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Preface

These notes assume some basic familiarity with real analysis, elementary complex analysis in one
and several variables (such as the definition of holomorphic functions, Cauchy Integral Formula,
and so on, up to the point of the Hartogs Phenomenon), and the basic definitions in the study of
smooth manifolds, including differential forms.



Part I

Complex Geometry



Lecture 1

Complex Manifolds and Holomorphic
Vector Bundles

1.1 Complex manifolds and holomorphic functions

1.1.1 DEFINITION. A complex manifold of complex dimension n is a smooth manifold that has
an atlas whose transition functions are holomorphic. That is to say, a complex manifold is a
topological space X with an open cover {U, ; o € J} and homeomorphisms

pen

o Us =V, C C" acl
such that for each pair o, B € J the homeomorphism
Dop 1= @ 0 9051|UMU5 Vg —=Va

is a holomorphic diffeomorphism. The open sets U, are called coordinate charts, and the maps ¢,
are called local coordinates. The maps P are called transition functions.

1.1.2 REMARK. By analogy with real manifolds, the collection {(U,, ¢.) ; a € J} is called a
holomorphic atlas. Two holomorphic atlases are said to be equivalent if their union is again a
holomorphic atlas. A maximal holomorphic atlas is an equivalence class of holomorphic atlases.
By using the inclusion of sets as a partial ordering, one sees that each maximal holomorphic at-
las contains a unique maximal element, so we can identify the equivalence class with an actual
holomorphic atlas. This maximal holomorphic atlas is huge, and in practice most of its charts are
irrelevant in any given situation. However, it is convenient to have this notion because the maximal
atlas is a unique object associated to the complex manifold, and hence characterizes its complex
structure. Perhaps the most important thing to keep in mind is that once a single holomorphic atlas
is found, this atlas uniquely determines a maximal holomorphic atlas. o

For a holomorphic map F' = (F!, ..., F") : Q; — Q, between two open subsets of C" one has
the identity

(1.1) det(DF) = | det OF|?,
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where D is the real derivative in R?” = C" and

. IF\"
O(F*, ..., F") = (aza‘)

ij=1

In particular, the holomorphic atlas with which the complex manifold is equipped has the property
that the derivatives of its transition functions all have positive determinants, i.e., every complex
manifold is orientable.

The definition of complex manifold is such that in the neighborhood of each of its points all of
the concepts of complex analysis in one and several variables make sense, since they are invariant
under holomorphic changes of coordinates. This feature facilitates the extension of the standard
objects of complex analysis from domains in Euclidean space to complex manifolds. The rigorous
definition is as follows.

1.1.3 DEFINITION. Let X and Y be complex manifolds.

1. A function f : X — C on a complex manifold X said to be holomorphic (resp. harmonic,
pluriharmonic, subharmonic, plurisubharmonic) if for each pin X and each coordinate chart
o : U — V C C" the function f o o=t : V. — C is holomorphic (resp. harmonic,
pluriharmonic, subharmonic, plurisubharmonic). The set of holomorphic functions on X is

denoted O(X).
2. Amap F : X — Y is said to be holomorphic if for each f € O(Y), fo F € O(X).

3. A holomorphic map F' : X — Y is said to be a holomorphic diffeomorphism if it is bi-
Jjective and the inverse map is holomorphic. In this case one also says that X and Y are
biholomorphic.

1.1.4 DEFINITION. A subset Z of a complex manifold X is said to be a complex submanifold if for

each p € X and every coordinate chart ¢, : U, — V, such that p € U, there exist holomorphic
functions fi,, ..., fr. € O(V,,) such that

ZNUs ={z € Uj; filpa()) = = filpa(r)) = 0}

and foreachp e U, N Z
dfi(@a(p)) A - Adfi(pa(p)) # 0,

i.e., df1(©a(p)), - dfx(wa(p)) are linearly independent.

For points p € Z, the number k is called the complex codimension of Z at p, and if X has
complex dimension n then the number n — k is called the dimension of Z at p.

A complex submanifold of complex codimension 1 is called a smooth complex hypersurface.

The implicit function theorem shows that a complex submanifold of a complex manifold is
itself a complex manifold. Our definition here is one of several standard definitions. In our defini-
tion a submanifold Z of a complex manifold X is always a closed subset of X (this would change
if one replaced ‘p € X’ with ‘p € Z” in our definition), and its topological structure as an abstract
manifold is the relative topology it inherits as a subset of X. There are other standard definitions
in which either or these properties fails.



1.1.5 PROPOSITION. If X and Y are complex manifolds then a map F : X — Y is holomorphic
if and only if its graph U'p := {(z, F(x)) ; v € X} C X X Y is a complex submanifold.

EXERCISES

1.1.1. Prove the formula (I.T].

1.1.2. Show thatif D C Cisanopensetand f : D — Cis an injective holomorphic function then
f'(z) # 0 for every z € D.

In fact, the analogous fact holds for a holomorphic map F' : {2 — C" where 2 C C" is an open
set: if F'is injective then det D F' is nowhere-zero. (The proof of this fact is elementary but not
obvious; You are encouraged to try to prove it or to look it up, though don’t spend to much time on
it if you choose to do it yourself.) Most relevantly, it is crucial that the dimensions of the domain
and of the range are equal. Show that the map

g:Cotw (12,1%) € C?
is injective and that its derivative vanishes at the origin.

1.1.3. Show that if Z is a complex submanifold of a complex manifold X and f : X — Y isa
holomorphic map then the restriction f|; : Z — Y is a holomorphic map.

1.1.4. Prove Proposition|I.1.

1.2 Examples of complex manifolds

To get a feeling for complex manifolds and how they work, it is useful to have a number of exam-
ples. There are many other interesting example besides those we present here.

1.2.1 EXAMPLE. Open subsets of C" are complex manifolds. One can take a chart to be the entire
space, and the coordinate map to be the identity. This atlas, which has only one coordinate chart,
is automatically holomorphic by definition, but things become non-trivial when one obtains the
maximal holomorphic atlas.

This set of examples is not particularly interesting; of course it contains the setting of almost all
problems in classical complex analysis, but if this were the only example of a complex manifold,
the theory would not exist. o

1.2.2 EXAMPLE (Graphs). Let 2 C C" be a domain and let f*, ..., f* € €(Q). Then the set
Ipi={(z,w', ..., w*) € Qx C"; fi(z) =w', 1 <i <k}

with its relative topology is a complex manifold. Indeed, a coordinate chart is given by the restric-
tion to I'; of the projection 7 : Q x C* — Q to the first factor.

Again this example is not so interesting, because the complex structure is determined by a
single chart. Perhaps the one instructive aspect is that although I'; is a complex manifold in
general, it is a complex submanifold of Q2 x C* if and only if f; € 0Q),1<i<k. o
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1.2.3 EXAMPLE (Zero sets of non-degenerate holomorphic mappings in C"). For a collection of
functions fi, ..., fr € O(C") define

Z={xeC"; fj(xr) =0forall 1 <j <k}

Assume moreover that the complex-valued differential 1-forms df, ..., df;. are linearly independent
at each point of Z. Then the set Z is a complex manifold of dimension n — k, as one can easily
show from the implicit function theorem applied to the mapping F' = (fi, ..., fx) : C* — CF.
Closed submanifolds of C™ are called Stein manifolds. Those codimension-k closed submani-
folds of C™ that are cut out by k& holomorphic functions are called complete intersections. Not all
closed submanifolds of C" are complete intersections. o

1.2.4 EXAMPLE (The extended complex plane). The set C := C U {o0}, where {0} is any
singleton, is topologized by declaring that its open sets are

(i) open subset of C, and

(ii) {00} U (C — K) where K is a compact subset of C;
the latter are neighborhoods of oo. With this topology, the space C is homeomorphic to the 2-
sphere.

The open sets U; = C and Uy = {oco} U (C — {0}) and homeomorphisms ¢; : U; — C and
9 : Uy — C defined by

e1(2z) ==z and @o(w) = { 1/w, weC-{0}

0 , w=o
have transition functions . !
) = — d ¢ = -

12(w) w an 21(2) o
so the atlas defined by this open cover by two coordinate charts is holomorphic. The resulting
complex manifold is called the extended complex plane, and also the Riemann sphere. o

1.2.5 EXAMPLE (Riemann surfaces). As we already pointed out, every complex manifold is ori-
entable. One can ask if orientability and even-dimensionality guarantee the existence of a holo-
morphic atlas. In general this is not so, but remarkably in real dimension 2 every orientable surface
admits at least one holomorphic atlas (and sometimes many incompatible atlases), as we now ex-
plain.

Let S be an orientable surface, i.e., 2-dimensional real manifold. Orientability means that there
is an atlas of smooth coordinate charts such that the derivative matrices of all of the transition
functions have positive determinant. There are exactly two incompatible maximal atlases with this
property, and we shall fix one of them, referring to any coordinate chart in this atlas as positively
oriented.

We can also equip S with a Riemannian metric g. Of course, there are always many different
Riemannian metrics on any given manifold, but in two dimensions there is a remarkable class of
local normal forms for such metrics: for any point p € S there is a coordinate chart U containing
p and a coordinate map ¢ : U — V C R? such that

g =€ ((de')* + (de?)?)
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where p is a smooth function on U. In geometric language ¢ is conformal to the Euclidean metric
in this coordinate chart.

REMARK. Note that if S is oriented then we may assume that the coordinate chart is positively
oriented: if a given coordinate map ¢ = (¢!, ©?) is not positively oriented then ¢ := (2, ')
is positively oriented, and clearly swapping the first and second components preserves the normal
form.

Coordinate charts in which a metric g is conformal to the Euclidean metric are classically called
isothermal coordinates (for the metric g). Their existence when the metric g is real analytic goes
back to Gauss. For smooth metrics the existence theorem was proved by Korn and Lichtenstein,
and is perhaps the first result in the theory of elliptic partial differential equations. In particular,
it is non-trivial. There is a lot more to say about this theorem and results that extended it, but in
the interest of preserving focus let us mention only that a proof is possible by combining standard
Elliptic Regularity ideas with methods that we will develop later in the notes when we look at
Hormander’s Theorem.

If we accept the theorem on existence of isothermal coordinates then the construction of a
holomorphic atlas is simple: at each point of S choose an isothermal coordinate system with
positive orientation, and let the atlas be composed of these chosen coordinate systems. Since
these coordinate functions map the metric g to a multiple of the Euclidean metric, the transition
functions preserve orientation and the derivatives of the transition functions, as maps of tangent
spaces, map circles to circles. Elementary complex analysis shows that in dimension 2 a map that
sends circles to circles and preserves orientation is holomorphic. Hence the atlas thus constructed
is a holomorphic atlas.

A 1-dimensional complex manifold is called a Riemann surface. Example of the Rlemann
sphere is a special case when the underlying manifold is S?; its complex structure is determined
by for example the round metric. It turns out that any two smooth metrics on the Riemann sphere
are conformal, so that the complex structure of C is the only possible maximal holomorphic atlas
one can put on C once the orientation is fixed.

Complex conjugation, which reverses the orientation, gives a distinct (in the sense that its
maximal atlas is not compatible with the one defined on C in Example but biholomorphic
complex structure on C. The biholomorphic map is the map given by complex conjugation in each
coordinate chart. o

1.2.6 EXAMPLE (Projective space). Let IV be a complex vector space of complex dimension n+ 1.
We say that x € V' — {0} is equivalent to y € V' — {0}, and write [z] = [y], if there is a complex
number A such that y = Az. The relation [ | is clearly an equivalence relation. We define the
projective space P(V') to be the set of all equivalence classes of | |. The map

[1:V—={0} = P(V)

is continuous if we topologize P(V') by declaring that U C P(V) is open if and only if [ |7 (U) is
open (in V' — {0}, of course).
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A holomorphic function F' : V' — C is said to be homogeneous if F'(\v) = A\*F(v) for some
k € Nand all A € Cand v € V. The zero set of such a homogeneous holomorphic function on
V' — {0} gives rise to a well defined (and closed) subset of P(V').

If we fix n + 1 linearly independent functions z°, ..., 2" € V* (which are often called linear
coordinates) then we identify V' with C**! via the map

Vv (220),..., 2" (v)) € C"H

Any homogeneous function of degree £ is given by a homogeneous polynomial of degree £ in the
linear coordinates 2°, ..., 2. With such a choice of coordinates, we thus define the open subsets

U= {[v] €eP(V); 2'(v) #0}, i=0,..,n.

The map

;i Ui 3 [v] — (2°(v), ..., 27 (W), 2 (w), ..., 2"(v)) € C"

2 (v)

is clearly one-to-one and onto. In other words

are coordinates on U;, and ; = (¢}, ..., ¢").

Now suppose we want to pass from ¢;(U; N U;) to ¢;(U; N U;). Assume without loss of
generality that 7 < j. Then one easily computes that

/¢ p=3j
=< /G 1<p<i and p>j

T i< p<

1.e.,

_ 1 i i j 41 n
Ci = @i ngj 1(Cj) = m CJIJ "'Cj?Cj+2)"‘7 ]]'7 N 1 ,7<Jj’+ 7‘“7<j

S

Thus ;0 cpj_l is a holomorphic diffeomorphism on ¢;(U;NU;), and so P(V') is a complex manifold
of dimension n.
When V' = C"*! we write P,, := P(C"1). o

7 spot

1.2.7 EXAMPLE (Zero locus of homogeneous polynomials). We use the notation of Example[I.2.6]
Suppose F1, ..., F}, : C**1 — C are homogeneous holomorphic polynomials, possibly with differ-
ent degrees of homogeneity, and let

Z:={2e€C""; Fj(2) =0,1<j <k}.

12



On the set [ |~1(U;), we may write
Fp= ()" fej(G), 1<E<k
It follows that on C"*' N [ |71(U;) N {F, = 0},
dF, = ()" df;(¢) D Z.

Thus by the Implicit Function Theorem we see that [Z] is a smooth submanifold of IP,, if and only if
Z is a smooth submanifold of C"*! — {0}. Both manifolds have codimension k. Thus the common
zero loci of homogeneous polynomials on C™"*! whose differentials are independent on the part of
this zero locus that lies away from the origin, define a submanifold of P,,.

Note that we must remove the origin. For example, in C? the common zero set of 2 = z! = 0
is a pair of transverse lines through the origin, which is not a submanifold. On the other hand, the
induced set in [P; is a pair of distinct points.

Not all codimension k£ submanifolds of P,, are cut out by exactly £ homogeneous polynomials.
Nevertheless, it is a fact, which we shall prove later on, that all submanifolds of P, are cut out by
homogeneous polynomials. o

1.2.8 EXAMPLE (The blowup of a point). Let B C C"*! denote the unit ball and let
B, :={(2,0) e BxP,; z €/}

Since the projection map B x P,, — B is clearly prope s0 is its restriction 7 : B, — B to the
closed subset Iﬁ%o.

We claim that B, is a complex manifold. Indeed, away from the origin in B, every point lies on
exactly one complex line through the origin, and thus 7 is a biholomorphic map away from 7~*(0).
On the other hand, if we choose projective coordinates [2°, ..., z"] on P, then 7—!(IB) is given by
the zero sets of the holomorphic functions

J

Fi(z,[2]) = 27 — i—z j€{0,....n} — {i}

in the coordinate chart V; := {(z, [x]) € B X P, ; |z| < 1and 2* # 0} in B x ,,_;. We compute,
for the case i = 0, where 2°, ..., 2", ¢!, ..., (", ¢/ = 27 /a', are coordinates on Vj, that

dfj(Z7C):dzj_cjdzo_zodcja 71§j§n7

and these are clearly independent. Thus B, is a complex manifold. Moreover, 7 (z, [1,¢]) = z, so
E := 771(0) = {0} x P, is also a submanifold of B x P, clearly biholomorphic to P,,. But in
fact, £ is a submanifold of Iﬁ%o. Indeed, if we let ¢ : IE%O — P,, denote the restriction to I@o of the
projection B x P, — IP,,. Then, over the open set U; = {[z] € P,, ; 2 = 1}, the map

o (U;) = {((Ax°, ..., \);_/ Az [z]) s A e C, [z] € Ui},

ith position

'Recall that a map between topological spaces is said to be proper if the inverse image of compact sets is compact.
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and the map
o~ HU;) 2 Az, [x] = (M Azt AT AT L N € Cx g(U) =C x Cl=Cn

is a coordinate chart, and F N B, is mapped to {0} x C"~! by this chart map.

Now let X be any complex manifold, and let p € X. Then there is a neighborhood of p in
X that is biholomorphic to B via a biholomorphism that sends p to the origin. If we replace B
by B, in X (via the chart map) then we obtain a new complex manifold X’p that is biholomorphic
to X away from p, and in place of p has a smooth submanifold biholomorphic to a projective
space of dimension dim¢(X) — 1, i.e., a hypersurface. We also have a proper holomorphic map
e Xp — X such that

m: X, =7 ({p}) = X — {p}

is biholomorphic. %

1.2.9 DEFINITION. The complex manifold f(p is called the blowup of X at p, and the holomorphic
map m : X, — X is called the blowdown map. The smooth hypersurface 7' ({p}) is called the
exceptional hypersurface for 7.

1.2.10 ExAMPLE (Complex Tori). Let A be a lattice in a complex vector space V' of dimension n.
(Recall that a lattice in a real vector space is a collection of vectors that is closed under addition
and whose convex hull is the whole vector space.) We say that x € V' is equivalent to y € V, and
write z ~ y, if there exists A € A such that y = x + A. The set of equivalence classes is denoted
V/A or Tx(V), and we have a map

m: V= Ta(V)

sending x to its equivalence class. As with P(V'), we endow T (V') with the coarsest topology that
makes 7 continuous, i.e., U C Ty (V) is open if and only if 7= (U) is open in V.
We define coordinate charts on Ty (V) as follows. Let z € V and let U be a neighborhood of
2 such that
UN(U+ X)) =0forall A € A — {0}.

