(0),& = y(—00),n = Y(+00).
There is a unique y € (f(£), f(n)) such that

ar*p
dfo,Py(n) = dpxy

(n) =1
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Conformal maps and geodesic conjugacies

Given X, Y CAT(-1) spaces and f : 9X — 9Y a conformal map,
f induces a homeomorphism ¢ : $X — GY conjugating the
geodesic flows, which is defined as follows:

Given vy € §X, let x = v(0),& = y(—00),n = Y(+00).
There is a unique y € (f(£), f(n)) such that

ar*p
dfo,Py(n) = dpxy

(n) =1

Define ¢(v) = 4 where 4 € GY is the unique bi-infinite geodesic
with 5(0) = y, (&) = H(—o00), f(n) = H(+00).
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If f is Moebius, then the geodesic conjugacy ¢ is
flip-equivariant:
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If f is Moebius, then the geodesic conjugacy ¢ is
flip-equivariant:

By the Geometric Mean-Value Theorem,

ZUCHDIN

Oy, (€) - Uy (1) = < px(€,1)
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If f is Moebius, then the geodesic conjugacy ¢ is
flip-equivariant:

By the Geometric Mean-Value Theorem,

ZUCHDIN

Oy, (€) - Uy (1) = < px(€,1)

SO
dfy.p,(n) =1 ifandonlyif df, , (§) =1
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If f is Moebius, then the geodesic conjugacy ¢ is
flip-equivariant:

By the Geometric Mean-Value Theorem,

2
dfp)mpy(g) ’ dfpmpy(n) - <py(pf)ff£)::/()n))> -

SO
dfy.p,(n) =1 ifandonlyif df, , (§) =1

thus
(=) = —¢(7)
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Integrated Schwarzian of a conformal map

f: 90X — 9Y conformal map.
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Integrated Schwarzian of a conformal map

f: 90X — 9Y conformal map.

The integrated Schwarzian of f is the function S(f) : 9°X — R
defined by

S(H)(&,n) = —log(dfy, 4, (€) - Ay, (1))
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Integrated Schwarzian of a conformal map

f: 90X — 9Y conformal map.

The integrated Schwarzian of f is the function S(f) : 9°X — R
defined by

S(F)(&;n) := —log(dfp,., (€) - Aoy, (1))
Measures deviation of ¢ from being flip-equivariant:

¢(=7) = —¢-1(¢(v)) where t = S(f)(¢,n)
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Integrated Schwarzian of a conformal map

f: 90X — 9Y conformal map.

The integrated Schwarzian of f is the function S(f) : 9°X — R
defined by

S(H)(&,n) = —log(dfy, 4, (€) - Ay, (1))

Measures deviation of ¢ from being flip-equivariant:

¢(—) = —¢-1(¢(y)) where t = S(f)(§, n)
S(f) = 0if f is Moebius.
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Integrated Schwarzian of a conformal map

f: 90X — 9Y conformal map.

The integrated Schwarzian of f is the function S(f) : 9°X — R
defined by

S(H)(&,n) = —log(dfy, 4, (€) - Ay, (1))

Measures deviation of ¢ from being flip-equivariant:

¢(—) = —¢-1(¢(y)) where t = S(f)(§, n)
S(f) = 0if f is Moebius.
Cocycle identity:

S(fog) = S(f) o (g,9) + S(9)
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Integrated Schwarzian and cross-ratio distortion

Theorem

(B.) X complete, simply connected manifold with
—b? < K < —1, Y proper, geodesically complete CAT(-1)
space. Forf: U c X — 0Y a C' conformal map,

log LT 1(€), 7(n), F(r')]
[57 5/7 777 77/]

(S()(&m) + S(N(E',n") = S()(&,n") — S((E',m))

N —

for all quadruples in U C 0X.
In particular f is Moebius if and only if S(f) = 0.
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Marked length spectrum and Moebius maps

Given closed negatively curved manifolds X, Y and an
isomorphism ¢ : w1(X) — m1(Y).
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¢ induces an equivariant homeomorphism f : 9X — aY.
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Marked length spectrum and Moebius maps

Given closed negatively curved manifolds X, Y and an
isomorphism ¢ : w1(X) — m1(Y).

¢ induces an equivariant homeomorphism f : 9X — aY.

(Otal) X, Y have same marked length spectrum (i.e. Iy o ¢ = Ix)
ifandonly if f : 0X — 0Y is Moebius.
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¢ induces an equivariant homeomorphism f : 9X — aY.

