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Motivation — Applications of Flow Control

» Wake Hazard

» Fluid=Structure Interaction
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Model Problems

Actual Initial Condition

» Objectives:
» Control fluid flow with the least
° % amount of energy possible
» Estimate flow based on incomplete
and/or noisy measurements

. M“". » The Navier-Stokes system

0

x/o 8—:+(V-V)v+Vp—p,Av:¢, inQx(0,T)
V.ov=0, inQx (0,7)
Initial condition onl x(0,T)
Boundary condition inQatt=0

> Inverse problems
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Optimal Open—Loop Control PDE-Constrained Optimization

Determination of the Gradient V7 via Adjoint System
Results

PART 1
OPTIMAL OPEN—LOOP CONTROL VIA
ADJOINT-BASED OPTIMIZATION
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Optimal Open-Loop Control PDE-Constrained Optimization
Determination of the Gradient V7 via Adjoint System
Results

Statement of the Problem |

» Flow Domain v » Assumptions:

» viscous, incompressible flow
» plane, infinite domain
- Q » Re =150
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Optimal Open-Loop Control PDE-Constrained Optimization
Determination of the Gradient V7 via Adjoint System
Results

Statement of the Problem Il

> Find popr = argming, J(¢) , where

. 1 /7 lated t ded t
._7(90) 2/ {[power relate 0:|+|:power neeae O:|}dt

the drag force control the flow
3 [ e — i DN oo x0) + vl dr

» Subject to:

(Gt Tpans %a] 0] oo
v=_0 att =0,

V = QoptT onl
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Optimal Open-Loop Control PDE-Constrained Optimization
Determination of the Gradient V7 via Adjoint System
Results

Abstract Framework |

» Constrained optimization problem

min j(x, ©)
(x:)

5(x(¢), ) =0
» Equivalent UNCONSTRAINED optimization problem (note that

x =x(¢) ) )
min 7 (x(¥), ) = min T ()
® @

» First—Order OPTIMALITY CONDITIONS (U - Hilbert space of
controls)
VLP'EU \7/(()0' ()0/) = (Vj7 Sol)u = 07

with the GATEAUX DIFFERENTIAL
T'(pi¢') = limeso [T ( + ') — T (#)]-
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Optimal Open-Loop Control PDE-Constrained Optimization
Determination of the Gradient V7 via Adjoint System
Results

Abstract Framework Il

» Minimization of J(¢) with a DESCENT ALGORITHM in U
= solution to a STEADY STATE of the ODE in U

Zﬁ =—-0V,J(p) onrTe(0,00) (pseudo—time),
p
©® = @Yo at 7 =0.

v

Typically well-behaved (quadratic) cost functionals

» Typically ill-behaved constraints: THE NAVIER-STOKES
SYSTEM
» nonlinear, nonlocal, multiscale, evolutionary PDE,
» Dimensions:

» state: 10 — 107 DoF x 102 — 103 time levels
» control: 10* — 10° DoF x 102 — 103 time levels

» No hope of using “matrix” formulation ...
» Formulation equivalent to Lagrange Multipliers
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Optimal Open-Loop Control PDE-Constrained Optimization
Determination of the Gradient V7 via Adjoint System
Results

Differential of the Cost Functional

» The cost functional:
. 17 power related to power needed to
J(¢) = 5/0 { [ the drag force ] + [ control the flow ] } dt
1T : : ,
=5 [ @en—m DU [ (ex 1) + v} o

» Expression for the Gateaux differential:
1 T
7@n =3 [ § {1 tm—um-DW O e x 0 val+

[p(#)n — i - D(W())] - (e, x r) h} dor dt =
= (VI(t), h) 0,1

The fields {v'(h), p’(h)} solve the linearized perturbation system.
» How to calculate the GRADIENT V. J7?
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Optimal Open-Loop Control PDE-Constrained Optimization

Determination of the Gradient V7 via Adjoint System
Results

Sensitivities and Adjoint States

> The linearized perturbation system

N{ Vi ] :[ %—";+(v-V)v’+(v’~V)v—MAV’+VP’ ]

:[g} in Qx (0, T),

p -V v
v =0 att =0,
v/ =hr onl x(0,T)

» Duality pairing defining the adjoint operator

/ * ! *
<N[;,},[;*}> :<[;/},m[;*]> B+ B,
LZ(O,T;LQ(Q)) L2(0,T;L2(Q))