Then 7| is a homeomorphism. We let oy := (7|7) ™! : 71U — U be our coordinate neighborhood.
Clearly the set of all such coordinate charts covers T, (V'), and if any two such charts intersect on
Ta(V), then their coordinate chart images in V' intersect after a translation. Thus the transition
functions are holomorphic.

1.2.11 DEFINITION. The manifold T (V') is called a complex torus.

It is easy to see that complex tori are all diffeomorphic to the Cartesian product of 2n circles.
However, among all of these mutually diffeomorphic manifolds there are many different complex
structures. For example, it turns out that some complex tori have no proper submanifolds of posi-
tive dimension. On the other hand, some complex tori can be realized as submanifolds of projective
space, and therefore have many submanifolds.

Tori that can be embedded in some projective space are called Abelian varieties, and have a
special role in algebraic geometry. o

14



EXERCISES

1.2.1. Prove the last statement at the end of Example i.e., that I'f is a complex submanifold
of @ x C*ifand onlyif f; € O(Q),1 <i <k,

1.2.2. Show thatif L : V' — W is an injective linear map then the map
P(L) : (V) > [v] = [Lv] € P(W)

is well-defined and injective.

1.2.3. Show that

(a) for every holomorphic map F' : P(V) — P(W) there exists a homogeneous holomorphic
map ¢ : V' — W such that F'([v]) = [®(v)], and that

(b) every holomorphic diffeomorphism of P(V) is of the form P(L) (c.f. Exercise [1.2.2)) for
some L € GL(V).

1.2.4. Show that C and [P, are biholomorphic.
1.2.5. Show that the sets
R:={[r,y,2] €EPy; zy = 2°} and E :={[z,y,2] € Py; y*z = 2° + 2% + 2*}

are Riemann surfaces, that R is biholomorphic to Py, and that £ is not biholomorphic to P;.
HINT: Show that the meromorphic 1-form
d§

n
on Uy = {z # 0} of Py with coordinates £ = x/z and ) = y/z, is holomorphic on E N Us, and extends to

w:
a well-defined holomorphic 1-form on E.

1.3 Holomorphic vector bundles

1.3.1 The definitions
e A holomorphic vector bundle of rank r is a triple (V, X, 7 : V' — X)) such that

(i) V and X are complex manifolds,
(i1) 7 is a holomorphic map, and

(ii1)) each p € X is contained in an open set U on which there are holomorphic maps
e1,...,e. : U — V such that

me; =Idy and spanc{e;(z),...,e.(x)} =V, forall z € U,

where V, := 7 !(x) denotes the fiber of m over z € X. Such a collection of maps
{e1, ..., e, } is called a frame for V over U.
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Observe that if {¢;} and {¢;} are two frames defined over the same open set U, then there
are holomorphic functions ¢! € O(U) such that g (p) € GL(r,C) for all p € U and

5 —
€ = g;€;.

1.3.1 REMARK. If “holomorphic” and “complex manifold” are replaced by “smooth (or
continuous)” and ‘“smooth manifold (or topological space)” one obtains the definition of
complex vector bundle. o

e A holomorphic vector bundle of rank 1 is called a holomorphic line bundle. Holomorphic
line bundles play an especially important role in complex analytic and algebraic geometry.

e A map of holomorphic vector bundles is a holomorphic map F' : V' — W such that
(i) the diagram

F
—

Id
—

< <

W
X
commutes, and

(ii) for each x € X the map
F,:=F|y, :V,—> W,

is linear.

Two vector bundles are isomorphic if there are holomorphic vector bundle maps F': V' — W
and G : W — V such that F'G = Idy and GF = Idy.

e A section s of a holomorphic vector bundle 7 : V' — X, i.e., a right inverse for 7, is said
to be holomorphic (resp. smooth, measurable, etc.) if it is holomorphic (resp. smooth,
measurable, etc.) asamap X — V.

1.3.2 EXAMPLE (Trivial bundles). The simplest example of a holomorphic vector bundle is the
trivial bundle 7 : X x C" — X, where 7 denotes the projection to the first factor. If a vector bundle
V' — X is isomorphic to the trivial bundle, then for any basis ey, ..., e, of C" the isomorphism
F: X x C" — V defines a frame

ei(r) = F(x,e;), 1<i<r

over the whole of X. Conversely, a global frame for a vector bundle V' — X defines an isomor-
phism F'~!, where F is given by the same formula and then extended fiberwise-linearly. That is to
say, if we fix a basis ey, ..., e, of C", we define the isomorphism F': X x C" — V by

F(f(@)ei()) = (x, f'(z)e:).

Thus a vector bundle is isomorphic to the trivial bundle if and only if the vector bundle has a global
frame. In particular, every (holomorphic) vector bundle is locally trivial. o
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1.3.3 EXAMPLE (New bundles from old, pullbacks, etc).

(i) Observe thatif V' — X and W — X are holomorphic vector bundles the so are VV* — X,
VoW = XandV @ W — X. Thus Sym*(V) — X and A*V — X are holomorphic
vector bundles, as are all vector bundles obtained from holomorphic vector bundles from
multi-C-linear operations. On the other hand, the complex conjugate bundle V' — X, which
we will meet often in the text, is in general not a holomorphic vector bundle.

(i1) In topology (or even category theory) one has the so-called fiber product: Given morphisms
f: X — Zandg:Y — Z one defines

X xzY ={(r,y) € X xY; f(x) =g(y)}.

There are projection maps X Xz Y — X and X Xz Y — Y given by the restriction to
X Xz Y of the Cartesian projections X X Y -+ X and X xY — Y.

If 7 : V — Y is a holomorphic vector bundle and f : X — Y is a holomorphic map then
ffV=VxyX—>X
is a holomorphic vector bundle, called the pullback of V' by f.

(iii)) Given holomorphic vector bundles V' — X and W — Y, one defines the holomorphic

vector bundle
VRW =pVepyW — X xY,

where py : X XY — X and py : X X Y — Y are the Cartesian projections.

1.3.4 EXAMPLE. A vector bundle map £’ : V' — W can be identified with a holomorphic section
of the bundle W @ V'*. o

1.3.2 Transition functions

Let V' — X be a holomorphic vector bundle. As already pointed out, the choice of a frame over an
open set U C X yields a vector bundle isomorphism ¢ to the trivial bundle U x C" — U, defined
by
b(t'ei(x)) = (z,1).
With two such frames, and the corresponding isomorphisms v and ¢)’, one can form a map
Yoy t:UNU xC" -UNU xC.

It is clear from the definitions that

Yoy H(x,t) = (v, guw(2)t)

for some holomorphic function gyy : UNU’ — G L(r, C). The functions gy are called transition
functions, and they contain all of the information of (the isomorphism class of) the vector bundle.
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To be more precise, suppose we cover X by a collection of open sets U,, a € A, over each of
which one has a frame for V. Then we get a collection of holomorphic transition functions

{9op : Ua NUz — GL(1,C) ; o, € A}.
It is easy to see that the conditions

oo =1d and  gaggs,gsa =1d, @, B,7€A

on their domains of definition.
Conversely, if one is given an open cover {U, ; a € A} of X and a collection of holomorphic
functions
T ={gap : UaNUs = GL(r,C) ; a, 5 € A}

that satisfy the so-called cocycle condition
Gaa = Id and Gap9syGya = Id7 o, ﬁa Y cA

on their domains of definition. (By taking v = « one sees that g;ﬁl = gga-) Then one can define

the total space
V() = <H Ua % @“) / ~

acA
where
Uy xC" 3 (x,t) ~(y,8) e Us xC" <= o=y and s=gus(2)t,

(the cocycle condition implies that ~ is an equivalence relation) and the map 7(.7) : V(7) — X
by 7(7)([z,t]) = . It is easy to see that V' (.7) is a holomorphic vector bundle whose transition
functions are .7. Moreover, if .7 is a collection of holomorphic transition functions for V. — X
the V(.7) — X is isomorphic to V' — X. Indeed, if we denote by e1,, ...¢,, the frame over U,
then the map

F([z,t]) = tleia(®) + -+ tera, x € Uy()

yields a well-defined holomorphic vector bundle isomorphism.
On the other hand, if V' — X and W — X are isomorphic, they need not have the same
transition functions.

1.3.5 PROPOSITION. If
{gop : Ua NUsg = GL(r,C); o, p € A} and {Gop: Ua NUz — GL(1r,C); o, B € A}

are transition functions for V.— X and W — X over the same open cover (if the open covers
are locally finite then by taking finite intersections this can always be arranged) then V- — X and
W — X are isomorphic if and only if there exist maps

{ho : Uy — GL(r,C); a € A}
such that §og = h ' gaphs.

The proof is left as an exercise.
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1.3.3 Holomorphic structure of the tangent bundle

On a complex manifold X one has the real tangent bundle 7'x — X; this is a smooth real vector
bundle, and one can then define the complex vector bundle 7'x ®r C — X. The points of the total
space of T'x ®@g C are called complex tangent vectors.
Now, for a holomorphic coordinate system z = (z!,...,2") on an open set U C X (i.e., an
element of the maximal holomorphic atlas of X') one can define the complex tangent vectors
0 1/ 0 0
(1.2) 5.~ 3 (

: —1—
ozt oy’

), 1<1<n,

where z¢ = z' +1/—1%". These vectors depend on the local coordinate system, but their span does
not (Exercise [I.3.2)). For each x € U we define

0 0
T)l(—”ow = Spanc {ﬁ”%} .

The elements of T)l(’gc are called (1, 0)-vectors at x.

For each § € T)lggc the vector £ € Ty ®g C (the complex conjugate of &) does not lie in T)lggc
(Exercise[I.3.3)). Defining

0,1 . ~1,0
TX,I T T X,

we obtain the decomposition
(1.3) Tx ®r C =Ty ® Ty,
Define the vector bundle 7 : T)l(’0 — X by

1,0 . 1,0 -1 . 1,0
T =[] 7x% and 7'(z) =Ty,
zeX

with the vector bundle structure given by the frames (1.2)). The chain rule shows that T)lgo — X is
a holomorphic vector bundle.
From basic complex analysis one sees that if U is an open setin X, z € U, f € O(U) and
§€ T}gg then
¢f = (2Re ) f.

Moreover, if ¢ : T, — T, ®z C denotes the natural inclusion and 70 : T, ®z C — Ty,
denotes the projection to the first factor in the decomposition (1.3) then the composite map

1,0 1,0

1,0
sti=mror: Tx =Ty

is a real isomorphism of vector bundles whose inverse is the map & — 2Re €.

From these observations one can give Tx — X the structure of a holomorphic vector bundle in
two separate but equivalent ways. The first and simplest way is to map 7'y isomorphically to le(’o;
since the latter is a holomorphic vector bundle, so is the former.
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1.3.6 DEFINITION. The vector bundle T)I(’0 — X is called the holomorphic tangent bundle. The
dual vector bundle T )*{1’0 — X is called the holomorphic cotangent bundle of X.

Note that in a local coordinate system a frame for the holomorphic cotangent bundle is given
by the complex 1-forms dz!, ..., dz".

The second way is to determine the complex structure on 7T’y directly. To do so, it is first
necessary to make explicit the real operator (of the underlying real vector space) associated to
multiplication by v/—1 in a complex vector space. To cut to the chase, the reader should verify

(Exercise |1.3.4)) that, the operator J, : T’x — T'x defined pointwise in a holomorphic coordinate
system z¢ = ' + 1/—1y" by

8' 4 and Joi:—a

(4 oor = oy oy~ ox

1< <n

is (1) well-defined, independent of the holomorphic cooridnate system, and (ii) satisfies
2Re (vV—1¢) = J,2Re €, €eTy’

1.3.7 REMARK (Almost complex structures and almost complex manifolds). The operator .J, is a
vector bundle map J, : T'x — T'x that satisfies

J? = —1d.

Any vector bundle endomorphism J € Hom(T'y, T'x) such that J> = —Id has eigenvalues ++/—1,
and is therefore only diagonalizable in Tx ®@g C. In the latter bundle every eigenvector has a
complex conjugate eigenvector, so that the eigenspaces

E.(J)={veTx®rC; Ju=+v—1v} and E_(J):={vecTx®xC; Jv=—V—1v}

are isomorphic under the complex conjugation map, and together span T'x ®r C. The endomor-
phism J is therefore in 1-1 correspondence with such a splitting, and either object is called an
almost complex strucutre. A real manifold with an almost complex structure is called an almost
complex manifold. and as a matter of notation, one also writes

Ey(J) =Ty"(J) and E_(J)=Tx'(J)

for the .J-eigenspaces.

The almost complex structure J, has an additional feature: one can find an atlas for X so that
(T.4) holds on every coordinate chart. An almost complex structure J is said to be integrable if
there is a holomorphic atlas with respect to which J is given by (1.4).

If the manifold X is a surface, i.e., of real dimension equal to 2, then every almost complex
structure is integrable (if we accept the theorem on existence of isothermal coordinates). Indeed,
if we choose any metric g, on X and let g := g, + J*g, then J is an isometry of g whose square is
—Id. If we then choose an atlas of isothermal coordinates for g then J will be an isometry of the
Euclidean metric in a coordinate chart, and hence either J or —.J will satisfy (1.4).

20



In higher dimension, integrability is more subtle, as there are non-integrable almost complex
structures. The coordinate charts that make hold, if they exist, are again solutions of a partial
differential equation. Fortunately the existence of solutions is equivalent to an algebraic condition
called involutivity on the almost complex structure, which is analogous to the Frobenius involutivity
condition:

X, T (), DX, T ()] € D(X, Ty (J)),

where [-, -] is the complex linear extension of the Lie bracket of vector fields on X.

More precisely, the algebraic condition of involutivity measures the obstruction to solving the
aforementioned partial differential equation (in fact, it’s a system of PDE). The result that proves
the existence of a holomorphic atlas when the manifold has an involutive almost complex structure
is called the Newlander-Nirenberg Theorem. As was already indicated, it is a generalization of the
theorem on the existence of isothermal coordinates.

With the methods developed in these notes it is almost possible to prove the Newlander-
Nirenberg Theorem; such a proof is due to J. J. Kohn, who wrote in his article on the subject
that the idea for the proof came from D. C. Spencer. Unfortunately we will not have sufficient time
to discuss this result. o

1.3.4 Some non-trivial examples of holomorphic line bundles

1.3.8 EXAMPLE (The canonical bundle). The canonical bundle K x — X is the determinant of the
holomorphic cotangent bundle:

L *x1,0 . 41,0 +1,0
Kx i=det T30 o= T30 A AT
WV
n copies

In a holomorphic local coordinate chart a frame of K x is given by the n-form dz' A ... Adz". Thus
the transition functions for Ky are the determinants of the transition functions for T)*(l’o.(Note that
if X is a Riemann surface then of course Kx = T)*(I’O.)

The name ‘canonical’ refers to the fact that Ky is essentially the only natural (often) non-trivial
line bundle defined on every complex manifold X. o

1.3.9 EXxAMPLE (The Tautological bundle and its dual, the hyperplane bundle). Consider the space
U:={(2,0) cC"" xP,; z € (}.

This space was first introduced as the blowup of the origin in C"*! (where the notation @g“ was
used), with the blowdown map being the restriction to U of the projection to the first factor. Let
m : U — P, be the restriction to U of the projection to the second factor. Then 7 is holomorphic,
and the preimage of a point ¢ € P, thought of as a line through the origin, is the set of points
comprising the line ¢. In the chart

U,=A{[1,z2]; z€ C"}
we have the holomorphic section

e([1, 2]) = (1, 2), 1, 2])
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which defines a frame for 7 : U — P, over U,. More generally, in the chart
Uy ={[z',..,27, 1,277 .. 2"]; € C"}
we have the section
e;([2', .., 27, 1,271 L 2") = (21, 27, 1, 292 [ 2 1 27T 2.

It is easy to see that the change of frame over U; N U; is holomorphic. Thus U — P, is a holo-
morphic line bundle, called the tautological line bundle (and sometimes also the universal line
bundle).

The line bundle U — P, is not trivial. We shall see this non-triviality by showing that the dual
bundle is not trivial.

The dual line bundle to U — P, is called the hyperplane line bundle, and denoted H — P,,. Its
fiber H, consists of the set of linear functionals on the 1-dimensional subspace ¢ of C"™. Thus a
linear function \ : C"*! — C defines a section sy, : P, — H of H — IP,,,; via the formula

<S>\(€)7 (z7€)> = /\(2)

It is easy to check that this section is holomorphic, and that s, (¢) = 0 if and only if ¢ C Kernel(\).
(As we shall see later on, every holomorphic section of H — P, is of the form s, for some
A€ (CTh*)

By contrast, U — P,, has no global holomorphic sections other than the zero section. Indeed,
suppose U — P, has a holomorphic section § : P, — U. Given any linear functional A €
(C"*t1)* — {0}, we have the section s,. The duality pairing

g(€) := (sx(£),0(0))

is thus a well-defined holomorphic function on PP,,. Since PP, is compact, g must be constant. Since
every non-identically zero linear functional on C™*! has a non-trivial kernel for n > 1, g =0,
and therefore 6 vanishes on the complement of the zero locus of s). But by the identity principle,
6 = 0. In particular, U — P, is not trivial, and therefore neither is H — P,,.

We shall see the line bundles U — P, and H — P, very often in the sequel. o

1.3.10 EXAMPLE (The line bundle of a hypersurface). Let X be a complex manifold and let Z be a
smooth complex hypersurface. By definition there is an open cover {U,, ; « € J} and holomorphic
functions f, € O(U,) such that

ZNU, ={fa=0} and dfo(z) # 0 forevery z € Z N U,.

It follows that the functions

Jop = E € O(U,NUg)
Is

have no zeros or poles. The collection .7 of all of these functions obviously satisfies the cocycle
condition, and hence there is a holomorphic line bundle

Lz—>X

whose transition functions are .7 .
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1.3.11 DEFINITION. The line bundle Ly is called the line bundle associated to the smooth hyper-
surface Z.

