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Meeting Ground for 
Mathematicians and 

Physicists
• Low dimensional topology and 

geometry are explained from 
topological quantum field theories

• Chern-Simons theory is one such 
theory which provides a natural 
framework for the study of knots 
and links
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Plan

• Chern-Simons theory  
• Direct Computation of knot invariants
• Main barrier to write the polynomial form
• Our conjecture- enables writing  the 

polynomials for many knots 
• Discussions and  open problems
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Chern-Simons Theory

Need a metric independent
Theory(Chern-Simons )



Chern-Simons Theory 
   

-  
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Chern-Simons  action S is given by

where k is the coupling constant and gauge
 connection  are matrix valued(gauge group G)  
The knots carrying representation R are the     

Wilson loop observables whose expectation values 
gives knot invariants  



 Chern-Simons Theory  
   

Wilson loop operators for knot C is                                                  
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whose expectation value gives colored  knot invariants 
(color refers to representation R of group G)
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 Computation of knot invariants 
   

  The colored knot invariants             
are computed using the following two 
ingredients:
1) Chern-Simons on a three ball with 

boundary        to states (WZNW 
conformal block space) –Witten ‘89

2) Redraw every knot or link as closure/plat 
of braid- Birman, Alexander thm
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        Knot invariant computation
• Take the trefoil :

 is a braiding operator



To see the polynomial 
form

• Expand the state      in a suitable 
basis in which    is diagonal

• Two such bases for four-
punctured      bdy will be

Wigner
6j



Polynomial for trefoil
Involves braiding in the middle strands and 
hence     is suitable

Here                          (unknot 
normalisation)

Hence polynomial in q



Polynomial for trefoil
Chern-Simons knot invariants agree with 
well-known polynomials:

                        For other representations of different  
G we get colored knot invariants (data 
for attempting classification problem)



Kinoshita-Terasaka and 
Conway knot:  Mutants 

Chern-Simons
 does not detect 

mutation



Generalisations involving 
many boundaries 



Generalisations to r 
boundaries

• Many knots can be redrawn as gluing of 
such three-balls with suitable braiding

 
•  So colored knot invariants involves braiding 

eigenvalues and Wigner 6j (unknown for SU(N))
   



Few more building blocks



Few more building blocks



Few examples

  



Few examples

  



Colored Knot invariant 
for

  

We need  SU(N) Wigner 6j 
 to see the polynomial form



Quantum SU(N) 
Wigner6j

SU(2):Kirillov-Reshitikin

SU(N): Satoshi Nawata, Zodinmawia, PR (2013)

For a class of symmetric and their conjugate
representation



Discussions and Open 
Problems

• Attempts to understand homological 
invariants from refined Chern-
Simons theory

• Quantum SU(N) Wigner 6j for 
arbitrary representations to work 
out mutant knot invariants

• SO(N) quantum Wigner 6j required 
to obtain colored Kauffman





• With Satoshi Nawata(NIKEF) and 
Zodinmawia(IITB)}:

(1) `` Super-A-polynomials for Twist Knots,"JHEP 1211 
(2012) 157.
(2))``Multiplicity-free quantum 6j-symbols for 
$U_q(sl_N)$,'' Lett.Math.Phys. 103 (2013) 1389-1398
(3)``Colored HOMFLY polynomials from Chern-Simons 
theory,"e-Print: arXiv:1302.5144 [hep-th]({\it to appear 
in Journal of Knot theory and Ramifications})
(4)``Colored Kauffman Homology and Super-A-
polynomials,"e-print:arXiv:1310.2240
With Zodinmawia:  
              ``SU(N) Racah and non-torus links’’,
                    Nucl. Phys B870(2013)205
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