» The adjoint system ( TERMINAL VALUE PROBLEM !! )

* aov* * * * *
N*{V* }:{*at —v [V + (V)] = pAv + Vp }:{0} in Q x (0, T),
P -V -v* 0

vi=0 att=T,
V' =rx (ez) + Voo onl x(0,T)
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Optimal Open-Loop Control PDE-Constrained Optimization
Determination of the Gradient V7 via Adjoint System
Results

Cost Functional Gradient

> The ADJOINT STATE and DUALITY PAIRING can now be used
to re—express the cost functional differential as:

-
T (p; h) = ;/0 fi_{,ul-?n -D(v*) -7+ un-D(v(¢)) - (e; xr)} hdo dt

» ldentification of the COST FUNCTIONAL GRADIENT

T

T'(¢ih) = (VI (), h) o1y = /O VJ(t) hdt

OEE 7{ {4Rn-D(") -7+ un - D(($)) - (e, x 1)} do
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Optimal Open-Loop Control PDE-Constrained Optimization

Determination of the Gradient V7 via Adjoint System
Results

Optimality (KKT) system

» Complete optimality system for ¢opt, [Vopt, Popt], and [v*, p*]

1 .
5 § {uRn-DW") -7+ - D(v(gopr)) - (e x 1)} d = 0
o)
{a*ZﬂL("'V@'.—VMA"JFVP]:[O] in Q x (0, T),
v=20 att =0,
V = QoptT onl
* ov* * * * *
A v* _| B v [Vv* + (Vv*)T] — pAv* + Vp _|0 in Q x (0, T),
p -V - v* 0
vi=0 att=T,
v* =r X (Poptez) + Voo onl

» A counterpart of the Euler-Lagrange equation
» Solved with an iterative Gradient Algorithm
(e.g., Conjugate Gradients, quasi—-Newton, etc.)
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Optimal Open-Loop Control PDE-Constrained Optimization
Determination of the Gradient V7 via Adjoint System
Results

An lterative Optimization Procedure

0.
1.
2.
3.

provide initial guess gbo
Solve for {v(¢"); p } on [0, T]
Solve for {v ) ¢")} on [0, T]

Use {v(¢"):p(¢')} and {v*(¢"); p*(£)}
to compute Vj’( ) on [0, T]

update control according to ¢'*1(t) = o/(t) — ajyi (VI (t))
5. iterate 1. through 4. until convergence, i.e. until VJ/' (t) ~0

>
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Optimal Open-Loop Control PDE-Constrained Optimization
Determination of the Gradient V7 via Adjoint System
Results

Primal and Adjoint Simulations
for Cylinder Rotation as Control
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Optimal Open-Loop Control PDE-Constrained Optimization
Determination of the Gradient V7 via Adjoint System
Results

Results

|

» Flow Pattern Modifications due to Control (T = 6)

» No Control

| =g

» Optimal Control ¢qp¢, drag coefficient cp, transverse velocity v

Vorticty Field Vortity Fleld

x/o x/o
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Models of Inviscid Wake Flows

Linear Feedback Control of the Foppl System
Results

Higher—Order Foppl Systems

Feedback Stabilization of Wake Flows

PART II
FEEDBACK STABILIZATION OF
LAMINAR WAKE FLOWS
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Models of Inviscid Wake Flows

Linear Feedback Control of the Foppl System
Results

Higher—Order Foppl Systems

Feedback Stabilization of Wake Flows

Navier-Stokes Equation, Re = 75

» Stable Solution

Vorticity Field

mﬂo""(‘!

0.5
[ A N R IR

=05 0

X /D

» Unstable Solution

0.5
[ B N R IR

05 0

S
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Models of Inviscid Wake Flows

Linear Feedback Control of the Foppl System
Results

Higher—Order Foppl Systems

Feedback Stabilization of Wake Flows

Wake Stabilization Problem

Vorticity Field

» Objectives — Given:
» cylinder rotation '(t) as FLOW
ACTUATION |,
> pointwise velocity measurements
[u(Xm), V(Xm)] @s SYSTEM OUTPUT ,

» Determine the OPTIMAL STABILIZING
FEEDBACK CONTROL LAW
s . X » Assumptions:

Q
a :
Yo | ~ . .
velocity » incompressible flow
D

measurements . - -
> plane, infinite domain
» Re=175
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Models of Inviscid Wake Flows