We will meet the line bundle L, when we study L? extension. o

EXERCISES

1.3.1. Prove Proposition[1.3.3]

1.3.2. Show that the span T’ )1((; of the vectors is independent of the choice of local coordinates.
1.3.3. Show that if £ € Ty, then £ & T'".

1.3.4. Show that the operator J defined by (1.4) is independent of the holomorphic coordinate
system and that it is intertwined with v/—1 via the map s, i.e., s%0J = /—1s10,

1.3.5. Show that every holomorphic section of the hyperplane line bundle H — P,, of Example
[1.3.9]is of the form s, for some A € (C™1)*.

1.3.6. Find all the holomorphic sections the line bundle TI;I’O — P

1.3.7. Show that the only holomorphic section of the line bundle (TH};I’O)* — [P; dual to the tangent
bundle is the zero section.

1.3.8. Show that the line bundle K, — P, is isomorphic to U*("+1) — P, .

1.4 Differential forms on complex manifolds

Not surprisingly, on a complex manifold one wants to consider complex-valued differential forms,
1.e., sections of the bundle

2n 2n r
(g)X = @Ag( ®R C = @/\(TX ®R (C)
r=1 r=1

The sections of this bundle form an algebra with respect to the wedge product (or more precisely,
the complex linear extension of the a priori real wedge product), and the differential d (again
extended C-linearly) acts on the sections of &x — X, mapping sections of Ay, — X to sections
of A — X:

d(D(X,A%)) € T(X, AFH.

Forms in the kernel of d are called closed, and forms in the image of d are called exact.
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1.4.1 Forms of bidgree (p, q)
The splitting Ty ®r C = T)l(’0 ¥ )0(’1 induces a splitting

Ay @rC= P /].\T)l(’o/\/q\T;%l,

pt+g=r

and, with the notation
ARS = /\T10 A /\T)O(l,

7: A% ®g C — AZS.

one has projections

The wedge product sends an element of A%’  and an element of Ap ’q to an element of A’y +p e

The smooth vector bundle A%? — X is a holomorphic vector bundle if and only if ¢ = 0
1.4.1 DEFINITION. The sections of A5! — X are called forms of bidegree (p, q), or (p, q)-forms.

Locally every (p, ¢)-form is of the form
(1.5) a= frrdz’ AdZ,

where dz' A dz7 = dz" A AN d2P NdZA LN A

The expression is not unique, i.e., different choices of coefficient functions f; 7 can result
in the same «. However the coefficient functions are uniquely determined by the form if one
imposes the assumption of skew symmetry on the coefficient functions f;; of the (p, ¢)-form «: if
o € Sy,and 7 € S, are permutations then one can impose the condition

f1,7; = (sgno)(sgnT) f1;

on the coefficients of «, where a permutation v € S, acts on an r-tuple X = (ky, ..., k,.) by the
formula

K, = (kuqy, - ko))
Some authors use increasing indices [ and J, meaning 1 < 43 < iy < ... < 4, < n and similarly
for J. However, because the wedge product and exterior derivative are naturally skew-symmetric
object, representing a form using skew symmetric coefficients often results in much simpler com-
putations.

1.4.2 REMARK. Here and in the rest of the text we are using summation convention: one sums
over all the possible values of the (multi)indices of the same letter, and these appear in pairs with
one a subscript and the other a superscript; moreover, the conjugation-parity is important. This
summation convention is a bit confusing at first, but in fact it respects the various dualities that
arise in complex geometry, and after a while it passes from the status of ‘confusing’ to the status
of ‘assisting’, helping one to correctly think of the geometric nature of the quantities at hand.

The last sentence in the previous paragraph may seem cryptic, but it is traditional, and the
author is confident that anyone that sticks to this convention will eventually see its benefits, and
will find the remark about duality eventually illuminating. o
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1.4.2 Exterior differential operators

The exterior algebra of a complex manifold is equipped with two additional differential operators:
these are the operators 0 and 0, and they are defined on sections of AR? — X by

da = 1"da  and Ja = 71 da, a € T(X, ARY).
One has the following proposition.
1.4.3 PROPOSITION. d = 0 + 0, and consequently 9* = 0.
The proof is left as an exercise.

1.4.4 REMARK. Since the splitting of 7'y ®r C makes sense on an almost complex manifold, one
also has the splitting of differential forms into components of bidegree (p, ¢) in such manifolds.
Proposition [I.4.3|fails in a general almost complex manifold, and in fact it holds if and only if the
almost complex structure is involutive, i.e., if and only if

(X, Ty (1)), DX, T ()] € D(X, Ty"(J))

(c.f. Remark[I.3.7)). In these notes all of our almost complex structures are integrable, so we will
not discuss the issue of integrability any further. red

1.4.3 Twisted differential forms

1.4.5 DEFINITION. Let X be a complex manifold and let EE — X be a holomorphic vector bundle.
An E-valued (p.q)-form is a section of the vector bundle

NIQFE — X.

If the vector bundle E is not explicitly referred to then one says that such a section is a twisted
differential form.

After one tensors with a holomorphic vector bundle, the exterior operator is no longer well
defined. More precisely, if we choose a frame &1, ..., &, for £ and write

u = uﬁjdzl ANdzT ® €,

then the form 5
uY -
gk ANd ANdZET @€,
dzk
does depend on the holomorphic coordinate system, and therefore does not define a global section
of the bundle £ ® A?l’q — X . However, remarkably, the form
ouY ;
LIz NdP NdZT @€,
dzk
is indeed globally defined. This fact, which is left to the exercises, immediately implies the fol-
lowing proposition.
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1.4.6 PROPOSITION—DEFINITION. Let X be a complex manifold and let E — X be a holomor-
phic vector bundle, and let p,q € {1,...,n}. Then there is a local operator

J:T(X,A% ® F) = I(X,A%" @ E)
defined as follows. If u = uf;§, ® dz' A dz’ in some local coordinates and a local frame then

_ ouY -
ou = uf‘]dék ANdZPANdE @€,
dzk

1.4.7 REMARK. Itis worth making one more observation; an observation that will greatly simplify
many computations. Since

4~ ADD 0,4 ~v AP * n,
ART= AT @ AT =AY @ K @ AYY

one can write
Aggf QR F = A?q ® I

where F' = A’)’go ® K% ® E. The crucial point here is that F' is a holomorphic vector bundle, and so
the O operator of Proposition-Definition is computed locally in exactly the same way for F-
valued (p, q)-forms as for F-valued (n, ¢)-forms. Consequently when working with twisted forms,
especially when focus on the J-equation, it often suffices to consider only twisted (n, ¢)-forms. ©

1.4.8 REMARK. Note that while the exterior differential operator 0 extends naturally to holomor-
phically twisted forms, the exterior operator d does not have such a natural extension. The reason,
as one can see after doing Exercise[I.4.2] is that the transition functions for a holomorphic vector
bundle are annihilated by J, but generally not by 0. o

EXERCISES

1.4.1. Prove Proposition|1.4.3

1.4.2. Prove Proposition-Definition (For the sake of developing intuition, it may be useful
to start with the case p = ¢ = 0.)

1.4.3. Show that there are no non-zero d-closed (7, 0)-forms on P,,.
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Lecture 2

Hermitian metrics

The terminology ‘Hermitian metrics’ is ambiguous in complex geometry: on the one hand, it can
refer to metrics for a complex vector bundle, and on the other, for certain Riemannian metrics on
almost complex manifolds. In the case where the underlying manifold is a complex manifold, there
is a link between the two notions.

To avoid the standard ambiguity, we shall refer to the first type of metric as a Hermitian metric,
and to the second type of metric as a Hermitian Riemannian metric.

2.1 Hermitian metrics for complex vector bundles

Let M be a manifold and let £ — M be a complex vector bundle.

2.1.1 DEFINITION. A Hermitian metric for E — M is a section $) of the bundle E* @ E* — M
such that for all x € M and v,w € E,,

(i) (H,vRw) = (H,wK0) (ie., 9 is Hermitian symmetric), and
(ii) ($H,v®v) > 0forallv # 0 (i.e., $ is positive-definite).

In other words, $) defines a sesquilinear, positive definite Hermitian form on each fiber L, of the
vector bundle 2 — M. o

If o', ...,a" is a frame for £* over an open set U then one can write
.
H = Hza- o’

for functions §);; over U satisfying

_Z'j =$;; and fh’jaidj > ellal®
for some positive function € on U and all @ € C". (Here o'-a’ = o' ®a’ +a’ @' is the symmetric
product.) That is to say, at each x € U the matrix (ﬁﬁ(:v)):j:l is Hermitian and positive-definite.
The regularity of the functions $);; is declared to be the regularity of §). o

Although we will think of the Hermitian metric § for £ as a section of £* ® E*, we will often

treat it as a Hermitian inner product on the fibers of £. As such, we will abusively write

H(v,w) = (H,v W) .
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Exercises

2.1.1. Let U — P, be the tautological line bundle of Example Use the Euclidean metric on
C™*! to define a Hermitian metric on U — P,,.

2.1.2. Let X be a complex manifold and let . — X be a holomorphic line bundle. Let s1, ..., 5,
be sections of L whose common zero locus is empty. Show that L. — X has a Hermitian metric A
such that

h(si,si) <1

forall 1 <7 <m.

2.2 Hermitian Riemannian metrics for complex manifolds

Let X be an almost complex manifold and let J be the almost complex structure defined by (1.4).

2.2.1 DEFINITION. A Riemannian metric g on X is said to be Hermitian if J*g = g, i.e.,

9(JE&, In) = g(&,n)

forallx € X and all {,n € Tx . o

2.2.1 Structure of the metric

The condition of J-invariance puts some strong restrictions on the form of the metric; condi-
tions that are best seen in the decomposition of the complexified tangent space according to the
eigenspaces of .J. In terms of the splitting Tx Qg C = T)l(’0 @T)O(’l, let us write (the complexification

of) our metric as
_(AB
g - C D 7

g(Ul —|—'Ll_]1,?]2 +U_J2) = 'AU2+U1 'B’U_JQ + wq - CUQ""U_}l 'DU_)Q.

1.e.,

Let us analyze the matrix ([} 7).

First, if v, v, € Tl’o, then

g(v1,v9) = g(Jvy, Jug) = g(v/—1vy, V—1v3) = —g(vy, v2),

and thus A = 0. Since the metric g is the complexification of a real metric, g(v, w) = g(v, w), and
therefore D = 0.
Again by conjugation we have g(v, W)

(U, w), and thus

g
C =B.



Finally, since g is symmetric, C' = B"™", and therefore
B' = B,

where 1 means transpose conjugate. Thus we have

~(0h

9= \ho
for some Hermitian metric / for T°. We therefore see that Riemannian Hermitian metrics for X
are in one-to-one correspondence with Hermitian metrics for T)l(’o. This fact partially explains the

ambiguity in the name ‘Hermitian metric’.
We compute that for real vectors v and w, one has

2h(s"0, s10w) = 2g(3(v — V=1Jv), i (w + V=1Jw))

= % (g(v, w) + g(JU, Jw) + \/—_1(9(U> JU}) - Q(va w)))

= g(v,w) — V—=1g(Jv,w),
where in the last equality we used the Hermitian symmetry of g. Therefore

g(v,w) = 2Re h(s"v, s10w),

: . 1,0
and hence one can recover the metric g on X from a metric 2 on T%/".

2.2.2 Metric form

The negative of the imaginary part of 2h(s'%, s10w), i.e.,
Wg(U, UJ) = g(‘]Ua UJ),

is called the metric form of the Hermitian Riemannian metric g. The form w, is skew symmetric,
since
Q(JU, U)) = g(UJ, JU) = g(JU), J2/U) = _g(’]w7 U)'

The formula g(v, w) = w,(v, Jw) shows that there is a 1-1 correspondence between g, w, and h.
In terms of frames, if o', ..., o™ is a local frame for T)*(l’0 then a Hermitian metric for T)l(’0 may
be written
h = hj;a' ®a.

In terms of this frame, if g(v,w) := 2Re h(s"Y%v, s1:0w) is the associated Hermitian Riemannian
metric then
wg =V —1hza' Nal.
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Indeed, the right hand is well-defined because the vector bundles 75"’ @ T5>! and T5"" A T3
have the same transition functions, and we compute that

V—=1hga' A (v,w) = V—=1hza" A& <81’O"U + 510y, s10w + 5170w>
=V —1h; <<o/, 31’0v> (ad, sHO0w) — <ai, 51’0w> (o, 51’%>>
= —2Im h;; <o/, 31’0v> (ad, s10w) = —Im 2h(s" %0, s"%w),

where the second-to-last equality follows from the Hermitian symmetry of /,;.

2.2.3 Volume

Given a Riemannian metric g on an m-dimensional real manifold, in a local coordinate system

x = (x',...,2™) one can define the m-form

\/det (g (8:812“ %))dwl A ANdx™.

If one changes to another coordinate system y = (y', ..., y™) then

Ayt

\/det (g (8‘3“%))(1@/1/\---/\dym: M\/det (9 (

det (%)

If one can choose an atlas whose transition functions all have positive determinant then one gets a
globally defined form

azi’ %))dwl A= ANdx™.

vy = \/det (g (aii,%))dxl A ANdx™

of top degree with no zeros, i.e., a volume form. The existence of such an atlas is the definition of
orientability of a manifold. In particular, if the manifold is complex then the transition functions,
being holomorphic, have this property due to (I.1)). (In this case the manifold is not only orientable,
but in fact oriented, i.e., there is a preferred atlas whose transition functions have derivatives with
positive determinant.)

If the manifold is complex and the Riemannian metric is furthermore Hermitian then the situ-
ation for the volume form is even better: In particular, for a Riemannian Hermitian metric g on a
complex manifold X

where w, is the metric form of g. Indeed, if in local complex coordinates z = (z%,...,2") and

corresponding real coordinates & = (£!,...,£%") where £%7! = Re z¢, ¥ = Im 2', we write
g = gi;jd&'d¢? and h = h,zdz" - dz" then

det ((gz’j)?]nzl) = <_1)n(det(ha,§))27
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and thus

W' = V1"l gl 5,d2" NdZP A AN d2 A AT

(_1)n(n+1)/2 "
pr— W al/gl.-.

1 ..n1..7n
B sgh = 2 ) By a8
Z & (051 eee Oy B1 ﬂn) a161 on Bn

a3, dz" A o A2 AdEPEA LA dZP

QLyeeny ﬂn
(_1)n(n+l)/2d . p p . 4
A LA ANAEE A N dET
(2y/=1)n
dz' A dz! dz" A dz"
=nldet(h 3)———A ... N —————.
ntdet(hqz) W/—1 2"/—1

Let us consider a complex submanifold Y of our Hermitian manifold X. We can endow Y with
a Hermitian metric simply by restricting the metric from the ambient space.

Now choose local coordinates z!, ..., 2" on X in such a way that the functions 2!, ..., 2* are
coordinates on the submanifold Y. The tangent spaces of Y are then defined by the vanishing of
the differentials dz**", ..., dz". In other words, in these coordinates, the Hermitian metric for Y is
given by

hl, = hogdz® - dz°,
where this time the summation is carried only from 1 to k. In particular, one can carry out all of the
above calculations on the submanifold and obtain the following remarkable fact, often incorrectly
referred to as Wirtinger’s Theorem.

2.2.2 THEOREM. If X is a Hermitian manifold with Hermitian metric formw and v :Y — X isa
k-dimensional submanifold then the associated Hermitian volume form of Y is

1 * k 1 k
dVg, = 71t Yo = 71%%l,
The original theorem of Wirtinger is the following.

2.2.3 THEOREM (Wirtinger). If W is a 2k-dimensional real submanifold of a Hermitian manifold

(X,w) then
Wk
> i
Area(W) > E
Moreover, if the area of W is finite then equality holds if and only if W is a complex manifold.

Theorem is often important in the study of minimal surfaces. Since we will not need it,
the proof of Theorem [2.2.3]is omitted.

EXERCISES

2.2.1. Let X be a compact complex manifold and let g be a metric whose metric form w, is a
closed 2-form. Show that there are no non-zero d-exact (p, p — 1)-forms on X.
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Lecture 3

Connections and Curvature

3.1 Connections

In this section we define and explore the notion of connection for a vector bundle on a manifold.
The underlying field can be R or C; when we use the term linear, we assume scalars lie in this
field.

3.1.1 Basic definition

3.1.1 DEFINITION. Let M be a manifold and let E — M be a complex vector bundle. A connection
for EE— M is a linear map

D :T(M,E) = I(M,T;; ® E),

satisfying the Leibniz rule
D(fs)=df ® s+ fDs.

The Leibniz rule implies the following proposition.

3.1.2 PROPOSITION. If Dy and D, are two connections for a vector bundle E — M then
Dy — Dy e (M, ¢ (T); @ End(FE))).

Proposition says that the space of connections on a vector bundle £ — M is an affine
space modeled on the vector space I'(M, €>° (T}, ® End(E))).

REMARK. There are several notions of connection, that have increasing generality. The type of
connection we are considering here is often called an affine connection, presumably in reference
to the affine linear structures of the fibers of a vector bundle. o

Definition [3.1.1] implies that a connection is a local operator, and may be restricted to small
subsets. If one restricts to a sufficiently small subset U C M then the vector bundle E|; — U is
isomorphic to the trivial bundle, i.e., it admits a frame.
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With the choice of a frame e, ..., e, for E|;; one has the trivial connection d defined by
d(s'e;) = ds' @ e;.

Note that this connection depends on the trivialization.
By Proposition any other connection D for E|y is obtained from the trivial connection
by adding to the latter a section A of T}, ® Hom(E|y) — U:

Dly =d+ A.

The section is called the connection form. Since the trivial connection depends on the frame, so
does the connection form A.
In terms of the frame ey, ..., e, for E|y; — U, one can write

Aei = Ag X ej,
and then by the Leibniz rule
D(s'e;) = ds' @ e; + s'Al @ e;.