(Otal) X, Y have same marked length spectrum (i.e. Iy o ¢ = Ix)
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Marked length spectrum and Moebius maps

Given closed negatively curved manifolds X, Y and an
isomorphism ¢ : w1(X) — m1(Y).

¢ induces an equivariant homeomorphism f : 9X — aY.

(Otal) X, Y have same marked length spectrum (i.e. Iy o ¢ = Ix)
ifandonly if f : 0X — 0Y is Moebius.

Question: X, Y CAT(-1) spaces. Does a Moebius map
f: 90X — 0Y extend to an isometry F : X — Y?
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Marked length spectrum and Moebius maps

Given closed negatively curved manifolds X, Y and an
isomorphism ¢ : w1(X) — m1(Y).

¢ induces an equivariant homeomorphism f : 9X — aY.

(Otal) X, Y have same marked length spectrum (i.e. Iy o ¢ = Ix)
ifandonly if f : 0X — 0Y is Moebius.

Question: X, Y CAT(-1) spaces. Does a Moebius map
f: 90X — 0Y extend to an isometry F : X — Y?

(Bourdon) For X a rank one symmetric space (normalized so
that Kmax = —1), Y a CAT(-1) space, any Moebius embedding
F:0X — 9Y extends to an isometric embedding f : X — Y.
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Asymptotic circumcenters in CAT(-1) spaces

X proper CAT(-1) space.

Kingshook Biswas



Asymptotic circumcenters in CAT(-1) spaces

X proper CAT(-1) space.

Circumcenter of a bounded set A C X is the unique
x = ¢(A) € X minimizing the function

p € X+ supd(p,q)
geA
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Asymptotic circumcenters in CAT(-1) spaces

X proper CAT(-1) space.
Circumcenter of a bounded set A C X is the unique
x = ¢(A) € X minimizing the function

p € X+ supd(p,q)
geA

Let K C §X be a compact set such that p(K) C 90X is not a
singleton.
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Asymptotic circumcenters in CAT(-1) spaces

X proper CAT(-1) space.

Circumcenter of a bounded set A C X is the unique
x = ¢(A) € X minimizing the function

p € X+ supd(p,q)
geA

Let K C §X be a compact set such that p(K) C 90X is not a
singleton.

Let At = (7o ¢4)(K) C X. Then the limit
Co(K) == lim c(At)
t—o0

exists. We call c(K) the asymptotic circumcenter of K.
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F(—1)-convex functions

A function u: X — R is F(—1)-convex if it is continuous and its
restriction to any geodesic satisfies f” — f > 0 in the barrier
sense, i.e. if g” — g = 0 and g agrees with f at the endpoints of
a geodesic segment then f < g.
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F(—1)-convex functions

A function u: X — R is F(—1)-convex if it is continuous and its
restriction to any geodesic satisfies f” — f > 0 in the barrier
sense, i.e. if g” — g = 0 and g agrees with f at the endpoints of
a geodesic segment then f < g.

A proper, positive, F(—1)-convex function on X has a unique
minimum.
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F(—1)-convex functions

A function u: X — R is F(—1)-convex if it is continuous and its
restriction to any geodesic satisfies f” — f > 0 in the barrier
sense, i.e. if g” — g = 0 and g agrees with f at the endpoints of
a geodesic segment then f < g.

A proper, positive, F(—1)-convex function on X has a unique
minimum.

The asymptotic circumcenter ¢ (K) is the unique minimum of
the proper, positive, F(—1)-convex function

peX— sgﬁexp(B(P,W(VLP(V)))
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Circumcenter extension of Moebius maps

Let f: 90X — 0Y be a Moebius homeomorphism between
proper, geodesically complete CAT(-1) spaces.

Kingshook Biswas



Circumcenter extension of Moebius maps

Let f: 90X — 0Y be a Moebius homeomorphism between
proper, geodesically complete CAT(-1) spaces.

Let ¢ : GX — GY be the associated geodesic conjugacy.
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Circumcenter extension of Moebius maps

Let f: 90X — 0Y be a Moebius homeomorphism between
proper, geodesically complete CAT(-1) spaces.

Let ¢ : GX — GY be the associated geodesic conjugacy.

Pushing forward metrics by f gives an isometry
fo : M(0X) = M(DY).
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Circumcenter extension of Moebius maps

Let f: 90X — 0Y be a Moebius homeomorphism between
proper, geodesically complete CAT(-1) spaces.

Let ¢ : GX — GY be the associated geodesic conjugacy.