Linear Feedback Control of the Foppl System
Results

Higher—Order Foppl Systems

Feedback Stabilization of Wake Flows

» Steady symmetric solution as the target flow

Streamlines

X/ D

» For simplicity, let us focus on EULER FLOWS
» Steady state Euler equations in 2D:

o Ay =f(y) in Q,

Vx[(v-VIv+Vp=0] = EZO = =0 on 99,
= Uy for [(x,y)] = o0

Arbitrariness of (V) reflects NONUNIQUENESS of solutions
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Models of Inviscid Wake Flows

Linear Feedback Control of the Foppl System
Results

Higher—Order Foppl Systems

Feedback Stabilization of Wake Flows

> Family of SADOVSKII FLOW solutions (Elcrat et al., JFM 409)
Constant—vorticity vortex (parametrized by ) embedded in
irrotational flow

4

—Ww, 1/] S «, ’ /

n:2
0, v>a, =

1

() =

0 2 a4 6 8 10
x/R

» CoNTINUOUS families of solutions parametrized by I' = [, w dA

> For a = —oo (or, |w|] = 00), FOPPL'S (1913) POTENTIAL-FLOW

SOLUTION
(r2 _ R2)2 — 4r%y?, D h . O -
2 p2y2(,2 2 &
r:27T(r R3)*(r* + R) N .

r5
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Models of Inviscid Wake Flows

Linear Feedback Control of the Foppl System
Results

Higher—Order Foppl Systems

Feedback Stabilization of Wake Flows

Linearized Foppl Model — Open—Loop Stability

» Linearization with respect to the
0yl perturbation variables X’

/ x o %l X1 X10 x|
/

yi| _ Yo N

KJ Y’: ¥;) x| | %0 te X3
/

o] iz Y20 ¥5

» The linear system:
d DF

r_ ’ _vr
\ >< IX_AX’WhereA_DXo

» Eigenvalues:
N A= A>0 A3 = [ Aim
A=-A<0 A = —i Aim
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Models of Inviscid Wake Flows

Linear Feedback Control of the Foppl System
Results

Higher—Order Foppl Systems

Feedback Stabilization of Wake Flows

Linearized Foppl Model & Vortex Shedding

‘:f (a)

(b)

{c)

FIG. 13, Similarity between (a) the unstable eigenmode Vy of the low-
dimensional maodel, (hy the sketch plotted by Perry ef al.® and (c) the
instantaneous streamlines oblained in this paper by direct numerical simu-
lation at Reynolds number Re=100 at time =255,

S. Tang & N. Aubry, Physics of Fluids 9, 2550-2561, (1997)

ion of Wake Flows
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Models of Inviscid Wake Flows

Linear Feedback Control of the Foppl System
Results

Higher—Order Foppl Systems

Feedback Stabilization of Wake Flows

Controllability & Observability

» CONTROLLABILITY — starting from an arbitrary initial state, can
the control drive the state to zero?

rank [B AB A’B A3B] = 2 # 4 (not controllable!)

» OBSERVABILITY — starting from an arbitrary initial guess, can one
reconstruct the state of the system based on available measurements?

rank [CT ATCT ATy e (AT)3CT] = 4 (fully observable)

» MINIMAL REPRESENTATION — the smaIIest subsystem that is both
CONTROLLABLE and OBSERVABLE (X/o = = atr)

1/2 0 —1/2 0
d
e TeroX = TyeATe Xt TooB ut TopoG w, where /o = {1‘}2 FEY e
t\,_/ ————r N—— N—— 0 1/2 0 —1/2

|: lc/o:| Ac/o 0 |: L/G:I |:g;/o:|
X} 0 A 0 G2
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Models of Inviscid Wake Flows
Feedback Stabilization of Wake Flows k':;ﬂsteEdbaCk o] off (it (R Ssiten
Higher—Order Foppl Systems

Singular Solutions — a Paradigm for Studying
Controllability & Observability

» Wall Blowing & Suction —

» Actuation modeled as a SINK & SOURCE pair with the
induction
A 1 1
Vv = — — — .
A2) 27 <z —elo z-— e"’> ’

» The linearized systems is completely controllable

Optimal Control and Stabilization of Wake Flows
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Models of Inviscid Wake Flows