The matrix of 1-forms (A7) is called the connection matrix.
Exercise asks the reader to compute the transformation formula satisfied by the connec-
tion matrix under change of frame.

3.1.2 Induced connections

A connection for a vector bundle £ — M induces connections on all vector bundles obtained from
E via multilinear operations. Similarly, a collection of vector bundles with connections induces
natural connections on various products of these vector bundles.

Dual connection

Given a connection D for a vector bundle £ — M, one defines the connection DV for the dual
vector bundle £* — M as follows. Given local sections s for £ and « for £*, one has a pairing
(s, ), which is a function on M. We require the dual connection D" to satisfy

(3.1) d(s,a) = (Ds,a) + (s,D"a) .

If we fix a frame e, ..., e, for E and denote by o, ..., " its dual frame then the connection forms
A(D) and A(DV) satisfy

0=ds/ =d{e;, o’y = (AD) ex,0?) + (e;, A(DY) /o) = A(D){ + A(D"),’.

Thus the dual connection D" is completely determined by (3.1).
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Product connections

Let 4 — M and Es; — M be two vector bundles equipped with connections [ and D respec-
tively, one would like to have a natural definition of connection for various products of 1 and V5.
Given any product operation x (e.g. tensor, symmetric, or wedge product) one defines the product
connection D for Fy x Ey — M by the formula

D (81 X SQ) = (Dlsl) X S9 + 81 X (DQSQ) .
By induction, one can pass to any finite product of vector bundles.

3.1.3 EXAMPLE (Induced connections for determinant bundles). Let £ — M be a vector bundle
of rank r and let a connection Dp for I be given. Consider the complex line bundle

det B — M

whose transition functions are just the determinants of the corresponding transition functions for
E. (We have met the determinant construction in the definition of the canonical bundle.) Fix a
frame eq, ..., e, for . Then e; A ... A e, is a frame for det . Then

et Ao ADgej Ao Nep =er A NA(Dgp)lex Ao Nep = A(Dp)ider A Aeg A Aey,

and thus

DdetE(el VANRUVAN er) = (Z A(DE);> €1 VANRVAN €r,
J

1.e., the connection matrix for Dge: g 1S the trace of the connection matrix for Dy. o

3.1.3 Connections with additional symmetry
Metric Compatibility

3.1.4 DEFINITION. Let E — M be endowed with a metric g. We say that a connection D for E is
compatible with g if

d(g(s,t)) = g(Ds,t) + g(s, Dt)
for all local sections s,t of E. o

If we view the metric ¢ as a section of £* ® E* — M then for any (not necessarily g-
compatible) connection D for E one has

d(g(s,t)) = g(Ds,t) + g(s, Dt) + Dg(s,1)
(where, of course, the last term involves the induced connection). Thus the condition of metric
compatibility may be written Dg = 0.
In general a given metric has many compatible connections. If D; and D, are two connections
for F that are compatible with a metric ¢ then their difference © := Dy — Dy € T'(M, T}, ®

End(F)) satisfies
9(©s,t) + g(s,01) =0,

i.e., © is anti-symmetric (or anti-Hermitian if ¢ is a Hermitian metric) with respect to g.
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3.1.5 REMARK. If X is a complex manifold then the splitting 7% ®p C = T%"° @ T induces
the decomposition © = O + %! ¢ (End(F) @ Ty") ® (End(E) ® Ty"), and the condition
Of = —O means that

O = - and ("Y' = -6

In particular, if © € I'(X, T% ® End(E)) is of type (1, 0) then © must vanish identically. o

Symmetric connections

Given any smooth manifold )M, we have the splitting
Ty ® Ty = Sym*(Ty,) @ A*(Thy),

Therefore every connection D : T'(M,€>(T5;)) — ['(M,€>(Ty;, ® Ty;)) for the cotangent
bundle splits as
D = D"+ D"

On any manifold there is a natural operator sending 1-forms to 2-forms and satisfying the
Leibniz rule with respect to the wedge-product, namely the exterior derivative. We can therefore
make the following definition.

3.1.6 DEFINITION. A connection D for T}, is said to be symmetric if D* = d. o
If D is a connection for 7}, and we write
D(dx") = Cj’:kdxk ® da’
in some local coordinate system then

A (D(fidz")) = A? ((% + (J;ik) dz* ® dxj>

1 (0f Ofe\ gk s (C=Cl)
=3 ((’h’“ 8:17j)dx ®dx! + f; 5 dz" ® dx

= d(fida") + f:Clpda® A da?
It follows that D is symmetric if and only if its connection matrix satisfies
e = Ciy-

It is often useful to formulate the notion of symmetric connection for the tangent bundle. Since
the tangent and cotangent bundle are dual, we shall call a connection for 1, symmetric if it is the
dual of a symmetric connection for 7,. If V is a connection for 7, dual to a given connection D
for T}, then

= (¥ 0 (st =~ (D g @) =~

Oxk
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and thus we see that V is symmetric if and only if its connection matrix Fé ; 1S symmetric, i.e.,

i _ i

Finally observe that if £ = £ 8‘;’;, E i. are local vector fields, then

on 08N 0 B
vfn_ v"]é' = (g ot al’l) a[[‘] +§ ]( F?z)a L

and thus V is symmetric if and only if Ve — V,.¢ = [€, 7).

Levi-Civita connections
On a Riemannian manifold there is exactly one symmetric, metric-compatible connection.

3.1.7 THEOREM (Levi-Civita). On a Riemannian manifold (M,~) there is a unique symmetric
connection V compatible with ~y. In terms of the dual metric g for Ty, there exists a unique
connection D such that

d(g(s,s')) = g(Ds,s) + g(s,Ds') and D" =d.
Moreover NV and D are dual connections.

Proof of Levi-Civita’s Theorem. Fix local coordinates (x!,...,2™) on a neighborhood U in M.
Then dzx',...,dx™ is a frame for T}, on the coordinate neighborhood U. Then with o = «;dz?,
97 = g(dz',dz’) and w'; = w';,dz", Levi-Civita’s Theorem states that there is a unique solution
w';;, to the system of equations

ia, j b i o ij P
g + g7 Wy, = Okg”  and Wi = W'y

The first set of equations expresses metric compatibility, and the second, symmetry.
For notational ease, define

= ¢g*w', and 0" := ¢g"0,,
so that the equations to be solved are
(3.2) Wt ™ = Fg7 and W = W™

To solve (3.2)), observe that the right hand side of the first equation is symmetric in 77, so it makes
sense to write w** = S¥* + AUk where

Sz]k — _(w'ij 4 w]zk) and Az]k — §(w2]k o w]zk)'
(For fixed k S“* and A¥* are the symmetric and antisymmetric parts of w**.) Thus
ik _ _ak ij Az]k
w 599 + ;
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and the second equation in (3.2) reads as
(3.3) AR — A = 5@ g* — 0 g).
In view of the symmetry of ¢7* and the antisymmetry of A“* in ij, (3.3) yields
_Aijk + Akji — Ajik o Ajki — l(azg]k _ 8kgu)
2
Subtracting the latter from (3.3) and using the antisymmetry of A% yields
Azyk 4 (Az]k 4 Akz] + A]kl) — §(a]gzk - azg]k).
But
Azgk + Ajk’b + Akzy — wljk +w]kn +wkz] . 5(8kg” + alg]k _'_ajgkz)
ik Lo ik ik Lok i ki Loi kg
=w 3—5039 + w’ —5893 + w™ —5893
Thus A% 4 A7k 1= A¥J = () and therefore
Wk — % (akgz‘j gt — 8z‘gjk:)
is the (obviously unique) solution of (3.2)). Lowering the indices, we have

1 mi mi im s
Wi = 5 (9imOkg™ + Gem0ig™ = 9ri9sk9" Omg™") -

Using the relation

(3.4) 0 =0m(9:59"°) = 9"°0mGrj + 9r;0mg""

yields ¢,;95t9" ™ Omg"™ = =95k *OmGrj = —OmGkj = —OmGjk, and therefore

3.5) Wi = 5 (9mOg™ + grm0ig™ + 9" Omgir) -

N | —

To complete the proof, we must show that the connection V : T'(M, Ty;) — T'(M, Ty, ® Tw)
dual to the connection D is symmetric and compatible with the dual metric . This last step is left

to the exercises (Exercise(3.1.3)).

3.1.8 REMARK. The connection D : I'(M,T5,) — I'(M, Ty, @ Ty,) has associated to it the dual

connection V : €55 (Th) — €57 (T @ Ty;) via the relation
(V;,da") + (8;, Ddx') = 0.
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Contracting both sides with Jj, and setting
Iy = (Vy,0;,dx’)

we find that

Using the relation (3.4]) and the symmetry of the metric, (3.3) yields

Uik = 59" (Ocgm; + 09mk — Omgin)

for the Christoffel symbols of V. o

Complex connection

On a complex manifold X we have a splitting
« «1,0 %0,1
Ty@C=Ty"0 Ty .
It follows that, for a complex vector bundle £ — X, a connection D splits as
(3.6) D = D" + D%

If the vector bundle £ — X is furthermore holomorphic then there is a canonical choice for the
component D! : I'(X, E) — I'(X,A%" ® E), namely the operator 9, introduced in Paragraph
[I.4.3] (in particular, in Proposition/Definition [T.4.6).

3.1.9 DEFINITION. A connection D for a holomorphic vector bundle V' — X is said to be complex
if D% = 3 in terms of the splitting (3.6)).
Chern connection

The basic result about connections for holomorphic Hermitian vector bundles is the following
analogue of Levi-Civita’s theorem.

3.1.10 THEOREM. On a holomorphic Hermitian vector bundle there exists a unique complex con-
nection compatible with the Hermitian metric.

Proof. We begin with uniqueness. Since the difference of two connections is a 0-th order differen-
tial operator, i.e., a matrix multiplier, if D%! = O then this multiplier is a matrix of (1,0)-forms. It
follows from Remark [3.1.5|that a metric compatible complex connection is unique if it exists.

To prove existence, define D'* by

h(D*’s,t) = Oh(s,t) — h(s, Ot)

for all local sections s, t. Then

h(0s,t) = h(t,ds) = Oh(t,s) — h(D1Ot, s) = Oh(s,t) — h(s, D"%t),
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and therefore the connection D = D' + 0, which is clearly complex, satisfies
dh(s,t) = h(Ds,t) + h(s, Dt),
i.e., D is h-compatible. O

3.1.11 DEFINITION. The unique metric-compatible complex connection for a Hermitian holomor-
phic vector bundle (E, h) is called the Chern connection for (E, h).

3.1.4 The Kihler condition
The definition of Kihler metric

The tangent bundle 7'y of a complex manifold X with Hermitian Riemannian metric g carries
two natural connections. One connection is the Chern connection for the holomorphic Hermitian
vector bundle (T, g), and the other connection is the Levi-Civita connection for (T’x, g). (Here
g is viewed both as a Hermitian metric on T)lgo and as a Riemannian metric on 7y, via the cor-
respondence sV : Ty — T)l(’0 discussed in Subsection ) In general, these two connections are
different.

3.1.12 DEFINITION. A metric g for which the Chern and Levi-Civita connections agree is said to
be Kdihler. A complex manifold admitting a Kdhler metric is called a Kihler manifold.

There are several equivalent ways to define Kédhler metrics. Here we shall discuss only the two
we will need.
Symplectic formulation

3.1.13 PROPOSITION. A metric g with metric form w is Kdhler if and only if the (1,1)-form w
associated to g is closed.

Proof. The Chern connection D for the metric g satisfies (c.f. Exercise[3.1.4)

dy_.7k o0 _ kl O  _ 9
D o (57) = Tijar = 9" 57955
027
Since both the Levi-Civita and Chern connections are compatible with g, the Chern connection
agrees with the Levi-Civita connection if and only if the Chern connection corresponds, under the
isomorphism induced by s : Tx — T4, to a symmetric connection, i.e.,

(3.7) D104 (57%) = D10, (55 %w)
9 0 ) .
whenever v, w € {81,1, Byl Bam By } But since
108 _ 8 100 _ /7.0
S T 9 and s oyt 18zi7
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the relation (3.7) holds if and only if I‘fj = Ffz Therefore g is Kéhler if and only if
Ogir _ 99;k
0z1 0zt

But the latter is equivalent to dw = 0, which in turn is equivalent to dw = 0 (since w is real). To
be more explicit, since w = g;zv/—1d2* A dz¥,

dw = \/—1ai“?dzj AdZt A dZE + \/—189_Z”Ed2‘Z Adzt A dzF
079 0zt

— \/—1aii]’?dzj Adzt A dzF + \/—1%6124 Adzk A dzi
Z

0 4 4
V1Y <8ng ﬂ) dzd Adz A dzF

0z 0zt
1<J

0z 0zt

0
+V— Z (aglk g]k) dzi A dzt A dzZF.

It follows that g is Kéhler if and only if dw = 0, as desired. U]

Locally Euclidean formulation
A very useful formulation of the Kéhler condition is contained in the following theorem.

3.1.14 THEOREM. The metric g is Kdhler if and only if every point of X lies in a coordinate chart
with coordinates z so that

g=> dz*- dz*+O(|z).
The coordinates referred to in the theorem are called Kéihler coordinates.

Proof. Observe that if two (1, 1)-forms w; and w,, defined in a neighborhood of 0 in C", have the
same Taylor expansion up to second order, then one has

(dwi)o = (dwsa)o.

Therefore if g is locally Euclidean to second order then dw, = 0, and thus g is Kéhler by Proposi-
tion 3.1.13

Conversely, suppose w is the (1, 1)-form associated to a Kéhler metric g, and let z be local
coordinates such that

(3.8) 9:5(0) = 655

(It is easy to find such, so-called normal coordinates.) Then the Taylor expansion of w with respect
to 2 1s

w = VT (0 + age® + agid + O(|22) o' A d.

The two properties of the Taylor coefficients a;j;, a;5; are
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(@ 95 = 953 = W5k = Uik,
(b) dw =0 = a5, = ayj;-

Since the result we seek is regarding a second order Taylor expansion, it suffices to find a quadratic
biholomorphic local coordinate transformation. That is to say, we seek coordinates w defined by

1
2F = wh + §b§mw€wm

(which do not modify condition (3.8)) such that
V=1

w =

¢ 14

Since w'w™ = w™w’, we may assume that b%, = b .. Then
Jk kj

dz* = dw® + bf w'dw™,
and we have
—V—=1w = §; (dw’ + bj,,w'dw™) A (dwﬂ' + @w’“dW)

+ (agrw® + a0") dw' A dw’ + O(Jw|?)
= ((52-5 + (a5 + 5gjbii)wk + (agr + (5mgb2';-)"d)k + O(|w|2)) dw' A\ dw’ .

Thus, if we set b{;ﬂ, = —0’™a;m, (which is symmetric in ki by (a)) then
Omibi; = —0mi0™ ajny, = — 0" G = —yj-
Thus

w =V —185dw' A dw’ + O(|w|?),

so ¢ is Euclidean to second order. [

3.1.5 Induced connection on twisted forms
Symmetric connections and exterior derivatives

Consider a differential 1-form o = «;dz* on a manifold M. For a connection V for T’ = M,

dai . -
— 2 gy ® dx* + ozkefjdxj ® dx’,

Va = 5

where 6 is the connection matrix of V. As we discussed earlier,

3(11-

(3.9) A*(Va) = P

de’ A dat + akﬁfjd:cj N
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We then introduced the notion of symmetric connection; by definition, a connection V is symmetric
if and only if
doa = A*(Va)

for any 1-form a.. Of course, the formula (3:9) shows that V is symmetric if and only if 6, = 6%,.

Now suppose [ is a differential r-form, i.e., a section of the product bundle A"(7};). For a
connection V for T3, — M, the product connection V, acts on 8 = (3;,..; dz’* A -+ A dz’ (with
our convention that 3; is skew-symmetric in /) by

vw:(wf

where the notation (¢); means that ¢ replaces ;. If we take the (r + 1) skew-symmetric part of
V.. (thought of as an (r + 1)-tensor) we obtain

0 ) dz' @ dx™ A - Adx'r,

(Z 14

9 - | | .
ﬁ] (O olj ]O>> dxte A dxh AAdeT’

Ar+1(v ﬁ ( 5

a calculation that uses the skew-symmetry of the ;. (Note that

Ar+1(v /6 ( 8ﬁ[

005 ) dz' Adz™ A - A da'
olj

but that the latter formula does not adhere to our convention of skew symmetry of the coefficients
of a differential form.) Thus we see that a connection V is symmetric if and only if

d=A"1oV,

holds for any integer  with 1 < r < n.

Twisted exterior derivative

Let V — M be a vector bundle with connection D. We can define a twisted version of the exterior
derivative for sections of
D(M, €Ty ®V))

or V-valued 1-forms. This twisted exterior derivative should produce a V'-valued 2-form.
As in the previous paragraph, we fix a connection V for 7},. For a V-valued 1-form o we
compute that

(V® D)er = (gzz fwi a,’é@fj) dr’ @ dz' @ e,

and
A*((V® D)a) = <(‘;a + ajfwr s + a%@k) dr’! Nda' @ e,
@
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where w and 6 are the Christoffel symbols for D and V respectively. Again if the connection V
for T, is symmetric, then the anti-symmetric part
A*((V® D)a) = ga? + oW’ ) da? ANda' @ e
OxJ v Y
is independent of the connection V. Similarly, if 3 is a V'-valued r-form then
AV, ® D)a)
is a V-valued r + 1-form, which is again independent of V as soon as V is symmetric.