Pushing forward metrics by f gives an isometry
fo : M(0X) = M(DY).

For x € X, let
F(x) = Cso(d(TiX)) €Y

where T} X = 7—'(x) C $X.
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Circumcenter extension of Moebius maps

Let f: 90X — 0Y be a Moebius homeomorphism between
proper, geodesically complete CAT(-1) spaces.

Let ¢ : GX — GY be the associated geodesic conjugacy.

Pushing forward metrics by f gives an isometry
fo : M(0X) = M(DY).

For x € X, let
F(x) = Cso(d(TiX)) €Y

where T} X = 7—'(x) C $X.

The point F(x) is the unique minimum of the function

S Y — dM(f*Px,Py)
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Circumcenter extension of Moebius maps

Let f: 90X — 0Y be a Moebius homeomorphism between
proper, geodesically complete CAT(-1) spaces.

Let ¢ : GX — GY be the associated geodesic conjugacy.

Pushing forward metrics by f gives an isometry
fo : M(0X) = M(DY).

For x € X, let
F(x) = Cso(d(TiX)) €Y

where T} X = 7—'(x) C $X.
The point F(x) is the unique minimum of the function
S Y — dM(f*Px,Py)

F : X — Y is called the circumcenter extension of the
Moebius map f.
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Results

Theorem

(B.) For X, Y proper, geodesically complete CAT(-1) spaces
andf: 090X — Y a Moebius homeomorphism, the circumcenter
extension F : X — Y is a (1, log 2)-quasi-isometry with image

% log 2-dense in Y. Moreover, F is locally 1/2-Holder
continuous:

d(F(x), F(y)) < d(x,y)"/?
ifd(x,y) <1.
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continuous:
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Results

Theorem

(B.) For X, Y proper, geodesically complete CAT(-1) spaces
andf: 090X — Y a Moebius homeomorphism, the circumcenter
extension F : X — Y is a (1, log 2)-quasi-isometry with image

% log 2-dense in Y. Moreover, F is locally 1/2-Holder
continuous:

d(F(x), F(y)) < d(x,y)"/?
ifd(x,y) <1.

(B.) If X, Y are metric trees, then the circumcenter extension F
is a surjective isometry.
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Theorem

(B.) Let X, Y be complete, simply connected manifolds with
—bP <K< —1,andletf: dX — Y be a Moebius
homeomorphism with inverse g : 0Y — 0X. Then:

(1) The circumcenter extensions F : X — Y and G: Y — X of f
and g are inverses of each other.

(2) The maps F, G are \/b-bi-Lipschitz.
(3) The maps F, G are (1,(1 — 1/b) log 2)-quasi-isometries.
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(B.) Let X, Y be complete, simply connected manifolds with
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and g are inverses of each other.

(2) The maps F, G are \/b-bi-Lipschitz.
(3) The maps F, G are (1,(1 — 1/b) log 2)-quasi-isometries.
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Theorem

(B.) Let X, Y be complete, simply connected manifolds with
—bP <K< —1,andletf: dX — Y be a Moebius
homeomorphism with inverse g : 0Y — 0X. Then:

(1) The circumcenter extensions F : X — Y and G: Y — X of f
and g are inverses of each other.

(2) The maps F, G are \/b-bi-Lipschitz.
(3) The maps F, G are (1,(1 — 1/b) log 2)-quasi-isometries.

(B.) If closed, negatively curved manifolds X, Y have the same
marked length spectrum then X, Y are bi-Lipschitz
homeomorphic.
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Compactly supported deformations of metrics

(X, go) complete, simply connected, K(go) < —1.
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Compactly supported deformations of metrics

(X, go) complete, simply connected, K(go) < —1.

Let g be a metric on X such that K(g) < —1,and g = go
outside a compact.
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Compactly supported deformations of metrics

(X, go) complete, simply connected, K(go) < —1.

Let g be a metric on X such that K(g) < —1,and g = go
outside a compact.

Then id : (X, go) — (X, g) induces a boundary map
id : g, X — 0¢gX which is locally Moebius, hence conformal.
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Infinitesimal and local rigidity

(B.) Given (gt)o<t<1 Smooth 1-parameter family of compactly
supported deformations of (X, go). If id; - 0go X — 0g, X is
Moebius for all t, then iEIt extends to an isometry

Fi: (X,90) — (X, g:) forall t.
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Kingshook Biswas



Infinitesimal and local rigidity

(B.) Given (gt)o<t<1 Smooth 1-parameter family of compactly
supported deformations of (X, go). If id; - OgoX — 0g, X IS
Moebius for all t, then iat extends to an isometry

Fi: (X,90) — (X, 9:) forall t.