Linear Feedback Control of the Foppl System
Results

Higher—Order Foppl Systems

Feedback Stabilization of Wake Flows

The Control (Stabilization) Problem

» Find a stabilizing feedback control u = —K X’ , such that

d .y ,
J(u):E[/ (y*oy+u72u)dt}:min, with d geX =AXHBu+Gw
0

y=CX'+Du+Hw+v

0 . ) .
Q= |:q(1)1 q } , R >0, w— system noise (uncertainty), v = |:Zl] — measurement noise
22 )

» System noise w may reflect the effect of (small) nonlinearities

» Linear—Quadratic—Gaussian (LQG) compensation approach

W (system noise),

SEPARATION PRINCIPLE — — PLANT y (measurements)
independent solution of the control u (control)
and estimation problems

COMPENSATOR

ESTIMATOR

v (measurement
T noise)

u (control)
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Models of Inviscid Wake Flows

Linear Feedback Control of the Foppl System
Results

Higher—Order Foppl Systems

Feedback Stabilization of Wake Flows

Controller — Linear—Quadratic Regulator (LQR)

A STABILIZING FEEDBACK CONTROL which minimizes the cost
functional

oo
J(w)=E {/ (y*'Qy + vRu) dt
0
is given by
u=KX =R 'BSX,
where S is a symmetric and positive—definite solution to the
ALGEBRAIC RICCATI EQUATION
SA+ATS-SBR'BTS+Q=0
The CLOSED—LOOP system is thus:

d

oy N !
X (A= BK)X'+G w

!/
y=(C—-DRK)X+Hw+v



Models of Inviscid Wake Flows

Linear Feedback Control of the Foppl System
Results

Higher—Order Foppl Systems

Feedback Stabilization of Wake Flows

Estimator — Kalman Filter

The OPTIMAL estimate X, of the state X’ which minimizes THE
ERROR COVARIANCE

EMﬂW—&VW—&Mt

is given by solutions of the following ESTIMATOR SYSTEM :

%XQ#AfEQXQHBfEDMfﬁy

ye =C X, +Du,

where £ is a symmetric and positive—definite solution to the
ALGEBRAIC RICCATI EQUATION

AL+ LAT —£CTRCL+GQGT =0



Models of Inviscid Wake Flows

Linear Feedback Control of the Foppl System
Results

Higher—Order Foppl Systems

Feedback Stabilization of Wake Flows

Center Manifold in the Closed—Loop Nonlinear System

» The nonlinear Foppl system with closed—loop control

d [€] _ [Au 0 S-S
dt |n 0 Ax—BK|[n]  |g(&n)
where 7 are the MINIMAL REPRESENTATION (STABLE MANIFOLD) coordinates and
& are the CENTER MANIFOLD coordinates
» Aj1 has PURELY IMAGINARY EIGENVALUES

= neutral linear stability INCONCLUSIVE for the nonlinear system

» THEOREM: There exists an invariant manifold given by n = ®(¢) =0
Proof — via a direct calculation of an invariant manifold reduction

» THEOREM: Periodic solutions of the REDUCED SYSTEM
d
—£=A
dtﬁ 1§ +g1(£,0)

are STABLE for small initial data
Proof — by examining the Hamiltonian reduced to the center manifold
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Models of Inviscid Wake Flows

Linear Feedback Control of the Foppl System
Results

Higher—Order Foppl Systems

Feedback Stabilization of Wake Flows

» Linear Feedback Control (LQG)

] 21

] ]
24
/ 24

| q
f 24
1 / A 22|

————————+INo =———————LQG T Emm s w LQ!
CONTROL CONTROL (ZOOM)

CONTROL PARAMETERS
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Models of Inviscid Wake Flows

Linear Feedback Control of the Foppl System
Results

Higher—Order Foppl Systems

Feedback Stabilization of Wake Flows

LQG stabilization of vortex shedding at Re = 75

» No Control
Vorticity Field

=AUUUS

0.5
[ A N R IR

=05 0

X /D
» LQG Control
Vorticity Field

U +

X /D
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Models of Inviscid Wake Flows

Linear Feedback Control of the Foppl System
Results

Higher—Order Foppl Systems

Feedback Stabilization of Wake Flows

Stabilization of Trapped Vortices

zb—
35
3
25
2~
15 &
1
05
0
0 o5 t 15 2 25 3 35 4

Wall suction stabilization of trapped vortices
Zannetti & lollo, Theor. Comp. Fluid Dyn. 16, (2003)
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Models of Inviscid Wake Flows