3.1.15 DEFINITION. Let V' — M be a vector bundle with connection D and let NV be a symmetric
connection for T};. The operator Dy : T(M, €= (T3, @ V)) — T'(M, > (A*(T3;) ® V)) defined
by

Dia = A*((V® D)a)
(which is independent of V) is called the twisted exterior derivative associated to D. More gener-
ally, let V,. denote the induced product connection for A" (Ty;) — M. The operator

D, =AN"0o(V,®@D):T(M, €A (Ty,) @V)) = T(M, €A (T;,) @ V))
is called the twisted r™ exterior derivative (for V -valued r-forms) associated to D. o

Ifeq, ..., e, is a frame for V and x!, ..., 2™ is a local coordinate system on M, then for a section
o€ I'(M,V @ A"(Ty;)) given locally by o = ofdz’ @ e,,, one has (with D = D,

Do = Mdﬂ/\daj[@)e + Wt Aovdr! @ e
ax]‘ 12 v 1 12
(3(0#) ] r_v
= 8—33§de ANdx' @ e, + (1) o¥dzr’ Awh @ e,

Informally, we write
Do =do+ (—1)"0 Aw.

EXERCISES

3.1.1. Prove proposition |3.1.2

3.1.2. If two frames ey, ..., e, and €y, ..., €, determined two connection forms A and A respectively,
and if G : U — GL(r, C) is the matrix of functions relating the two frames by Ge; = €;, show that

A= (dG)G' + GAG™.

3.1.3. Show that if D is a symmetric connection for 7'y, — M compatible with a metric g then the
dual connection V is symmetric and compatible with the metric «y for 7, dual to the metric g.

3.1.4. Let (E, h) be a Hermitian vector bundle. For a frame ey, ..., ¢,, write s = s%,, t = t’egs
and h,,5 := h(eq, €g). Show that the Chern connection is given by the formula

Ds = (88“ + svh"gahvg + 53“) -

3.1.5. Show that a Hermitian metric on a Riemann surface is automatically Kahler.
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3.2 Curvature

3.2.1 Definition

3.2.1 DEFINITION. Let EE — M be a vector bundle with connection D and, in terms of some
frame, connection matrix A. The curvatures of (E, D) are the operators

O := D1 Dy : T(M, € (A*(T};) ® E)) — T(M, € (A**(Ty) ® E)),
where D is the twisted exterior derivative associated to the connection D as in Definition
Observe that if s is an F-valued k-form and f is a function then
Oi(fs)=D(fDs+df Ns)=fDoDs+df NDs—df N Ds = fOs,
so that Oy is indeed an E-valued (k + 2)-form. But even a little more is true.
3.2.2 PROPOSITION. There exists an End(E)-valued 2-form Q(D) such that
Ors = s ANQ(D)
forany k = 0,1, ... and any E-valued k-form s.

Proof. We work in a local trivialization, where we denote by A the connection matrix. We calculate
that

Ors = Dys1Dps = Dyia(ds + (—=1)Fs A A)
=d(ds+ (1) s ANA) 4+ (=1)"(ds + (=1)*sAA) A A
= (—DFds AN A+ (=1D)Fs AdA) + (=1 TP ds AN A — (1) s ANANA
= sA(dA—ANA).

Thus the k-independent local endomorphism
s> SN(dA—ANA)

agrees with D o D. Since D o D is globally defined, the proposition is proved. [l

3.2.2 Curvature of the Chern connection

Fix a holomorphic Hermitian vector bundle (E, h) — X.
First observe that since D = D'? + 9 and 9% = 0,

DioD = Di’o o D' 4 Di’o 0d+ 0 0o DY

Thus far we have used the fact that the Chern connection is complex, but not that it is metric
compatible. Metric compatibility reads as

Oh(s,t) = h(D"’s,t) + h(s,0t) and Oh(s,t) = h(ds,t) + h(s, D" t).
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(Note that the first of these equations is consequence of the second via complex conjugation fol-
lowed by interchange of the roles of s and ¢.) Since 9% = 0,

0= h(D;° o DYs,t) + h(D’s, 0t) — h(D'"s, 0t) + h(s,0,0t) = h(D7;" o D'Vs. 1),
and thus D}’ o D0 = (. Therefore
©=D;"0d+ 0, 0 D'

In particular, the curvature maps sections to twisted (1, 1)-forms, and therefore the curvature form
of the Chern connection is a (1, 1)-form.

3.2.3 PROPOSITION. The curvature of the Chern connection of (E, h) — X is given by the formula

Qf = A Ohsp).

The proof is left as an exercise.

3.2.3 Curvature of a line bundle

Let L — M be a complex line bundle. If D is any connection for L. — M then its curvature is
a section of End(FE) @ A2, — M. Since the line bundle End(E) — X is canonically trivial (see
Exercise [3.2.2)), the curvature of a line bundle is a well-defined 2-form on M.

In terms of any local connection form A(D), the curvature of D is

d(A(D)).

Indeed, if the fibers are 1-dimensional then A(D) A A(D) = 0. In particular, the form yields, via
the isomorphism between End(L) and the trivial bundle, a globally-defined 2-form on M. Since
locally this 2-form is d(A(D)), the curvature form is a closed form, but in general this form is not
exact.

3.2.4 REMARK. The de Rham cohomology class
[O(D)] € Hir(M,C)

of the curvature of any connection for L does not depend on the connection. This cohomology
class, called the Chern class of the line bundle L — M, is denoted ¢;(L). o

Suppose now that X is a complex manifold and the line bundle L — X is holomorphic. Let b
be a Hermitian metric for L — X. If £ is a holomorphic frame for L over an open set U C X then
one can define the function

¢* = —logh(&,¢).

The curvature of the Chern connection of f is
O(h) = (9dlog V) @ € @ €7,
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where £* is the frame for L* dual to £. Since £ ® £* is nowhere-zero, one can ignore it and define
the curvature of the holomorphic line bundle to be 90 log ©(©).

The reader should check that the left hand side of the latter equality is independent of the choice
of holomorphic frame. Consequently some authors (probably only the present authoﬂ) uses the
following global notation for Hermitian metrics of holomorphic line bundles.

NOTATION. In the sequel, a mgtric for a holomorphic line bundle will often be denoted e~ %, and
its curvature will be denoted 0.

3.2.4 Curvature of determinant bundles

3.2.5 PROPOSITION. Let (E, Dg) — M be a vector bundle of rank r with connection, and let
(det E, Dyet g) — M be its determinant line bundle. Then

Q(Dget ) = trace(Q(Dg)).

The proof is left as an exercise.

Holomorphic hermitian vector bundles

Let £ — X be a holomorphic vector bundle of rank r with Hermitian metric 4. We have already
observed that the (unique) Chern connection for the metric det h for the line bundle det £ — X
has connection matrix

A:

Tt h@(det h).

It follows that the curvature matrix of det h is
Q=dA— AN A=0(0logdet h) = 09(—logdet h).
With calculations similar to those we used in the study of the connection, one can easily see that
Q = traced(Ohh™ 1),

a fact we already know from Proposition [3.2.5]

The canonical bundle

Recall that the canonical bundle K x of a complex manifold X is the line bundle det T’ )*(1’0. The
local sections of K x are (n,0)-forms, where n = dimc X.

If ¢ is a Hermitian Riemannian metric on X, theorem [3.2.5] tells us that the curvature of the
Chern connection for (Ky,det(g)) is just the trace of the curvature of (7%°, g).

'In fact, many authors will write e =% for a Hermitian metric of a holomorphic line bundle, but they mean that this
is the local form of the metric; I like to use this notation in a global way, but my convention has its pitfalls as well.
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For a general Hermitian metric g the latter Chern curvature has nothing to do with the curvature
of the Levi-Civita connection for g. However if the metric g is Kéhler, the curvature of the Chern
connection for (K'x, det(g)) is the negative of the so-called Ricci curvature of g:

(3.10) Ricci(g) = —trace(£2(g)).

In the next paragraph, we will remind the reader of the definition, from Riemannian Geometry, of
the Ricci curvature of a Riemannian metric. We will then show that (3.10) holds when the metric
in question is Kihler.

3.2.5 Symmetry of Kihler curvature

Since the connection matrix of the Levi-Civita connection is symmetric, one can expect some
symmetry in the curvature of this connection. If the metric is Kihler, the curvature of the Levi-
Civita connection has even more symmetry. In this section we write down some of the symmetries
of the Kéhler curvature.

Curvature of the Levi-Civita connection

Let (M, g) be a Riemannian manifold, and let V be its Levi-Civita connection. As we have seen,
V is uniquely determined by the two conditions

d(g(§,m)(C) = g(Ve&m) +9(€,Ven) and  Ven — V€ = [€, 7]

For all vector fields &, n and ¢ on M. Itis customary to denote by R the curvature of the Levi-Civita
connection. That is to say,

R(&,n)C = VeV =V, Ve = Vg€

The curvature tensor is locally determined by

Rijge == Q(R(a%m %)%, aii)-

It is immediately clear that for any connection (Levi-Civita or not),
(3.11) Rijre = —Rijon.
Since d? = 0, the curvature ©(D) of any metric-compatible connection D must satisfy
9(0(D)¢, ) + (&, ©(D)n) = d*(g(&,m) =0,
and the latter relation is equivalent to the identities

(3.12) Rijke = —Rjike.
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The symmetry of the Levi-Civita connection implies that

o 2y0 _ 0 _ 0
Rl 20)5 =V 2.V 0 55 =V 0 V 0 55
T T 4 T
0 o
=VoVaogr—VaoVaogs
oxk  OxI ot  OxI
_ 0 0 0 0 0 0 0 0
= R(5.5 557) 507 — B(557 525) 358 TV 0 (V 0 508 =V 06 _57)

Thus we obtain the First Bianchi Identity
(3.13) Rijke + Rikej + Rigje = 0.
As a consequence, we have

(Rijke + Ring; + Riejr)
1
2

%(ij' + Rjike + Rjeir,)
(Rysij + Ruijoi + Reije) %

= ()’
=0, 5(Rejk + Rerij + Rejri)

and adding these four equations and using (3.11)) and (3.12)) yields

(3.14) Rirej = Ryji-

Curvature of the Kihler connection

We let Greek letters run through {1, ...,n} and latin letters through {1, ...,

the notation

0 0
. = — 5= —— < a<n.
(3.15) O 50 and Oj EETR 1<a<n
Thus P 9
8i: G) and ngﬁ fOl’Z:L...,n7
and 5 9
ai:ﬁ and 0; = By fori=1,...,n.

=0,
=0.

n,1,...,7}, and we use

We denote by Fé- .. the Christoffel symbols of V, which are defined by the relation

VO = 17,0

Now let V be the Kéhler connection on a Kdhler manifold (X, g). In Section (and specif-
ically in Remark [3.1.8]) we derived the formula for the Christoffel symbols with respect to the real
coordinates, and so those Christoffel are different from the symbols we have defined in the present

paragraph. Nevertheless, as already mentioned, since
100 _  /_1.100 _ 9
S o0 T Ls Oyt~ 9zv)
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one does retain the symmetries of the Levi-Civita connection when working on 7' )1(’0 instead of T'x.
Since V is the Chern connection of the Hermitian metric, its connection matrix is a matrix of
(1,0)-forms, and must therefore satisfy

(3.16) re =Ig, =0.
Additionally, appropriate use of complex conjugation yields

(3.17) 'k — k.

Let us introduce the following notation. Let R{ be the curvature tensor with respect to the local
frame 01, ..., Op, 05, ...05 for Ty ® C and write

Rij = Rigy;.

The matrix entries R;; are (1, 1)-forms, and so we write
Rij = Ryjpdz" A dz*
i = ikl 2PN dzZ.

(Note: this convention means dz' = dz!, etc.)
Warning: This notation differs from the notation of the previous paragraph, because we are using
the frame (3.13)), and not the real frame -2;, ..., -2 used there. (Nevertheless, the first Bianchi

61‘17 Y Qxpm

Identity holds in this section as well, since it is defined by the same sorts of relations.)
Because the curvature is a (1, 1)-form with skew-Hermitian symmetry, we have

(3.18) Rijop = Rija5 =0 and Rijas = —Rijga = R

ijBa

Now, since the Kihler connection is Chern, we have (V!?)2 = 0 and 9% = 0, which reads as
(3.19) Rapij = Ragij = 0.

Since the Kéhler connection is also Levi-Civita, our work from the previous paragraph shows that
(3.20) Rijon = Rjire = — Ruij-

In particular, we have

(3.21) Rogi; = Rijap = Rigaj

where the last equality is achieved as follows:

Rijap = —Rigja — Riag; = —Rigja = Rigaj-
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Ricci curvature of the Kihler connection

Finally, we come to the promised discussion of Ricci curvature. Recall that for a Riemannian
metric the Ricci curvature is the trace

Ricci(g)ij = ¢" Rinej-

As mentioned at the end of the previous paragraph, there is some symmetry to the Ricci curvature
of a Kihler metric. Indeed, the Ricci curvature tensor satisfies

(3.22) Ricci(g)ap = Ricci(g)sz =0 and  Ricci(g),s = Ricci(g)ga-
In fact, we claimed in the last paragraph that one has the formula
(3.23) Ricci(g),5 = —0.0zlogdet (gup) ,

where ¢ is the Kihler metric in question. To see this formula, we use the above symmetries as
follows.

. . c c C (*) Y
—RicCi(9)of = — 9" Rozas = — 9 Roiae = 9" Rogiog 29" Ropss = 0e0os log det (g),

where (*) holds because the metric is Hermitian, and so only has (1, 1)-parts, and the last equality
holds because, by Proposition

00 log det g = —trace 0(dgg ).

3.2.6 Positivity

It is important to know when the curvature of the Chern connection for a Hermitian metric on a
holomorphic vector bundle is ‘positive’. Because the curvature ©(h) of the Chern connection of
a metric h for a holomorphic £ — X is a (1, 1)-form with values in Hom(E, F) — X, there are
many ways to measure its positivity. The strongest notion of positivity is called Nakano-positivity,
the weakest notion is called Griffiths positivity, and these two notions flank an intermediate se-
quence of conditions discovered by Demailly. We shall describe all of these in the present para-
graph.

Quadratic form on £ @ T"°

Using the metric b, one defines Hermitian forms { , }5 () on the fibers of E © Ty" by letting
(3.24) {v®@&wenly o = H(O(h)ezv, w)

for indecomposable tensors on a given fiber £, ® T)l(’gc and extending bilinearly to the entire fiber.
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Definitions of positivity

3.2.6 DEFINITION. Let £ — X be a holomorphic vector bundle with smooth Hermitian metric b,
and fix a smooth Hermitian metric g on X.

(i) We say that Yy has positive curvature in the sense of Griffiths at a point v € X if there exists
¢ > 0 such that

{U & ga (%Y g}f),@(h) Z Ch (Ua U)g(ga 5)
forallv® ¢ € B, @ Ty,

(ii) We say that by has positive curvature in the sense of Nakano at a point x € X if there exists
¢ > 0 such that

{ZU]' ®fj,zvk ®§k}
j=1 k=1 b

forallvi ® &, ...,v, ® &, € B, ® T)lgg, where n = min(dimcY, RankF).

>y h(v;,0:)9(6.6)
j=1

(iii) Let m be an integer between 1 and min(dimc¢Y, RankFE). We say that b has m-positive
curvature in the sense of Demailly at a point x € Y if there exists ¢ > 0 such that

{Zvj ®€j,zvk ®§k}
j=1 k=1

forallvl®51,'--,vm®€mEEx®T11/:2~ ©

> e b(v;03)9(6,€)
j=1

5,0(b)

One defines non-negative curvature by taking ¢ = 0, and to define negative and non-positive
curvature one simply changes the sign of ¢ and reverses the inequalities.

If V and M are two vector spaces then the elements of £/ ® M are linear maps from M* to
V. Any such linear map has a rank, which is equal to the dimension of its image. This rank is by
definition the rank of a tensor 7" € V' ® M.

Thus a holomorphic vector bundle £/ — X with Hermitian metric § is m-positive at z € X if
for any Hermitian metric g on X there exists a positive constant ¢ such that

{T,T}oom =T,

forevery ' € £, ® T}(’g whose rank is at most m.

Duality

The Hermitian holomorphic vector bundle (E, b) is Griffiths-positive if and only if its dual (E*, h*)
is Griffiths-negative, but that this statement ceases to be true for the stronger notions of positivity.
More precisely, the Riesz Representation Theorem provides a C-conjugate linear isometry R :
E* — FE defined by

(o, v) = (v, Ra).
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Since

(VY v) + (a, V") = 9 {a,v) = 9h(v, Rar) = h(V"0, Ra) + (v, ORe)
= <a, V1’0v> + <R715Ra, v> ,

one sees that B B
Vela = R'9:Ra, andsimilarly, ;a0 = R™'V;’Ra.

It follows that O(h*) = R~'0O(h)R, and therefore that
@(h*)&@ - _R_lg(h)EQ,&R'

If we now choose vy, ..., v,, € F, and &, ..., &, € T;’g then we find

{Z(R?’j) ©&, Y (Ru) fk}
b*,0(h*)

j=1 k=1

= D0 (VIO ) g R Moy R o) = = D0 0 (RTV=10(b)g, v, R )
jk=1 Jh=1

= =) h(V=10(b)g g v5,v) = — > {0; @&, vk @ &}y o)

Ji.k=1 g.k=1

And unless the rank of v; ® & + - - - + v, ® &, 1s at most 1, the last quadratic form is not the form
measuring negativity of the curvature.

Positivity of line bundles

When the rank of £ — X is 1, i.e., when & — X is a line bundle, all of the notions of positivity
coincide. Indeed, when the fiber of £ is 1-dimensional, any map F, ® T)l(’f; — B, ® T)l(’gc has rank
at most one 1.

In the rank one case one therefore drops all adjectives and speaks of positivity of the curvature.
In this case the curvature of a Hermitian metric e~ ¥ then is

_ Py ‘
e v zJ
00yp 52057 dz' NdZ,

and hence the curvature of e~ % is (semi-)positive if and only if the Hermitian matrix

82g0 dime(X)
(82@? ) ,

3,7=1

is positive (semi-)definite.
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Criterion for Griffiths positivity
In Chapter |1 1| the following proposition will be very useful.

3.2.7 PROPOSITION. The metric h for V. — X is non-positive in the sense of Griffiths if and only
if for any holomorphic section s of V. — X the function

log h(s, s)
is a plurisubharmonic function on X.

