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This happens onlg for 3~manhco|cls even though
3 tol:)ological Dehn ﬁ”ings for any compact n-manifold -
M with a toral bounclarg T" ! (n > 3).

We can glue M and D?x T"2 alongthe bouncaries.

Now even if the interior of M admits a finite volume
| hgperbolic structure, no Dehn Fi”ing of M admits a
hgl:)erbo!ic structure.

Can theg admit a “larger” geometric structure?

Anderson and Bamler Provecl that many Featurés of

Dehn Fi”ing theorg for hgperbolic 3-manifolds can be

generalizeci to Einstein metric in any dimension.
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Question

Let M be a compact n-manifold (n > 3) with aunionof
tors as bounclarg such that the interior of M admits a
finite volume hgl:)erbolic structure. Do almost all Dehn

Al , e 9l
Flllljgs of M aclmit a Prol:)erlg convex pro; ective structure

A n-dimensional manifold M admits a Properlg convex
Projective structure i M is homeomorphic to Q/T,

where Qis a Properlg convex subset of §™ and

['is a discrete subgroup ot SLE,; (R) acting .

properlg clis’continuouslg on ().



Coxeter group

A Coxeter system IS a Pair (S,M) of afinitesetSanda
symmetric matrix M = (Mg¢)sces such that M., = 1 and
other M, € {2,3,+,m, -+, 00},



Coxeter group

A Coxeter system IS a Pair (S,M) of afinitesetSanda
symmetric matrix M = (Mg¢)sces such that M., = 1 and
other M, € {2,3,+,m, -+, 00},

 To a Coxeter system (S5, M) is associated
a Coxeter group W = (S | (st)Mst, VMg # 0).



Coxeter group

A Coxeter system IS a Pair (S,M) of afinitesetSanda
symmetric matrix M = (Mg¢)sces such that M., = 1 and
other M, € {2,3,+,m, -+, 00},

 To a Coxeter system (S5, M) is associated
a Coxeter group W = (S | (st)Mst, VMg, # o).

The Coxeter graph of Wis the labeled graph such that
the vertices are elements of Se

ec_lge connecting two vertices s,t €S & Mg # 23 
the label of the edge stisMy € {3,:--,m, -+, 00}.
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f:xample

=2 o\,
M=y2 1 3 | |
0. =3 | 3

4 W — (Slj-SZI 53 | 512; 522)S§1 (5152)2) (5253)3 )

A Coxeter group is irreducible if its Coxeter graph IS

con nectecl.

Theorem (Margulis—-Vinberg 2000) If W is an irreducible
Coxeter group, then W is either spherical, attine or large.
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Andreev’s theorem

Q =a combinatorial n~|:>o|9to[:>e & on each edge e,

put 0, € {"/m|m = 2,3, o} (labeled n—-PolgtoPe) |

%(Q)—<

Hﬂ PCFEOIIC Coxeter n~POlytOPCS

reallzmg G }/ |
[som(H™)
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Theorem (Anclreev, 1970) it m e {7,8,::+, 0},
then H(G,) = {Pm}. Otherwise, HG,,) = 0.

Wo > Isom(H?) (O
l \//
W, =W,

/ ((sus2)™) L = o (Wo)

) P, N H3isafundamental domain for I,,.
2) 6 <m < o, then P, € H3 and T, is a uniform |
lattice in [som(H?). ifm = oo, then P, N 9H3 = 1%}

and I, is a non-uniform lattice.
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Theorem (Gar ancla-Raghunathan) 1970)
Letd = 4 and let T be a lattice in Isom(Hd). Then

= neiglﬂbofhooc{ U of the canonical inclusion Poo E

Hom(T,Isom(H%))s.t. VpEU,pis corjugate tO Poo-

l et’s clﬂange the targct Lie grouP O{: rcPresentations From
Isom(H?) to SLE_ , (R). ' |
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A Projective pre-Coxeter Polgtol:)e is a pair (P, (05)ses) :
where P is a Polgtol:)e in the ProjeCtive sphere st

p=ﬂ (W] €S| a.(v) <0}

| : SES
and for each facet s of P, a reflection

gs = Id — as®bs (as(bs) = 2)
fixes s Pointwise.
A Pre~Coxeter Polgtol:)e s a Coxeter Polgtope hc
Pny.P=0 VyeTl\{ld}
where T is the group generatecl bg reflections Os.
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Theorem (Tits-Vi nb’erg)
et (P, (05)ces) be a Coxeter Polgtope of $™,
W be the Coxeter group associated to (P, (0¢)¢es),

and T be the group generatecl bg reflections Os. Then:

