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Overview

Joint with Andreas Ott, Jan Swoboda, Richard Wentworth.

Let S be a differentiable surface of genus g  2 on which we will
put various structures.

We will be interested in understanding geometrically asymptotics
of the character variety χ = Hom(π1(S), SL(2,C))/ SL(2,C).
Here the representations may or may not be discrete.

We first present a gauge theory perspective on the asymptotics and
then interpret those ’limiting configurations’ hyperbolic
geometrically.
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Higgs Bundles, I

We recall this in the setting of SL(2,C), ignoring the SL(n,C) and
other choices of Lie groups G for Hom(π1(S),G )//G .

First step: Pick a background Riemann surface X .

This is an ad hoc choice we will later have to interpret.

A representation ρ : π1(S) → SL(2,C) determines a flat rank 2
bundle

C2  E


X

hence a flat connection D on E .
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Higgs Bundles, II

The basic formula governed by Hitchin’s equations is

D = d + A+Ψ

= d + A+ Φ+ Φ∗H

Here D is the flat connection.

To find A, look for a Hermitian metric H on the bundle E ; this is
equivalent to a ρ-equivariant map u : X → SL(2,C)/ SU(2,C), as
the target is just the space of hermitian metrics on a fiber Ex = C2.

We choose u to be harmonic, and then d + A is the induced
unitary connection on E .

Ψ is then the difference of the flat and ’harmonic’ connection, and

Φ = Ψ(1,0) is its (1, 0) part.
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Higgs Bundles, III

D = d + A+ Φ+ Φ∗H

The ’harmonic’ metric H is enough to induce a holomorphic
structure on E in which Φ ∈ Γ(X ,K ⊗ End(E )) is holomorphic.

Roughly, the Hitchin equations summarize the decomposition as
a) D is flat,
b) H is harmonic,
c) Φ is holomorphic:

given any one of these three as input, we can find the other two.

A Higgs bundle is a pair (E ,Φ) = (E ,Φ,A) which satisfy a
’stability’ condition – which then guarantees the solution of
Hitchin equations (Hitchin, Donaldson, Corlette, Simpson),
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Higgs Bundles, IV

D = d + A+ Φ+ Φ∗H

Φ has the form


0 1
−q 0



in good coordinates,

so the coefficients of the characteristic
polynomial are holomorphic k-forms: for rank n = 2, we have
q = det(Φ) is a holomorphic quadratic differential (actually the
Hopf differential of the map u. Here, roughly, Ψ = du.

Hitchin depicts the space χ = Hom(π1(S), SL(2,C))/ SL(2,C) of
SL(2,C) representations as a fibration of Prym varieties of line
bundles on spectral (double) covers X̂q.

[My apologies, but we certainly ignore double cover issues in this
talk.]
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Limiting Configurations

We are interested in what happens when we leave all compact sets
in χ = Hom(π1(S), SL(2,C))/ SL(2,C).

This happens, for example, when Φ → ∞ or, equivalently, when
q = det(Φ) → ∞. (E.g. Φt = tΦ∞ and qt = t2q∞ → ∞.)

We focus on the (generic) stratum where q has simple zeroes.

Mazzeo-Swoboda-Weiss-Witt parametrize an ’end’ of χ in terms of
a ’limiting configuration’ (Φ∞,A∞).

Here Φ∞ is a Higgs field and A∞ is a unitary connection, singular
at the zeroes of q∞, which satisfies a limiting, decoupled version of
Hitchin’s equations.

Note, though that there is no longer a harmonic map: (Φ∞,A∞)
aims to capture families of degenerating harmonic maps.
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The moduli space of Limiting Configurations

What is the moduli space M∞ of such pairs (Φ∞,A∞)?

Well, q∞ = det(Φ∞) determines Φ∞, but for a given (Φ∞,A0
∞),

one can find a new limiting configuration (Φ∞,A0
∞ + α)

where α ∈ Ω1(X×, LΦ∞) is A∞-closed (dA∞α = 0).

Here LΦ∞ is a real line bundle: LΦ∞ = {γ ∈ su(E ) : [γ,Φ∞] = 0}.
Concisely, α is a closed form with values that commute with Φ∞.

Gauge Equiv.: Demanding that α be harmonic (i.e. additionally
d∗
A∞

α = 0) picks out a unique unitary gauge equivalence class.
Then, the moduli space M∞ of LC’s (Φ∞,A∞) is the space of
these forms α, up to the lattice of integral periods of cycles in X×.

Again this M∞ is a torus fibration over the vector space
H0(X ,K 2) of holomorphic quadratic differentials on X with simple
zeroes.

This is a very pretty picture of a portion of the frontier of χ.
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Main Questions

(1) Why do we have to pick a Riemann surface X in the
background?

What happens if we change the background Riemann
surface slightly to X ′?

(2) This whole discussion is about surface groups acting on
SL(2,C)/ SU(2,C) = H3, hyperbolic 3-space. Where is the
hyperbolic geometry?
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Results (Informal) I

Theorem

[Ott-Swoboda-Wentworth-W] Let ρt → (Φ∞,A∞) and let ut be
the corresponding harmonic map ut : X → H3. Let λΦ∞ be the
’straightening’ of the horizontal foliation of q∞ = detΦ∞. Then
there is a pleated surface Σ0 = (f0, S , ρ,λΦ∞) so that
ut(X ) ∼ Shears(t),λΦ∞

Σ0.

Here the shearing is by a distance s(t) ≍ [E (u(t))]
1
2 .

In short, harmonic maps are well-approximated by (shearings) of a
pleated surface bent along a lamination constructed out of a
topological feature of the Hopf differential.

What about the bending angle?
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Results (Informal) II

We might have two limiting configurations (Φ∞,A0
∞) and

(Φ∞,A0
∞ + α), where α is an A0

∞-harmonic LΦ∞-valued singular
1-form as earlier.

Can check that
 q
p α : {Plaques}× {Plaques} is

formally a bending cocyle, i.e. can measure total bending of an arc
between interiors of ideal triangles.
Thus α determines two pleated surfaces:
(i) The pleated surface Σα that we obtain by bending Σ0 by the

periods of α.
(ii) The pleated surface Σα that arises as limits of harmonic

maps ut,α for a family of representations ρn,α converging to the
limiting configuration (Φ∞,A0

∞ + α).

Theorem

[OSWW] Σα = Σα.

If we read this theorem as relating bending cocycles to forms, we
see the A∞-harmonic forms α as being harmonic representatives of
bending cocyles.
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Results (Informal) III

One core of the proof is to identify the form α acting on tangent
vectors to the surface as (nearly) recording their infinitesimal
rotation around a geodesic in H3 tangent to the ut-image of the
leaf of a horizontal foliation.

Theorem

[OSWW] If we slightly change X to X ′, then Φ∞ changes to Φ′
∞

with q′∞ having same vertical measured foliation, and α changes to
α′ with same periods.

This gives a topological description of (a generic) limiting
configuration, i.e. independent of the choice of background
Riemann surface X .
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