Proof. We calculate that

h(Q(h)s, s) N h(s,s)h(V10s V10s) — n(V10s s) A h(s, V1¥s)

(3.25) 90logh(s,s) = — (s, ) h(s,s)?

The second term on the right hand side of is non-negative because of the Cauchy-Schwarz
Inequality, so we see that if h is nonpositive in the sense of Griffiths then the right hand side of
(3.25)) is non-negative, i.e., log h(s, s) is plurisubharmonic.

To see the converse, it is clearly enough to work locally, i.e., to assume the vector bundle V' is
trivial (but with non-trivial metric). Under the condition of triviality, given any vector v € V. there
exists a holomorphic section s, of V' — X such that s,(x) = v and V's,(z) = 0. Plugging the

section s, into (3.25) yields
h((h)(z)v, v)
h(v,v)

(00 1log h(s,, 8,))(x) = —

which shows that if 901og h(s,, s,) is plurisubharmonic then h is non-positive in the sense of
Griffiths. O

EXERCISES

3.2.1. Prove Proposition [3.2.3]
3.2.2. Show that if L. — M is a complex line bundle then the line bundle End(L) — M is trivial.

3.2.3. Show that if L — X is a holomorphic line bundle and h; and b, are two Hermitian metrics
for L then the curvature forms

O©(h1) and O(hy)

of their Chern connections are cohomologous.
3.2.4. Prove Proposition [3.2.5]
3.2.5. Show that the Hermitian quadratic form (3.24)) is well-defined.

3.2.6. Confirm the computation (3.23), and show that for any vector v € V there exists a holo-
morphic section s, of V' — X near x such that s,(z) = v and V's,(x) = 0.
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3.2.7. Let X be a complex manifold of dimension n and let £ — X be a holomorphic vector
bundle of rank r with smooth Hermitian metric /. Set

k := min(r,n).
For a local coordinate z, write
Y= (=) 2z A ANdZTANAZ A AN A dZ A L ANAF T AT A LA dE

(a) Prove the following test for Nakano negitivity: the Chern connection for (F, i) has Nakano-
negative curvature at a point p € X if and only if for every local coordinate system z at p
and every k-tuple of holomorphic sections (f1, ..., fx) the (n,n)-form

k
09 (Z W, fj)T”)
ij=1
is a negative multiple of Lebesgue measure dV'(z) near p.

(b) Formulate a test for Nakano positivity.
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Part 11

L2 Estimates for O
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Lecture 4

L2 Estimates for J in complex dimension 1

In this section we prove Hormander’s Theorem for complex manifolds of dimension 1. We shall
give two proofs. The first is longer, and will be given only for domains in the complex plane.
However, the weighted estimates obtained will hold for very general weights. The second proof is
rather short, and applies to general Riemann surfaces, but the estimates established hold only for
smooth weights.

4.1 Domains in C

For the rest of the section, fix an open connected set €2 in C and a smooth function ¢ € €>°(12).
Classically the function ¢ is called the weight function, or simply the weight.

Hilbert spaces and operators

For the moment, we add hypotheses to {2 and : we assume that ) CC C, that 0f) is smooth and

that o € €°°(£2). With these hypotheses in place, let us proceed to define some Hilbert spaces.

Space of functions For smooth functions f, g : {2 — C we define the inner product

(f7g)0 ::/nggewdAa

and we let 777 denote the Hilbert space closure of ¢">°(£2) with respect to the norm induced

by this inner product. (Note that €>°() is contained in 7 because (2 is bounded and

@ € E>().)

Space of (0, 1)-forms For (0, 1)-forms o = fdz and /3 = gdz we define the inner product

(aaﬁ>1 : a A 66_90 - (fv g)o;

and we let %i} denote the Hilbert space closure of €>°(Q)dz with respect to the norm
induced by this inner product.
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The O operator

Next we turn to the definition of the Hilbert space c‘? operator. The 0 operator as we know it up to
now sends a smooth function f to the (0, 1)-form 0f = %dé. We extend O to a densely defined
operator (denoted with the same symbol)

: A — A

defined as follows: the domain of O consists of all f € A7 such that the (0, 1)-current of is
represented by integration against (an automatically unique) o € 5772, i.e., there exists a € %’;}
such that

4.1) aNpdz = —/ fa—¢dA for all ¢ € €,°(Q2),
Q 82

1
21 /Q
and then we define Of := o for f € Domain(d).

4.1.1 PROPOSITION. The densely defined operator O : Hy — %1 is closed.

Proof. The operator 0 is closed, i.e., Graph(9) is closed, if and only if for any f; € Domain(0)
such that f; — fin 7 and 0f; — « in %’fpl, a = Of in the sense of currents, i.e., (4.1)) holds.
Let us fix such a sequence f;. Then for all g € €°(Q2)

1 — 1 o
(v, gdz); = e /Q a A gdze ¥ = lim WS /Q of; N gdze™?

0 0
= lim/ij (—e‘f’@(e—%@g))e_@dfl:/g)f(—e@a(e—‘Pg))e_@dA.

But this equation means that (4.1)) holds for ¢ = e~%g. Since g — e ¥g is an isomorphism of
©>°(12), we are done. O

The Hilbert space and formal adjoints of O

For reasons that will become clear soon, one wants to define the Hilbert space adjoint 0* of the
densely defined operator 0. The domain of 0* is

Domain(9*) := {a € e%fol : 3C, > 0 such that |(a, dg)1| < C4llgll, for all g € Domain(0)},
and 0"« is the unique element of ) corresponding to the linear functional
by 1 €°(Q) 3 g+ (Fg,a) € C
under the Riesz Representation Theorem. In particular,
(0%, 9)0 = (a, 0g)1.

It is a general fact that the Hilbert space adjoint of a densely defined (resp. closed) operator is
closed (resp. densely defined), and that the double adjoint of a closed densely defined operator is
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the operator itself. These elementary facts make it possible to formulate an adjoint (weak) version
of the 0 equation.

To establish an estimate we will need later on, it is useful to have a formula for 0* on a dense
subspace of ,%fol. With such a formula as our goal, let @ = fdz be a smooth (0, 1)-form on
and let g € €°°(Q). Recalling our temporary assumption that ) is bounded, 92 is smooth and
¢ € €>(Q), we compute that

_ 1 —
dgh = —— A Dge™?
(v, Og) 2\/_—1/Qa ge
1
= — A dge™¥
5 _1/Qa ge
1
= — 7d _Sp -
5 _/g (e —3 _/ e ?ag)
1
_ ¢ - Go—P 5
2\/_/ 82 fe )dz/\dz N1 aQfge dz
:(e“"a(e‘pf /ge“".
o0
4.1.2 DEFINITION. The operator ¥ : € (2)dz — €*(S2) defined by
_ - _of [ 9¢
— Cpa %)
9(fd2) = —e* Lo ) =~ L 4

is called the formal adjoint of 0.

4.1.3 REMARK. As one can see from the calculation preceding Definition4.1.2} the formal adjoint
of 0 can equally be defined as the operator ¥ : €>°(2)dz — €>°({) that satisfies

(Yo, 10)o = (e, )1
for all ¢ € €:°(Q2). o
With the formal adjoint in hand, we have the following proposition.

4.1.4 PROPOSITION. Let 2 C C be a bounded domain with smooth boundary and let p € € Q).
Then a form a € €*°(2)dz lies in Domain(0*) if and only if o|oq = 0, and in this case

0" a = da.
Proof. Leta € €°(Q)dz. For g € €>(£)) we have calculated that

_ A
(4.2) (o, 09)1 = (Yo, 9), + 5 ge *a.
o0

Hence if a|sq = 0 then )
(v, 09)1| = (Y, 9)o| < [[Dx][o]l9]lo,
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which shows that & € Domain(9*), and the formula (o, dg); = (Yo, g), implies that 9*a = Ya.

Conversely, suppose @ € Domain(9*). Fix functions x; € 4>°(£2) such that 0 < y; < 1 and
for each compact set K C (2 there exists J € N such that if j > J then y;|x = 1. Then by the
definition of Domain(9*)

(v, 0(x;9))1| < Callx;9llo

for some constant C,, that is independent of g or j. Therefore by Dominated Convergence

(a,09)1 = lijm(a, Ix;j9h = li]m(ﬁa, X;i9)o = (Yo, g)

2

for all g € 7. In particular, if g € €>(

) then by (@.2))

gefa =0,
0

SO O./|6Q =0. ]

The formal identity and the basic estimate

We continue to assume that {2 is connected, bounded, and smoothly bounded, and that ¢ € € (ﬁ)
Let o = fdz be a smooth (0, 1)-form on 2. We compute that

5190425( of | 9 )

0z | 0z
L ®F dp0f | Pe N
- (_8282 T s T azazf) dz

o/ _af\ . %
— _ oY __ p_
oz (6 az> =t 505"

It is tempting to write the term —e¥Z (ew%) as ¥0a, but since « is a (0, 1)-form da = 0.
Therefore we need a better interpretation for this term if we are to extend these ideas to higher
dimensions. The insight that seems most natural is to view « not as a differential form, but rather
as a section of a complex vector bundle.

Recall that the J-operator, when acting for sections, is well-defined only on a holomorphic
vector bundle. If we think of the form o = fdZz not as a form, but rather as a section of the
(trivial, so in this case, holomorphic) vector bundle T;;O’l, then we can act with O on this section,

and produce the section of (75"')®? given by

— 0
Vo = —{d2®2.

0z
(Later we will see that there is a way to define V even when Tgo’l is not trivial, as long as one has a
Hermitian Riemannian metric on 2. The present case corresponds to the Euclidean metric on our
domain 2 C C.)
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Let us define an inner product on smooth sections of (T;;“’l)@ by

(gdz®%, hdz®?), = / fge ¢dA.
Q
With this inner product in hand, one can compute (Exercise 4.2.2) that the formal adjoint of the
operator V : 1(Q, Ta"') — T(Q, (T31)®?) is given by the formula

(4.3) V*(gdz*?) = —e“"ag(e_“"g)dz.
2

Thus one obtains the following theorem.

4.1.5 THEOREM. Suppose ) is a bounded, smoothly bounded domain and ¢ € €*(X)). Then
0?p

4.4 MWa = V*V
4.4) 0Ya VVoz—i-aZaza

for any smooth (0, 1)-form o on ).
Now let a be a smooth form on € lying in the domain of 9*. Then « vanishes on 92, so
(DWa,a); = (00, )1 = ||0%al|? and (V*Va,a);, = ||Vall5.
Theorem {.1.5] therefore implies the following key result.

4.1.6 THEOREM (Bochner-Kodaira Identity). Suppose () is a bounded, smoothly bounded domain
and p € € (2). Then for any smooth (0, 1)-form « in the domain of O* one has the identity

4.5) 0% a2 = ||Vall5 + aNae ?.

1 / D¢
2\/ —1 Q 6282
Density of smooth forms
The domain of 0* is a dense subspace of 7!, but we can endow it with another norm, namely

e |* = [lallf + [|0%al 3.

Let us denote by .# the inner product space with norm ||| - ||| whose underlying vector space is
Domain(0*).

4.1.7 REMARK. Since 0* is also a closed operator, .Z is in fact a Hilbert space. We will not use
the completeness of ||| - ||| in this paragraph. o

We have the following theorem.

4.1.8 THEOREM. The smooth forms in Domain(0*) are dense in .F.
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We begin with some important preliminaries. Fix a form o € .%. First, we extend « by 0 to
C — 2. This extended form, which we denote by &, can be seen as a form in L? (C), and we want
to say that, in some sense, & is still in the domain of 0*. The trouble is that 0* itself, the Hilbert
space adjoint of 0, is intimately tied to the domain €. However, the formal adjoint is given by

some formula, namely 0* = L, where

Since ¢ € €>°(Q2), we can assume that ¢ € €>°(C) and define the operator L as a densely defined
operator on L*(C, e~?dA). We can now make a more reasonable statement about .

4.1.9 PROPOSITION. The form « is in the domain of 0* if and only if Li € H,) in the sense of
distributions, and in that case
La = 0%a.

Proof. For a (0,1)-form « in %1 we have the identity

(a,Bh); : a A Ohe ¥ = & A Ohe™? = (La)(h)

where the last equation on the right hand side is the meaning of L& in the sense of distributions.
Thus if L& € 27 then o € Domain(9*), and then 0"« = La.
Conversely, suppose a € Domain(9*). Then 0"« is well-defined in Z7 and

(La)(h) = (a,0h)y = (0", h),,
which means that L& = O*« in the sense of distributions. ]

Our next goal is to localize the problem using partitions of unity. Let us choose a collection of
open disks {U;} that cover €2, and another collection of open disks {V},} that cover 0f2, and are
sufficiently small that 0V}, and OS2 intersect transversely. Because OS2 is compact, we can choose
a finite subset Vi, ..., Vy, that cover 0X2. Then K := () — Ujvzll Vj is closed and bounded, so
compact, and thus we can choose Uy, ..., Uy, that cover K. All together, {U;, V;} cover Q. We
denote this cover by {I¥;} when we don’t want to distinguish between the U; and the V. Let us
choose a partition of unity {y, } subordinate to this cover, i.e., for each index i there exists v such
that Support(x,) CC W;,and ) x, = 1 on the union of the W;.

We can now write

=Y v

and each x, « is compactly supported in some W;. We need the following lemma.

4.1.10 LEMMA. If o € Domain(9*) and x € €>°(Q) then xa € Domain(9%).
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Proof. For any g € Domain(0) we have

(xa, dg)1 = (e, d(x9)) fe “dA,

+2\/_

where o = fdz. Thus since o € Domain(9*)

X1 |19l
82 g 09

which is what we wanted to show. ]

[(xr,09)1| < Callxgllo + 1155 fllollgllo < (C sup [x| + [laly Sup

Thus we are reduced to studying a (0, 1)-form « in the domain of 9* and whose support is
either a compact subset of Uj, or is the intersection of {2 and a compact subset of V.

In the first, interior case, we can use the usual mollifier method: let v € €°(D) and set
Vs(2) = 67%)(2/d). Then for & > 0 sufficiently small o’ := « * 1)s is smooth with compact
support in U; and therefore lies in the domain of 9*. Moreover, o’ and 9*a’ can be made arbitrarily
close to o and 0* v in f%’;} and JZ7 respectively by choosing 6 > 0 sufficiently small.

In the second, boundary case, we need to be a little more careful. Let K be the intersection of
a cone in C with a small disk centered at the origin. If the cone angle and the radius of the disk
are sufficiently small, and if the cone’s axis is at an appropriate angle (for example, approximately
parallel to the normal direction of some boundary point of 2 in V},), then for each point z € 902NV},
the truncated cone z + K, lies in the complement of €2, while the truncated cone z — K}, lies entirely
in €2, except for its vertex, which is of course on the boundary. (We must make sure that the disk
Vi 1s sufficiently small, which we may assume is the case, without loss of generality.) Choose a
function ¢ *") € €>°(K},) such that [ p*HdA = 1, and let ") (2) = p*H)(—2).

Now suppose that & € Domain(0*) is compactly supported in V. Let o’ := a*wgk_). Writing
a = fdz, we have

() = dz - /C £z — S0 (C)AA(Q).

In particular, if z € 9Q and ¢ € Support(¢*7)) then —( € K}, and thus z — 6¢ & , which means
that f(z — d¢) = 0. In other words, a vanishes on 02, and is therefore in the domain of 9.
By standard real analysis o’ — lga =: @ in L*(C), and 9*a® — La in the sense of distribu-

tions. Thus by Proposition4.1.9/0*a® — 0*« in T

End of the proof of TheoremH.1.8 - Having written a = ) _ , @, we can find smooth forms (, a )
as just outlined, with each (x,a)? vanishing on 99 and therefore lying in the domain of %, and
moreover such that

(xwa)’ = xpe and 9" (xa)’ = " (x,)
in %’f; and JZ7) respectively. The proof is complete. ]

4.1.11 COROLLARY. The identity @#.3) holds for all o in the domain of 0%
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Hormander’s Theorem on domains in C
We are now ready to state and prove Hormander’s Theorem.

4.1.12 THEOREM (Hormander’s Theorem for domains in C). Let Q@ C C be a domain and let
o € L}, (Q) be a function such that p(z) — c|z|* is subharmonic in ) for some ¢ > 0. Then for
any measurable function f on ) such that

/ |fIPe ¥dA < +o0
Q

there exists a locally integrable function u such that

du
0z

1
/ ufZe=edA < 1 / |f2e*dA.
Q ¢ Ja

Proof. Choose domains §2;, 7 = 1,2, ..., with smooth boundary, such that

=f

in the sense of currents, and

Qj CcC Qj-‘rl and UQ] = Q.
J
Let us fix j for now. At the end of the proof we will let j — oo.
Define the function s := ¢ * (672 (-/§)), where 1) is a radial function on C with compact

support and total integral 1, and > 0 is less than the Euclidean distance from 2; to C — €2. Then
s 1s smooth, subharmonic, and decreasing to ¢, and we have

8?;2(305(z)—c|z|2) :/C(m);;gé (ch) _ w( c)> dégo >0.

On the domain §2; we have the Hilbert spaces

,%”-O::%”O and %1' !

ps?

as well as the closed, densely defined operators O : H — K ! and the Hilbert space adjoint
O : A — A. Then Corollary m applies, and thus from @) we obtain

1078115 > ||B][3
for all (0, 1)-forms 3 in the domain of 9*. Let

a = fdz.
Then for all 3 in the domain of 0* we have

“46) (o801 < llal 1815 < 1205 g
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We claim that the estimate provides a solution of the O equation with estimates. To see this
claim let A : Image(9*) — C be the linear functional defined by

MO B) == (B, ).