1) the rel:)resenta’tlon p:W - SLE n+1(R) given bﬂ

~ p(s) = o, is discrete and faithful,

2) thel-orbitof Pisa con\/ex’subsct D of S™,

3) T acts Proloer!g discontinuouslg on Q := Int(D), and
P N Qs a fundamental domain of =

4) i W is irreducible and Iarge, and [ ~ Rt s

irrcclucible, then Q is Properlg convex.
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(Projective Coxeter polytopes |

.

J

SLE, 1 (R)

Theorem (Choi-l_ee-!\/\arquis, 2016)
Form =, C(Gy) = H(Gy ) = (P} (Tumarkin, 2004)
Forb<m < 0, C(G) =1B B} Otherwise, C(Gn) = 0.
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Form =00, C(G,) = H s ) =12} (Tumarkin, 2004)
For6 <m =, @G )= 1P, P} Otherwise, C(G.,) = 0.

Weo = = SL—(IR)

o
«(5152) )
DifEm= 0, then Q. = Int(le. Po) 1s an e”ipsoicl and

Q°°/1~oo is of finite volume. |

Dif6 <m< oo, then B, c Q,, = Int(,,,. B,,) and
Qm/ [ 48 coml:)act; s net strictlg convex and
0Q,.. is not C1 (Benoist, 2004).



Coro”arg (Choi~Lee~Marquis, 2016)

There is a 4-dimensional divisible convex domain Q,,, which

contains a Properlgembeclclecl triangle in Q.



Coro”arg (Choi~Lee~Marquis, 2016)

There is a 4-dimensional divisible convex domain Q,,, which

contains a Properlgembeclclecl triangle in Q.

ThCSG examples arc Cli‘F‘FCrCﬂt 1Crom tl’]C ‘(ﬂOWﬂ examples.



Coro”arg (Choi~Lee~Marquis, 2016)
There is a 4fdimensional divisible convex domain Q.,,, which:

contains a Properlgcmbeclclecl triangle in Q.

ThCSG examples arc Cli‘F‘FCrCﬂt 1Crom tl’]C ‘(ﬂOWﬂ examples.

E‘_xample (Benoiét, 2006)




Coro”arg (Choi~Lee~Marquis, 2016) _
There is a 4fclimensional divisible convex domain Q.,,, which:

contains a Properlgcmbeclcleol triangle in Q.

ThCSS examples arc Cli‘F‘FCrCﬂt 1Crom thC ‘(ﬂOWﬂ examples.

E‘_xample (Benoiét, 2006)




Coro”arg (Choi~Lee~Marquis, 2016) _
There is a 4fclimensional divisible convex domain Q.,,, which:

contains a Properlgcmbeclcleol triangle in Q.

ThCSS examples arc Cli‘F‘FCrCﬂt 1Crom thC ‘(ﬂOWﬂ examples.

E‘_xample (Benoiét, 2006)

T 7 3 |
7T//3 _ >0

/3




Coro”arg (Choi~Lee~Marquis, 2016)

There is a 4-dimensional divisible convex domain Q,,, which:

contains a Properlgembeclcleol triangle in Q.

ThCSC examples arc Cli‘F‘FCf'Cﬂt 1Crom thC ‘(ﬂOWﬂ examples.

E‘_xample (Benoiét, 2006)

| 3
V& /3 /3

T /3 <:I . 7T//S - >‘

/3

/3



Coro”arg (Choi~Lee~Marquis, 2016)

There is a 4-dimensional divisible convex domain Q,,, which:

contains a Properlgembeclcleol triangle in Q.

ThCSC examples arc Cli‘F‘FCf'Cﬂt 1Crom thC ‘(ﬂOWﬂ examples.

E‘_xample (Benoiét, 2006)

Gk / NI = 5
. <:| | T / _ >‘

n/3 \ /5
, 3




- ®Thank you:



