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We can glue 𝑀 and 𝐷/×	𝑇()/ along the boundaries.

Now even if the interior of 𝑀 admits a finite volume 
hyperbolic structure, no Dehn filling of 𝑀 admits a 
hyperbolic structure.

Can they admit a “larger” geometric structure?

Anderson and Bamler proved that many features of 
Dehn filling theory for hyperbolic 3-manifolds can be 
generalized to Einstein metric in any dimension.

This happens only for 3-manifolds even though  
∃ topological Dehn fillings for any compact 𝑛-manifold 
𝑀 with a toral boundary 𝑇()* (𝑛 > 3).
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finite volume hyperbolic structure.  Do almost all Dehn
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A 𝑛-dimensional manifold 𝑀 admits a properly convex 
projective structure if 𝑀 is homeomorphic to Ω Γ⁄ ,
where  Ω is a properly convex subset of 𝕊( and 

Γ is a discrete subgroup of SL(?*
± ℝ acting 

properly discontinuously on Ω.
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a Coxeter group 𝑊 = 	𝑆		|	 𝑠𝑡 ghi, ∀𝑀]^ ≠ ∞ .

The Coxeter graph of 𝑊 is the labeled graph such that 
the vertices are elements of 𝑆,
∃ edge connecting two vertices 𝑠, 𝑡 ∈ 𝑆	 ⟺ 𝑀]^ ≠ 2,
the label of the edge 𝑠𝑡Z is 𝑀]^ ∈ 3,⋯ ,𝑚,⋯ ,∞ .
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Example

𝑀 =
1 2 ∞
2 1 3
∞ 3 1

A Coxeter group is irreducible if its Coxeter graph is 
connected. 

Theorem (Margulis-Vinberg, 2000) If 𝑊 is an irreducible 
Coxeter group, then 𝑊 is either spherical, affine or large.
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Theorem (Garland-Raghunathan, 1970)
Let 𝑑 ≥ 4 and let Γ be a lattice in Isom 𝐻� . Then
∃ neighborhood 𝒰 of the canonical inclusion 𝜌y ∈
Hom(Γ, Isom(𝐻�)) s.t. ∀	𝜌 ∈ 𝒰, 𝜌 is conjugate to 𝜌y.

Let’s change the target Lie group of representations from 

Isom(𝐻�) to SL�?*
± (ℝ).
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where 𝑃	is a polytope in the projective sphere 𝕊(

𝑃 =�	 	 𝑣 ∈ 𝕊(	|	𝛼] 𝑣 ≤ 0	
�

]∈_
and for each facet 𝑠 of 𝑃, a reflection 

𝜎] = Id − 𝛼]⨂𝑏]					(	𝛼] 𝑏] = 2	)
fixes 𝑠 pointwise.

A pre-Coxeter polytope is a Coxeter polytope if
𝑃 ∩ 𝛾. 𝑃 = ∅				∀𝛾 ∈ Γ\{Id}

where Γ is the group generated by reflections 𝜎].
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Theorem (Tits-Vinberg)
Let 𝑃, 𝜎] ]∈_ be a Coxeter polytope of 𝕊(, 

𝑊 be the Coxeter group associated to 𝑃, 𝜎] ]∈_ ,
and Γ be the group generated by reflections 𝜎]. Then:
1) the representation  𝜌 ∶ 𝑊	 → SL(?*

± (ℝ) given by  
𝜌 𝑠 = 𝜎] is discrete and faithful,

2) the Γ-orbit of 𝑃 is a convex subset 𝒟 of 𝕊(,
3) Γ acts properly discontinuously on Ω ∶= Int 𝒟 , and 

𝑃 ∩ Ω is a fundamental domain of Γ,
4) if 𝑊 is irreducible and large, and Γ ↷ ℝ(?* is 

irreducible, then Ω is properly convex.
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For 6 < 𝑚 < ∞, 𝒞 𝒢r = 𝑃r	, 𝑃r∗ . Otherwise, 𝒞 𝒢r = ∅.
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Thank  you!