The estimate (#.6) means that ) is continuous on Image(9*) (and hence on its closure). Setting \

equal to 0 on the orthogonal complement /7° © Image(0*) makes ) a continuous linear functional
on .7, with operator norm ||A|[2 < ¢7'||a|?. By the Riesz Representation Theorem there exists
us; € A such that A(h) = (h,us;) and |[us ;|| = ||A||.. Applying the first identity to h = 9*3

shows that
(9u§7j

CERRES
and the equality ||us ;|| = || ]|+, together with the monotonicity of ¢; with respect to d, yields

1 1 1
/ Jus e~ dA < —/ [fl7em#dA < —/ |fPe?dA < —/ |fPe?dA.
% € Jo ¢ Ja; ¢ Jo

In fact, since ; is decreasing in ¢, for all o, > 0 sufficiently small and all 6 < ¢, we have

1
/ \u&j]QeWOdAg/ \u(;,jPerAg—/UPe“ﬁdA.
Q; Q; CJa

Thus all the {us;} lie in a ball of radius ¢™/2||f|| in 2 . By Alaoglu’s Theorem there is a
sequence o, — 0 such that us, ; converges in 77 and

1
/ g, ;e #dA < X / fPe?dA.
Q; CJa

On the other hand, for all k > ¢

1
/ ’u5k7j|2679052d¢4 < / |u6k,j‘267%kd14 < _/ ’f|2€7<pdA,

dus; = « ie.,
7] ?

SO we can again extract a convergent subsequence in %(35[ Taking the diagonal subsequence, we
find that it converges in z%fo‘fsz for all £. Thus we have a limit u; such that

1
/ |uj|?e % dA < —/ |fIPe #dA.
Q; CJa

J

By the Monotone Convergence Theorem

1
/ uj|?e"?dA < —/ |flPe ?dA.
Q; CJa

Note that since u; is a limit of functions wuy, ; satisfying 5uj = « in the weak sense, 1.e.,
(h 3, 0" ¢)o = (@, )
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for any smooth (0, 1)-form « with compact support in {2;, we can take limits to see that
5’&]' =

in the weak sense.
Let us now extend the functions u; from (2; to €2 by setting them equal to 0 outside 2;. Then

we have the estimates .
/|uj\2e_“”dA§ —/ |f|?e"?dA.
9 CJo

We can now apply the same technique of Alaoglu’s Theorem to the index j, and extract a subse-
quence converging to a function u € J£ on €2 such that

/|u|26_“"dA§ 1/ |fIPe #dA.
Q cJa

Now, for each smooth (0, 1)-form ¢ with compact support in €2, and any j > j, we have

(uj, 0"9)o = ()1
Thus we can let ; — oo and obtain the equation

ou_
0z

The proof of Hormander’s Theorem is complete. ]

3

4.2 L2 estimates for O on Riemann surfaces

There is another proof of Theorem that, though rather similar at in the most crucial aspects,
is rather more streamlined in its technicalities. In this paragraph we present this proof, as well as a
slight generalization going beyond domains in C to the setting of Riemann surfaces.

This generalization forces us to introduce the geometric setting of Hormander’s Theorem. In-
deed, compact Riemann surfaces have no nonconstant subharmonic functions, but all Riemann
surfaces have holomorphic line bundles with metrics of positive curvature. Thus we formulate and
prove Hormander’s Theorem for Hilbert spaces of sections of holomorphic line bundles, rather
than functions.

4.2.1 THEOREM (Hormander’s Theorem for Riemann surfaces). Let X be a Riemann surface with
Hermitian metric g whose metric form is w. Let L — X be a holomorphic line bundle with smooth
metric e~ ¥ such that

V=1(89p + R(g)) > cw,

where R(g) is the curvature of the Levi-Civita connection for g. Then for any L-valued measurable
(0,1)-form o on X such that

aNae ? < +oo

1
2¢v/—1 /X
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there exists a measurable section u of L — X such that Ou = o in the sense of currents, and

4.7) /X|u|2e Y < - \/_/ aae .

Proof. We use the square norms appearing on the left and right hand sides of respectively
to define Hilbert spaces #° and " for sections of L — X and L-valued (0, 1)-forms on X
respectively.

Let 3 be a smooth L-valued (0, 1)-form on X and let ~ be a smooth section of L — X with
compact support. We define the operator ¥ : I',(X, T3>') — €>°(X), by

(9B, ) = (B,0h)1,

where I', (X, T;}O’l) is the vector space of compactly supported smooth (0, 1)-forms on X. Then

(8,0h), /mahw
F/

(e"?Bh) — \/1__1/)(8(6_¢5)h —e?0(e ¥f3)) he™%.

il

Writing § = fdz and w = e_lbgdz A dZz in some local coordinate z on which the line bundle
L — X 1s trivial, we have

SO B = Gt (€ s A = = (e
Thus
e 6¢+w§< )= e ( gf+g<§ )

The reader can check that the right hand side is independent of the coordinate system chosen.

4.2.2 REMARK. The aforementioned check can be done by seeing how the right hand side trans-
forms with a change of coordinates, but there is a geometric way to see it as well. Given the section
fof L ® T;‘;0 ' — X, the metric e~#, which identifies the ﬁbers of L with the conjugates of their
duals, allows us to define a section e‘“’ﬂ of the line bundle L~ ® T*0 ' - X. Since the latter
line bundle is anti-holomorphic, it has a well-defined 0 operator, so we have a section d(e~%?[3) of
Lo T @ T — X. But the line bundle 75" ® T5>' — X has a nowhere zero section,
namely the metric g, so it is trivial. We thus obtain a section e¥9(e~?3) of L' = X. Finally, using
the metric e % again, we have a section e¥"¥9(e~¥f3) of L — X, and this section is denoted /3. ©

In the same vein as the Remark- given our section (3 of T*O1 ® L — X, there exists an
L-valued (1, 0)-vector field V (meaning V is a section of Ty" @ L — X)) such that

ﬁ = Vng,
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where, for a vector ¢ and a form «, £ 1 denotes the contraction of o with &. In local coordinates,
if B = fdz for a local section f of L then

0
Vs = f Y
Jé; € Z‘

Since Vj is a section of a holomorphic line bundle, it makes sense to compute 9V} as a section of
T)l(’O ® T)*(O’1 ® L. We think of OV} as a (1, 0)-vector field with values in T)*(O’1 ® L, and as such
there is a section of (T%"')®? ® L, which we denote V3 and which we think of as a (0, 1)-form
with values in 75" ® L, such that

5‘/5_1(,0 = Vﬁ .

In local coordinates, we have
_ B 0 B of oy _
R @2 _ (Y Y% ®2
V(fdz) =e 55 (e"f)dz (8z+ azf) dz®”.

We can define an inner product structure on the space of compactly supported smooth sections of
L® (T2 — X defined as follows. If & = h;dz%? then

(&1,62)2 IZ/ €¢h1h26_¢:/ (&1,&), e %w,
X X

where (-, -)  is the metric for (T52")®2 — X induced by the metric g for 7'° — X. (Locally, if
& = h;dz®? then (€1,&) g = hih2€e*?.) We can then calculate the adjoint operator V* defined by

(v*ga ﬁ)l = (é, vﬁ)2

The reader can check that 5
V*(fdz®?) = —e¢+@a—(6_‘pf)d2.
z
Again the reader can check directly that the right hand side is an L-valued (0, 1)-form, but we

encourage a derivation along the lines of Remark 4.2.2]
We compute that

595 = O (v (9 9 :
8196—82<€ ( 8z+8z ))dz

= ”’( i afa¢+a¢@+(a“"a—¢+ aQ@)f)dz,

0202 020z 020z  \0z0z 0207

while
V*Vj§ = _eww% (e_"g (% + g—f )) dz
=e ( of _9vol L9100, (aw?w o ) f) dz.

0202 0z 0z 0z 0z

0z 0z 020z
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It follows that

- _ 0% 0%
T3 _ ¥
OB —V'Vh=e (azaz + azaz> b,

and thus

1951 = 19815 + [ (0409 + Rig))3, ), ¥
X
The hypotheses of Theorem therefore imply that

10°Bl15 = clIB]13

forall € I'y(X, L ® TY").
Now let o be the L-valued (0, 1)-form in the hypotheses of Theorem Define the linear
functional \, : 0*(T,(X, L ® TY")) — C by

2al07B) = (0. B)1.

Then ]
Aall? = sup (e, Bh]* < o[} < +oo,
16Bllo=1 ¢
50 A, is bounded on the (non-closed) subspace 9*(I'y(X, L ® T3'")) of .7#°. By the Hahn-Banach
Theorem (or simply by extending by O in the orthogonal complement) we can assume that the
linear functional \, € #°* is bounded with norm at most ¢~'/2||a||. By the Riesz Representation
Theorem there is a section u € J° such that A\, (v) = (u,v), and

1 1
/ lule™w < ~—— [ anae®.
b

C 2\/—_1 X
Restricting to 9 (I'(X, L @ T'y'")) shows that

(U, 5*5)0 = (O(, 5)17
i.e., that Ju = a in . The proof of Theorem is complete. O

4.2.1 Regularity of solutions

In Theorems[.1.12]and[4.2.T|the following question is left unanswered. Suppose that « is a smooth
form on €2 and that u is the solution of the equation Ju = «. Is u smooth? The answer to this
question is yes. Indeed, any two solutions of the 0 equation differ by a holomorphic function,
and so either all of the solutions are smooth or none are smooth. But for domains in C there is
a standard solution, using Green’s Theorem, to the inhomogeneous Cauchy-Riemann equations.
This solution is given by an integral formula, and one can read off it that the solution is smooth
when the data is smooth. Hence the positive answer. These ideas are more fully developed in
Exercise 4.2.4
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EXERCISES

4.2.1. Prove that the Hilbert space adjoint O* of the O operator, defined on page is closed and
densely defined, and that (0*)* = 0 as densely defined operators.

4.2.2. Establish Formula (@.3)) for the formal adjoint of the operator V.

4.2.3. Let  be a strictly plurisubharmonic function (i.e., such that Ay > ¢ > 0 in the sense of
currents) on a smoothly bounded domain 2 CC C. Show that if « is a smooth (0, 1)-form on 2
that vanishes on 02 and satisfies 9*a = 0 then a = 0. Show that there is a smooth (0, 1)-form
o # 0 on € such that 9*a = 0

4.2.4. Let Q) CC C be a domain with smooth boundary.

(a) Use Green’s Theorem to show that for any z € € and any function f € €°°(Q) one has the

formula
1 J(QdC 1 [ af DA
21V —1 Joo 2—C 7w JqOC 2=

(b) Show that if g € €*(€2) then the function

f(2)

FERRRY GG

s z2—C
satisfies the equation % = gin (.

(c) Let X be a Riemann surface and let  be a smooth (0, 1)-form on X. Show that any function
u such that du = « is smooth.
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Lecture 5

The Bochner-Kodaira Identity

We fix a Kéhler manifold (X, ¢) and a holomorphic vector bundle £ — X with Hermitian metric
. We let w denote the metric form of g. We denote by © the curvature of the Chern connection
associated to (F, h) and by R the curvature operator of the Kihler connection associated to (X, g).
These curvature operators induce operators on E-valued (p, ¢)-forms, whose definitions will be
apparent from the derivation. We shall denote the induced operators by the same letters.

5.1 The Hilbert spaces

Because of Remark we shall work only with E-valued (n, ¢)-forms.
Let ¢ be an (n, ¢)-form with values in E. If we choose local coordinates z and a local frame
e, ..., e, for I/, then we may write

p=¢%dz" A Nd2" N dZT ® eq.

Let
gij = 9(0;,0;) and b,z = blea,ep).

As usual, gi5 and haB denote the inverse matrices; they are the matrices of the metrics for the dual
bundles, with respect to the dual frame.
The metrics g and b induce a metric on £ ® A'¢?. In terms of the above metrics the new metric
is given locally by
1 o B ] ij
(o) = as@ﬂ@baw” det(g"),
where ng = ghit... glada Tt is easy to check that the right hand side is independent of all the

frames that were chosen. When we want to indicate the dependence on the metrics g and h, we
shall write (p, 1))

g;b°

5.1.1 REMARK. It is sometimes convenient to employ the notation W; = wgh/g@ ¢’L, with respect
to which one has (i, ¢) = 3. o
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5.1.2 DEFINITION. Let (E, ) — X be a Hermitian complex vector bundle and let AV be a volume
element, i.e., a smooth (n,n)-form with no zeros, on a Hermitian manifold (X, g).

(i) For two compactly supported E-valued (p, q)-forms @ and 1, we define the inner product

(o) = /X (o, ) dV,

With this inner product, the space of compactly supported smooth E-valued (p, q)-forms is
an inner product space.

(i) We let Lf,’q (g,b) denote the Hilbert space completion of the inner product space of smooth
compactly supported E-valued (p, q)-forms, with the inner product (-, -).

5.1.3 REMARK. Note that dV;, = det(g;;)dV (2), and therefore the (n, n)-form

1 _— _
(5.1) {p, 0} = asof}wéhagg”

In the case ¢ = 0 the (n,n)-form {¢, 1)} depends only on the metric h, and not on the metric g.

5.2 Two O-operators and their formal adjoints

A smooth E-valued (n, g)-form can be viewed in two ways. In the first, usual way, such a form is a
(n, ¢)-form with values in a holomorphic vector bundle. From the second perspective, a (n, ¢)-form
is a section of the vector bundle A'Y? ® £ — X; a complex vector bundle that is not holomorphic.
In this paragraph we will define natural O operators for these two types of sections.

Let us begin with the first perspective. We fix a basis {e,} of local holomorphic sections of
E — X. To indicate the type of the forms we are using, it is helpful to include subscripts for our
multi-indices. Let us denote by V the Chern connection associated to E-valued (p, ¢)-forms on
our Kidhler manifold (X g).

5.2.1 PROPOSITION. Let ¢ = gpﬁiqdzl A+ Adz" ANdz7t ® e, be an E-valued (n, q)-form. Then
q

dp = (—1)" Z(_l)k<vjkgp)? . dZPA LN AR @ e,

Jo---Jk---Jq
k=0

Proof. By definition of 0 we have
Op = (5(,0?,{]) ANdzP N Nd2" A dE @ ey,
Then
dp = (=1)"0p5 5 Ndz' A---Nd2" NdZ N dZ @ ey
__nq_kfoz 1 noA Jzjo >Ja
= (1) ;( 1) 8jkg030”3km3qdz A~ ANd2Z" NdZO N N dZE
q

= (=1D)"> (=DM(V50)% - _dz' Aeo-Ad" AdFO N LA dE

Jo---Jk---Jq
k=0
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where the last equality holds since V%! = 0 for the Chern connection. [l

We denote by 0 the formal adjoint of 0. Thus ? is defined by the relation

(0, 1) = (@, 0¢)

for all smooth twisted forms ¢, and all smooth twisted forms ) with compact support. Note that 0
sends smooth E-valued (n, ¢)-forms to smooth E-valued (n,q — 1)-forms.

5.2.2 PROPOSITION. Let p = @‘}qdzl Ao ANd2" A dz7e @ e, be an E-valued (n, q)-form. Then

0 = (1" g (Vip)%, 5 dz' A Ad A A LN AFT @ eq

Proof. One has

(00, ¥) = (p, 0¢)

— H n B J'7
- A G D S G D Rl Ao 1) ALy
nlq! J1--Ja - A
—1 - j . = =
_ 1)+t 1)k +L gdkdk Vip). - E —~ Jiit gdide ]q]gha_
g .Y ;( V(i) 5,V 2 7O g e
1 :
= n+1 1 « 8 I Ta )
==y (07 O ) o s

Where the second-to-last inequality follows from the metric compatibility of the connection. [

Now let us turn to the second perspective of a V-valued (n, ¢)-form seen as a section of the
complex vector bundle Kx @ A? T)*(O’1 ® E — X. As we have pointed out, the latter vector
bundle is not holomorphic. However, because X is equipped with a metric, there is a natural
way to map sections of Kx @ A? T;}O’1 ® E — X to sections of the holomorphic vector bundle
Kx @ A\"Ty’®V — X. In terms of local data, if we write ¢ = ¢%dz' A...Adz" AdZ’ ® e, then

7 0
®eq =1 g% N NdZ"® = R e,

L IJ « 1 n
Spi=g"¢5dz N...ANd2" ® 9.1

9o VANAN pys

is a section of Ky ® A\? T)lgo ® E — X, and clearly the map ¢ — §p is a 1-1 correspondence that
depends only on the pointwise values of ¢. The map § extends naturally to a 1-1 correspondence
Fp of Kx @ N T’ @ E-valued (0, k)-forms, i.e., sections of A"(T2 )@ Kx 9 N'Tx*® E — X,
by acting trivially on the last factor, i.e., for J = (ji, ..., ji) set

Bi (dz/ @dz' N ANdZ" NdE @ ey) =dZT @ F (d' A ANdZ" AN dE ®e,).
The vector bundle K'x ® N’ T)lgo ® £ — X, being a holomorphic vector bundle, is equipped
with 0, and thus we have a well-defined Ky @ \?Ty" ® E-valued (0, 1)-form 0F .
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5.2.3 DEFINITION. The operator V : T'(X, (A%") ® E) — T(X, T @ (A%?) @ E) is defined by
Vi = §1'0Fp.

In terms of local data

V= gIL% (gljgocj) dZ"@dz' N ANdZ"NdFE @ = (Vip)2dZF @dz A Nd2" NdZ e,

where V denotes the Kihler-Chern connection for £/-valued tensors.

We can compute the formal adjoint V* of V with respect to the inner products induced on
sections of (A™T%) @ E and T5"' @ (A™9T%) ® E) by the metrics b and g. For smooth sections
wand ¢ of Ky @ (AT @ T @ Vand Ky @ ATy @ V respectively, with ¢» compactly
supported, and we write

p=0%:dP @d' A NdZ" NdE @ e,
then
(¢, Vi) = /X 9705 (Vi) LV (2) = /X (—gkj (Ww)’i;) WIdV(2),

where dV(z) = (¥52)"dz' A dz' A ... A d2" A dZ" and we have used the fact that the Chern
connection is compatible with the metric. Thus

(V)5 = —g" (Vi) ;

When viewing ¢ as a section rather than a form, one sets V*¢ = 0.
We can therefore associated to V its Laplace-Beltrami operator V*V on sections of the vector
bundle (Ay?) ® E — X. Our computations show that

(5.2) V'V = —¢g"V,V;.