Theorem

(B.) Assume —b? < K(gg) < —1. Given a compact K c X,
there exists e = €(K) such that the following holds:

Let g be such that g = gg outside K, and such that
Voly(K) = Volg, (K).

Ifid : 95, X — 9gX is Moebius, and ||g — go||c2 < ¢, then id
extends to an isometry F : (X, go) — (X, 9).
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Both proofs use the integrated Schwarzian S(id) of the
conformal map id : 9go X — 9gX.
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Hyperbolic p-barycenters

X CAT(-1) space.
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Hyperbolic p-barycenters

X CAT(-1) space.

w probability measure on X with compact support which is not a
singleton.
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Hyperbolic p-barycenters

X CAT(-1) space.

w probability measure on X with compact support which is not a
singleton.

Let 1 < p < co. The hyperbolic p-barycenter of p is the unique
point x = cP(u) € X which minimizes the positive, proper,
F(—1)-convex function

zeX s /X cosh?(d(z, y))du(y)
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Asymptotic hyperbolic p-barycenters

v probability measure on §X with compact support K such that
p(K) C 90X is not a singleton.
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Asymptotic hyperbolic p-barycenters

v probability measure on §X with compact support K such that
p(K) C 90X is not a singleton.

Let ut = (7 o ¢1).v, probability measure on X with compact
support.
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Asymptotic hyperbolic p-barycenters

v probability measure on §X with compact support K such that
p(K) C 90X is not a singleton.

Let ut = (7 o ¢1).v, probability measure on X with compact
support.

For 1 < p < oo, the limit
c? (v) := lim cP(ut)
t—oo

exists. We call ¢ (v) the asymptotic hyperbolic p-barycenter of
the measure v.
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Asymptotic hyperbolic p-barycenters

v probability measure on §X with compact support K such that
p(K) C 90X is not a singleton.

Let ut = (7 o ¢1).v, probability measure on X with compact
support.

For 1 < p < oo, the limit
c? (v) := lim cP(ut)
t—oo

exists. We call ¢ (v) the asymptotic hyperbolic p-barycenter of
the measure v.

The asymptotic hyperbolic p-barycenter ¢, (v) is the unique
minimizer of the proper, positive, F(—1)-convex function

zeX o /9 _ee(pB(z.7(2). (1)) ()
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Hyperbolic p-barycenter extension of Moebius maps

f: 90X — 90Y Moebius map, ¢ : X — GY associated geodesic
conjugacy.
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Hyperbolic p-barycenter extension of Moebius maps

f: 90X — 90Y Moebius map, ¢ : X — GY associated geodesic
conjugacy.

M = {ux : x € X} family of probability measures on 90X such
that supp(ux) = 0X.
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Hyperbolic p-barycenter extension of Moebius maps

f: 90X — 90Y Moebius map, ¢ : X — GY associated geodesic
conjugacy.

M = {ux : x € X} family of probability measures on 90X such
that supp(ux) = 0X.

For x € X, ¢ € 0X let xé = 7'(0) € T} X, where
7(0) = x,7(0) = ¢.
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Hyperbolic p-barycenter extension of Moebius maps

f: 90X — 90Y Moebius map, ¢ : X — GY associated geodesic
conjugacy.

M = {ux : x € X} family of probability measures on 90X such
that supp(ux) = 0X.

For x € X, ¢ € 0X let xé = 7'(0) € T} X, where

7(0) = x,7(0) = ¢.

Let gy : € € X s xE € TIX.
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Hyperbolic p-barycenter extension of Moebius maps

f: 90X — 90Y Moebius map, ¢ : X — GY associated geodesic
conjugacy.

M = {ux : x € X} family of probability measures on 90X such
that supp(ux) = 0X.

Forx € X, ¢ € 90X Iet)Tf> = +/(0) € T} X, where

7(0) = x,7(o0) = ¢.

Let gy : € € OX s Xt € TIX.

The hyperbolic p-barycenter extension of f with respect to the
family M is defined by

Foau(x) := €2 ((¢ 0 Gx)«(1x))
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Hyperbolic p-barycenter extension of Moebius maps

f: 90X — 90Y Moebius map, ¢ : X — GY associated geodesic
conjugacy.

M = {ux : x € X} family of probability measures on 90X such
that supp(ux) = 0X.

For x € X, ¢ € 0X let xé = 7'(0) € T} X, where
7(0) = x,7(0) = ¢.
Let gy : € € X s xE € TIX.

The hyperbolic p-barycenter extension of f with respect to the
family M is defined by

Foau(x) := €2 ((¢ 0 Gx)«(1x))

Let F be the circumcenter extension of f, then

pointwise on X as p — oc.
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Application of hyperbolic p-barycenter extension

X, Y complete, simply connected manifolds with
—PP <K< -1.
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Application of hyperbolic p-barycenter extension

X, Y complete, simply connected manifolds with
—PP <K< -1.

Fix a probability measure 1 on 90X with full support.
Fix constant family M := {ux := u|x € X}.

Let Fp : X — Y be the hyperbolic p-barycenter extension of f
with respect to this family M.
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Application of hyperbolic p-barycenter extension

X, Y complete, simply connected manifolds with
—PP <K< -1.

Fix a probability measure 1 on 90X with full support.
Fix constant family M := {ux := u|x € X}.

Let Fp : X — Y be the hyperbolic p-barycenter extension of f
with respect to this family M.

The point y = Fp(x) € Y is the unique minimizer of the strictly
convex function

zeve [ exp(PB(z, w(¢(XE)), £(€)))dp(€)
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Application of hyperbolic p-barycenter extension

X, Y complete, simply connected manifolds with
—PP <K< -1.

Fix a probability measure 1 on 90X with full support.
Fix constant family M := {ux := u|x € X}.

Let Fp : X — Y be the hyperbolic p-barycenter extension of f
with respect to this family M.

The point y = Fp(x) € Y is the unique minimizer of the strictly
convex function

zeve [ exp(PB(z, w(¢(XE)), £(€)))dp(€)

The map Fp is C', and Fp — F pointwise as p — oo, where F is
the circumcenter extension.
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Balanced measures

For x € X, the probability measure iz on 90X defined by

diX(E) = Cep - exp(PB(Fp(X), w(¢(XE)), (£)))du(€)

satisfies
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Balanced measures

For x € X, the probability measure iz on 90X defined by

diX(E) = Cep - exp(PB(Fp(X), w(¢(XE)), (£)))du(€)

satisfies

/6 < Fa()F(E) > du(€) = 0

forall w e Tg,(x) Y, or

Kingshook Biswas
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For x € X, the probability measure iz on 90X defined by
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satisfies

/6 < Fa()F(E) > du(€) = 0

forall w e Tg,(x) Y, or
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Balanced measures

For x € X, the probability measure iz on 90X defined by

diX(E) = Cep - exp(PB(Fp(X), w(¢(XE)), (£)))du(€)

satisfies

/6 < Fa()F(E) > du(€) = 0

forall w e Tg,(x) Y, or

| < w000 > dtugon) = 0
oY

We say the measure f.uj; on 0Y is balanced at Fp(x) € Y.

Kingshook Biswas



Letting p — oo, gives a probability measure %, on 9X such
that the measure f.u%, on 0Y is balanced at F(x) € Y.
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Letting p — oo, gives a probability measure %, on 9X such
that the measure f.u%, on 0Y is balanced at F(x) € Y.

Moreover %, has support contained in the set K € 0X where

the function o
€€ OX s —Px
dpF(x)

(f(€))

attains its maximum.
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Moreover %, has support contained in the set K € 0X where

the function o
€€ OX s —Px
dpF(x)

(f(€))

attains its maximum.

Existence of a measure %, satisfying the above two properties
characterizes the point y = F(x).
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Letting p — oo, gives a probability measure %, on 9X such
that the measure f.u%, on 0Y is balanced at F(x) € Y.

Moreover %, has support contained in the set K € 0X where

the function
df*Px

PF(x)

EedX—

(f(€))

attains its maximum.

Existence of a measure %, satisfying the above two properties
characterizes the point y = F(x).

x = G(y) is shown by using this criterion for the circumcenter
map: it is proved that p%  is balanced at x, by showing
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Letting p — oo, gives a probability measure %, on 9X such
that the measure f.u%, on 0Y is balanced at F(x) € Y.

Moreover %, has support contained in the set K € 0X where

the function o
ceaXm *Px

Py (f(€))

attains its maximum.

Existence of a measure %, satisfying the above two properties
characterizes the point y = F(x).

x = G(y) is shown by using this criterion for the circumcenter
map: it is proved that p%  is balanced at x, by showing

— X 2 ¢
</6X< v,x€>dup(£)> SE

and letting p — .
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