Linear Feedback Control of the Foppl System
Results

Higher—Order Foppl Systems

Feedback Stabilization of Wake Flows

» OBJECTIVE — Construct a
singular (potential flow) solu-
tion approximating for large
x| the finite—vortex solution ' m
of Euler equations I e

» Potential induced by a VORTEX PATCH

We(z) = (¢ + 1)) = 5= [ Inlz = 2)alz) dA(2)

27
lo 1 ¢
=" In(z— — [n(1-—— dA
gz =2+ o [ (1 5 Yuta+ ) aa)
o 1 <=, i
=5 In(z —z) — 5= 2 F(Z —z)7", |z =z > Cmy

where

cn(zs) = / w(zs + ¢)¢" dA(C)
P
e Bartosz Protas  Optimal Control and Stabilization of Wake Flows |



Models of Inviscid Wake Flows

Linear Feedback Control of the Foppl System
Results

Higher—Order Foppl Systems

Feedback Stabilization of Wake Flows

» Use the CIRCLE THEOREM to enforce the boundary conditions &
truncate

Wi(2) = We(2) + Wrn(2) = We(2) + We n(2) + Won(z) + We (R;> + Won (R;>
= Un (z+R;) f% {In(zfzs)fln (zfl;—j) —In(z —%s) +1n (z,';j)} _

ED ok - () oo e o (2)
2mi = n | (z = z)" (z— %2)" Zs (z—2zZs)" (z— %2)" zs '

» Nonlinear dynamical system — looking for fixed points

N R? o 1 1 1
Yor(aw) = Ueo <1 2) T2 | B) - ()|
N zN — a zy — a
N 2— n—1 — 2
1 R z R 1
—> (=™ - A ()T
2mi S _ R zn (zy — Zy)"t S _ R zy
N~z N~ Zy
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Models of Inviscid Wake Flows
Linear Feedback Control of the Foppl System

Feedback Stabilization of Wake Flows
Results

Higher—Order Foppl Systems
» Higher—Order Foppl systems form a TWO—PARAMETER family
depending on:
1. the truncation order N
2. the area A of the vortex region desingularizing the classical Foppl
solution

» THEOREM: for A =0, the classical Foppl equilibrium z; is also a
solution of higher—order systems of arbitrary order N

» Additional SPURIOUS ROOTS appearing for higher truncation orders N
(their number can be estimated from Bézout's theorem)

5

4

x
< .
o ®
>‘2 e
e + .
1 /—\ ‘. . ] -
0 2 4 6 8
x/R
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Models of Inviscid Wake Flows

Linear Feedback Control of the Foppl System
Results

Higher—Order Foppl Systems

Feedback Stabilization of Wake Flows

» THEOREM: For a vortex region with a “small” area A, the
N—th order Foppl system admits an equilibrium zy that is
“close” to zy , i.e., the classical Foppl equilibrium
Proof — via an application of the Fundamental Continuity
Theorem to intersections of algebraic curves

» The LOCUS of the HIGHER-ORDER FOPPL EQUILIBRIA
corresponding to A increasing from 0 to Ap.x for different N

y/R
y/R

X/ R
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Models of Inviscid Wake Flows

Linear Feedback Control of the Foppl System
Results

Higher—Order Foppl Systems

Feedback Stabilization of Wake Flows

» Presence of the Center Manifold is structurally unstable
» The Center Manifold disappears upon perturbation of the
operator A = A + ZQ’ Ay with terms corresponding to
higher—order Foppl equilibria (unless Ak have special structure
which is not the case)
» the uncontrollable modes in the higher—order Foppl system are
now exponentially stable

26

05

25 o4

y 03
241
02
23

22

y/R

20

19

18 -05
4.0 45 50 55 6.0 0 500 1000 1500 2000 2500 3000

x/R t
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Vortex Design as an Inverse Problem
Shape Differentiation, Perturbation & Adjoint Systems

Vortex Design Problem Computational Results

PART III
INVERSE PROBLEM OF VORTEX
DESIGN

Bartosz Protas Optimal Control and Stabilization of Wake Flows



Vortex Design as an Inverse Problem

Shape Differentiation, Perturbation & Adjoint Systems
Computational Results

Vortex Design Problem

Vortex Design as an Inverse Problem

» Euler Flows with different Boundary Conditions

L

HomoceENEOUS BCs NONHOMOGENEOUS BCs

» Statement of the INVERSE PROBLEM — Determine the

boundary streamfunction v, (equivalently, normal velocity
% =v- n‘aﬂ) to obtain a flow with a prescribed shape of
the vortex region
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Vortex Design as an Inverse Problem
Shape Differentiation, Perturbation & Adjoint Systems

Vortex Design Problem Computational Results

» Possible formulations

>

Minimize the area of the region AA(tp)
between the prescribed and actual patch
boundaries, i.e.,

gwa =5 [, o

Characterization of the domain shape via
MOMENTS n=1,...

i
M, = z—2)"dA = ——— z—7z)" 1 dz
fear o= iy f o=

(Mo — area, M; — centroid,
M, — ellipticity, ...)
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Vortex Design as an Inverse Problem

Shape Differentiation, Perturbation & Adjoint Systems
Vortex Design Problem Computational Results

» Cost Functional

1Y L 12
T(Ws) =5 3 o [Malts) = o)
n=1

{M,}N_, — moments of prescribed vortex boundary (given)
» OPTIMAL BOUNDARY CONDITION %}, determined by

VI (s) =0
> 2D steady Euler equation is a FREE-BOUNDARY PROBLEM
|A(p)|Athin =T in A(¢p),

A"l)out =0 in Q\A(ﬂ)b)a
win = ¢out =« on 6/4(111[3),

8win _ aQl}out

on - on on aA(T/Jb)»
wout =Yy on 0f2
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Vortex Design as an Inverse Problem
Shape Differentiation, Perturbation & Adjoint Systems

Vortex Design Problem Computational Results

» Differentiation of free-boundary problems requires tools of
SHAPE-DIFFERENTIAL CALCULUS (Sokolowski &

J.-P. Zolésio, 1992)
» Linear perturbation system obtained for 15, 4 €}, (weak form)

-
Lo HARIAY = 55| 8 (x = Xlpagpy) ¢
on 10A(yp)
r f v’ '
LT P dO' H(w_a):07 an
AW\ Joaws) 52 |pacn
i on 02
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Vortex Design as an Inverse Problem
Shape Differentiation, Perturbation & Adjoint Systems

Vortex Design Problem Computational Results
» ADJOINT SYSTEM derived using the identity

(LY "y = (', L") + b

r o (Ja ¥ 92

"o i Y ) 0 (= Hloan)

0

" 1OA(s)
__|A()| .
= 6<x—x‘8A(¢b)), in Q

I 0A(s)

P* =0 on 9N

» GRADIENT

o*
on

Bartosz Protas Optimal Control and Stabilization of Wake Flows
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Vortex Design as an Inverse Problem
Shape Differentiation, Perturbation & Adjoint Systems
Vortex Design Problem Computational Results

Numerical Solution

» Noting that AY* = 0in A and Q\A, we have

1

Vv (z) = j{ v*(¢) In|z0 — (| ds¢ + Image Terms
21 Jaa(0)

* — density of the single—layer potential (defined on JA)
| 4

Adjoint systems reduces to BOUNDARY INTEGRAL EQUATION

%
on

v*(zo)w;iA(o) (s, )ds<+w27§ 7 (O)sil20, ) dsc =

BA(0)
=3 an {RIMa(w) = FIRI(z — 20)"] + SIMa(i66) = M]S(z — 20)"1 |

» Solved using spectral interpolation with analytic treatment of
the singularity (Kreiss, 1999)
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» direct problem (1))
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» STEP 1: J(¥p) = 5[Mi(¢p) — Mi]
> Results
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> STEP 2: J(¢p) = L[Mi(1hp) — Mh]? + L [Ma(tp) — My]?

» Results
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» No Control (¢ = 0)

1
) R
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Conclusions

» Formulation of PDE control and estimation problems as
constrained optimization
» PDE-constrained gradients via Adjoint Equations
» Vorticity form of the adjoint equations
» Optimization of free boundary problems via shape—differential
calculus
» Closed—Loop (Feedback) Control:
» Control of singular solutions of Euler equations
» Success of the linear (LQG) stabilization
» Insights from the Nonlinear (Center Manifold) Analysis
» Vortex Design Problem:
» Formulated an optimal control (design) problem for Euler flows
with distributed vorticity
» Key Enabler: shape—differentiation
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