5.3 The formal identity

The following identity is crucial in establishing L? estimates for solutions of the 0 equation.

5.3.1 THEOREM (The formal Bochner-Kodaira Identity). Let (X, g) be a Kihler manifold and let
E — X be a holomorphic vector bundle with Hermitian metric by. Denote by [1 = 00 + 00 the
Laplace-Beltrami operator associated to 0. Then one has the formal identity

(5.3) 0 = V*V + 0,4(h),

where © () is the operator on E-valued (n, q)-forms induced by the curvature of the metric b.
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Proof. Using Propositions [5.2.1]and [5.2.2] we calculate that

( _(p);l .= ISR EAVS ((&0)?—(&21 N NdZ"NdZT ® ea>
= ( 1)”+1g”V1<(—1 "(Vip)sdz' A Ad2" NdzZ! @ e,
q
1\ _1\k R n 5J
+(—1) kl( 1) (Vﬂk¢)ggl...jk._.jqdz N ANd2Z" NdZ ®ea>
= ((_gijvivﬁp J1---Jq + Z ZJV ijgp)jl (kg ) dz! Ao Nd2" N dE ® €a;
k=1
and
) q
()55, = (1" 2_(D"HVL00)S 5
k=1
q
_ (_1\n k+1 n+1 ij « N
= (-1) ;( D7 (V1) g Vi) = o
q Pl
= = > (Vi Ve i
k=1
q P
= =D 0" (ViVie)s Gy i
k=1
Thus .
(D@)%q = _gij(viviw)%q + ([v“ Vi ] >J1 Ok--dq"
k=1

Finally, since [V;, V;| = ©(bh);; is the curvature,

q

il B il
9 [V Vi) €5, @07, = 29 055,95 0. 5v
k=1

The right hand side of the last equation is by definition the operator ©,(h) induced in E-valued
(n, ¢)-forms by the curvature of b:

q — . .
G4 Oyb)e =D g 005585 0.5, 05 A NN AN @ o
k=1

The proof is complete. [
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Exercises
5.3.1. Let X be a compact complex manifold and let L — X be a holomorphic line bundle with a

smooth Hermitian metric 4 whose Chern connection has positive curvature. Show that if a smooth,
L-valued (n, 1)-form « satisfies Ca = 0 then o = 0.
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Lecture 6

L2 Estimates on Compact Kihler manifolds

In this section we present our first, and simplest, result on L? estimates for solutions of 9. Before
beginning, we should say a word on the meaning of the solution of 0 in spaces of not necessarily
smooth sections, such as L;q(g, b). In fact, the O operator can act on currents, and in particular
on any locally integrable sections. In the space the distribution equation du = ¢, p € L2 (g,b),

p.q
formulates as follows. A section u € 1112,7(]_1(g7 h) is a weak solution of the equation Ju = ¢ if

(u, 0Y) = (¢, 9)

for all smooth, compactly supported ¢ € L§7q(g, h). In coming paragraphs we shall go further,

discussing the structure of 0 as a closed, densely defined operator on L; .(9:h).

6.1 Hormander’s Theorem on compact Kiahler manifolds

6.1.1 THEOREM. Let (X, g) be a compact Kihler manifold and let F — X be a holomorphic
vector bundle with Hermitian metric h. Fix p,q with 0 < p < nand1 < q < n. Assume that
the curvature of the Chern connection of the metric vector g*) @ det(g) ® h for the vector bundle
N Ty © K% @ F satisfies

(6.1) 0,(¢"" @ detg® h) > c-1d

for some positive constant c. Then for every F-valued 0-closed (p, q)-form  satisfying
[ e, <+
X
there exists a F-valued (p,q — 1)-form u satisfying
_ 1
du=p and [ JoludVy < [ Jel2av
X CJx

6.1.2 REMARK. Note that the condition (6.1]) holds if the Hermitian metric ¢*) ® det g ® h has
Nakano-positive curvature. However, as we shall see, if ¢ > 1 then (6.1)) can hold under weaker
assumptions. o
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Proof of Theorem Let £ := N\’ Ty’ ® K% ®F. Then an F-valued (p, ¢)-form identifies with
an E-valued (n, q)-form. Moreover, the metric b := ¢'») ® det g ® h identifies the corresponding
L? structures, and the curvature assumption is equivalent to the existence of a positive constant ¢
such that

O(h) > c-1d.

Let ¢ be an E-valued (n, ¢)-form with finite L? norm. For any smooth, E-valued (n, ¢)-form
1) we have the estimate

1 _ _
(6.2) |9]]* < E||6‘?/)II2 + [[0" ],

Now consider the bilinear form (-, -) ,» defined on smooth sections of AY! ® E — X by

(2/}17 ¢2)=}f = (éwlu 5¢2) + (5*¢17 5*¢2)

The inequality implies that || - || is a norm. Define .7 to be the Hilbert space completion
of I'(X, APT% ® FE) with respect to the norm || - || .
Let A, : L (g, h) — C be the linear functional defined by

)\90(’1/}) = (w790>
By Cauchy-Schwarz

2
I

2
A2 < 12

C
and thus A\, € JZ*. By the Riesz Representation Theorem there exists v € ¢ such that

2
iz, < 95 and (o0 = M), v e a2

C

The latter means that o -

In particular, the: latter holds for smooth ).
Now, since dp = 0 we have

0 = (p,0*Y) = (Qv, D0*Y) + (0*v, I*0*Y) = (Ov, DI*Y),

which implies that 90*0v = 0 in the sense of currents. Therefore ||0*0v||* = (99*dv,dv) = 0,
and thus (Ov, 0v) = 0. Hence -

(0", ") = (v, 1),
which means that v := 0*v is a solution of Ou = . Moreover

lell?
Cc

[Jul? = [|0"v|* = [Jv]|% <
The proof is therefore complete. [
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6.2 A few useful applications

Regularity and cohomology vanishing

Theorem provides L? solutions to the J equation with L? data, but leaves open an important
question: If the data ¢ is a smooth E-valued (p, q)-form, is the solution provided by Theoremm
also smooth.

The answer to this question is affirmative. However, except in the case ¢ = 1, the reason is
a bit subtle. For general ¢, the solution we provided is of the form v = dv, and any section of
this form is orthogonal to the O-closed twisted forms. Since any two solutions differ by a 0-closed
twisted form, our solution is the one of minimal norm. Consequently v is a (weak) solution of the
equation [lv = ¢. The operator [ is an elliptic system, and general machinery, which we have not
discussed, implies the desired smoothness. However, when g > 1 there are always other solutions
of the equation Ou = ¢ that are not smooth.

The case ¢ = 1 is slightly different. In this case, all solutions are either smooth or not. Indeed,
any two solutions differ by a holomorphic section. So to show regularity, one has only to show
that there exists some smooth solution. The smoothness of the solution is a local problem: using a
partition of unity, one can write ¢ = »_ x;¢;, and if we can find smooth solutions with compact
support u; of the equations Ju; = ; then the section u = Y u; provides the needed smooth
solution. To then find the smooth solution of the localized equation, one can work in C". In this
case there are a number of available techniques, and at least one of them, which is based on Green’s
Theorem, is rather elementarys; it is often taught in first courses in complex analysis. The approach
is to produce an integral formula for the solution, and the smoothness of the solution can be read
off from the formula. Therefore, for ¢ = 1, any section v of ' — X that satisfies Ou = ¢ is
smooth when this is the case for ¢.

As a corollary of this discussion, one obtains the following important proposition.

6.2.1 PROPOSITION. Under the hypotheses of Theorem the Dolbeault cohomology groups

Kernel (0: (X, A} @ F) — T(X, A% @ F))
J (DX, A e F))

HY'(X,F) =

are trivial, i.e., Hg’q(X, F) = {0}.

Kodaira Vanishing

Let L — X be a holomorphic line bundle on a complex manifold X of complex dimension n, and
let e=% be a smooth Hermitian metric for L. The positivity of the curvature 0y of e~¥ means
precisely that the (1, 1)-form
W= E@égp
27

is a Kéhler form. (Thus, a posteriori, every complex manifold admitting a line bundle with a metric
of positive curvature is necessarily Kéhler.) We therefore can, and do, use the Kihler form w to
define our Kéhler metric g on X.
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Suppose 3 is a smooth, L-valued (7, ¢)-form. In terms of a local frame ¢ for L, if we write
B = Bydzt A--- Adz" A dz’ then we compute that

Oy(e™%)B
q o . .
=20 0" 95,85, 0 ga 02 N NP NAF A A dE

= 2mqf
By Proposition one has the following theorem.

6.2.2 THEOREM (Kodaira Vanishing Theorem). Let X be a compact Kdhler manifold and let
L — X be a holomorphic line bundle admitting a smooth metric of positive curvature. Then

HYY(X, L) = {0}.

Kodaira-Nakano Vanishing

Another direct corollary of Proposition[6.2.1]is the following generalization of Kodaira Vanishing.
The proof is left to the reader.

6.2.3 THEOREM (Kodaira-Nakano Vanishing Theorem). Let X be a compact Kdhler manifold and
let E — X be a holomorphic vector bundle admitting a smooth metric whose curvature is positive
in the sense of Nakano. Then

Hg’q(X, E) ={0}.

Vanishing theorems for ¢ > 1

Let (X, w) be a Kéhler manifold. Suppose L — X is a line bundle with smooth Hermitian metric
e~ % whose curvature § = v/—1090 is not necessarily positive. Let

A(p) < Aa(p) <o < Au(p)

denote the eigenvalues of 6, relative to w,, thought of as Hermitian forms on T - (These eigen-
values depend on the point p, but nature of this dependence will not be 1mportant to us. ) Fix a
correspoinding w-orthonormal basis & (p), ..., &, (p) of eigenvectors for T L, andleta’ € T1 % be
defined by

a'(v) = w(é,v), vE T}(’g.

Given an L-valued (n, ¢)-form 3, we can write 8 = B7a! A ... Aa™ A&’ @ e. We compute that
q .=
v B:Zgweﬁkﬁjlik 3qO{ /\ /\O[ /\Q{ ®€

q —

:Z(Szé)‘iéﬁkﬁjl...fk 5qoz A ANa"Na!'®e
k=1

=Ny + .+ 7,850 A Ad A e ®e.
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Sincew =+v/—-1Y ;&' Aa"and § = /-1, \;a" A &', we have

O AW = (V=D)g— D! > (Aj, + -+ A, )t Ad A AddT A
|7|=q

and
W= (V=1)1g! Y o Aa A Aadt Al

|7]=q
By Theorem we have the following theorem.

6.2.4 THEOREM. Let (X, w) be a compact Kéihler manifold and let L — X be a holomorphic line
bundle admitting a smooth metric with curvature 0. Fix q € {1, ...,n} and suppose

AWt > et

for some positive constant c. Then

H(X, L) = {0}.

There are analogous vanishing theorems for vector bundles, but they are a little more elaborate,
involving the notion of m-positivity discussed in Chapter[I] We shall not formulate them here.

80



Lecture 7

L2 Estimates on Complete Kihler manifolds

7.1 Extending the O operator to Hilbert spaces

7.1.1 Closed, densely defined operators

Let H, and H, be Hilbert spaces. We are interested in linear operators from subspaces of H; into
H,. Two important things to keep in mind about linear operators are

e cach operator T': H; — Hy comes with its own domain of definition Domain(7"), and

e 7 : Domain(7) — H, need not be continuous (with respect to the relative topology of
Domain(7T") C Hy).

It may sometimes be possible to extend an operator to a larger domain. If this is so, and S is such
an extension, then the Graph

Graph(T) := {(x,Tx) ; x € Domain(T")} C Hy x Hy
of T'is a subspace of the graph Graph(SS) of S.
7.1.1 DEFINITION. An operator'l' : Hy — Hs is said to be
1. densely defined if Domain(T) is a dense subspace of H,, and
2. closed if Graph(T) is a closed subspace of Hy x H.

7.1.2 REMARK. If an operator is bounded on a Hilbert space (or more generally on a Banach
space), then the Closed Graph Theorem tells us that it is closed. o

As the reader will recall, a Hilbert space is isomorphic to its dual. The explicit theorem yielding
the isomorphism is a rather elementary version of the Riesz Representation Theorem. The result
states that the map sending v € H to the bounded linear functional A, € H* define by

Ayw = (w, v),
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is a conjugate linear isomorphism that is also an isometry:

[Aollz = [[v]].

The next objective on our agenda is to define the adjoint of a linear operator 1" : H; — Hj as
an operator 1™ : Hy — H,. To define the adjoint operator, we begin by defining its domain. We
let Domain(7™) consist of all n € H, such that

Ly x— (Tx,n),

is a continuous linear functional on Domain(7"). By the continuity of .Z,, one can extend .Z;, to
the closure of Domain(7"). We can also extend .7, to the orthogonal complement of Domain(7")
by setting

Z,(y) =0 forall y € Domain(T)".

By the Riesz representation theorem .Z), is represented by a unique element 771 of H; satisfying
(Txz,n), = (x,T"n),;, « € Domain(T).
The linearity of n — 1™ is trivial to prove.

7.1.3 REMARK. Extending %, by zero to Domain(7")* might initially seem rather arbitrary. How-
ever, if \ is any extension of .%, and A, denotes the extension by zero to Domain(7)* then A — ),
vanishes on Domain(7T’). Thus, writing u = v + w € Domain(7") & Domain(7)*,

IIE= s ot wlt= s D)+ (Al = I A=
We see that ), is the extension of minimal norm, which does seem rather more natural. o
7.1.4 PROPOSITION. IfT : Hy — H, is densely defined (resp. closed) then T* : Hy — Hy is
closed (resp. densely defined).

Proof. We denote by m; : Hy x Hy — H,; the projection to the ith factor, 1 = 1,2, and by
(y )12 =7 (, )1 +7(, ), the inner product on Hy x Hy. Let F': Hy x Hy — Hy x Hj be
given by

Observe that (£,7) L F(Graph(T)) if and only if

<J?,£>1 = <T$,77>2

forall x € Domain(7"). Note that while the latter means that 7 € Domain(7™), we cannot conclude
that & = T*1 unless we also know that & | Domain(7)*.

Now suppose Domain(7) is dense. Then Domain(7T)* = {0}, so (¢,n) L F(Graph(T)) if
and only if 7 € Domain(7™) and T*n = . In other words,

F(Graph(T))* = Graph(T™),

and thus 7™ is closed.

Next suppose 7 is closed. Let 7 L Domain(7™*). Then the vector (0,7) lies in Graph(7*)+ =
F(Graph(T')) = F(Graph(T')) = F(Graph(7')). Thus n = 70 = 0, and from Lemmabelow
and the Riesz Representation Theorem we conclude that 7™ is densely defined. [
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7.1.5 LEMMA. Let A be a subspace of a topological vector space H. Then A = H if and only if
every continuous linear functional on H that vanishes on A is zero.

Proof. If A = H then clearly every continuous linear functional on H that vanishes on A is zero.
Conversely, let v € H — A. The linear functional on the closed subspace Cv + A of H defined by
tv 4+ a > t is continuous and vanishes on A. By the Hahn-Banach Theorem, this linear functional
extends to a continuous linear functional ¢ € H'. Evidently /|4 = 0 and ¢ # 0. [

7.1.6 PROPOSITION. If T is a closed, densely defined operator, then T** = T.

Proof. We know that 7™ is also closed and densely defined, and we have

(x,T"n) = (Tz,n)

whenever © € Domain(7") and 7 € Domain(7™*). From the boundedness of n — (T'z,n) we
therefore conclude that Domain(7") C Domain(77*).

Let § € Domain(7™*). Since T is densely defined there exist Domain(7") 3 =; — 6. Then for
all n € Domain(7™) we have

(I0,n) = (0, T"n) = lim (x;, T"n) = lim (Tx;,7n) .

Thus T'z; — T%*6 in H,, and therefore Graph(T') > (z;,Tx;) — (6,7"*0) in H; x H,. Since T
is closed, (6, 7**0) € Graph(T), and thus § € Domain(7") and 7**0 = T6. O

7.1.2 The maximal extension of O

Let (X, g) be a Hermitian manifold and let £ — X be a holomorphic vector bundle with smooth
Hermitian metric 7. By our definition of L? (g,h) the subspace T'o(X, AR ® E) of L2 (g,h)
consisting of smooth compactly supported F-valued (p, ¢)-forms is dense.
We have the operator 0 : T',(X, APIT% @ E) — To(X, AP9*T% ® E) defined on smooth
sections, and we extend 9 to a densely-defined operator L2 (g, h) — L2 (g, h) as follows.
Since every element of Lf)’q (g, h) is trivially locally integrable, we can extend O as on operator

2 - ) 2
onallof L2 (g,h) in the sense of currents: for ¢ € L2 (g, h),

0p() = (p,09), P € T,(X,AP""Ty @ F).

We can construct a densely defined extension of O if we take the domain of the extension of 0
to be any subspace H of L? (g,h) containing T',(X, AP4T% ® E) such that for each ¢ € H the
E-valued (p, ¢ + 1)-current Oy is represented by integration against some F,, € Lf,’q 11(g,h):

dp(1) = (F,,) forallyp € To(X, AR @ E).

(We will shorten the terminology and simply say that Oy € L; 4+1(g, h) in the sense of currents, or

simply that dp € L; 4+1(g, h).) Bach such subspace H yields a different densely defined operator.
In this chapter, we will take the so-called maximal extension T, , of O defined by the domain

Domain(T,,) :={p € L2 ,; dp € L2 . ,(g9,h)}.

p,q p
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7.1.7 PROPOSITION. The operator T' =T, , is closed.

Proof. Let {¢;} C Domain(7") be a sequence that converges to some ¢ € Domain(7") such that
Typ; — ®in L2 (g, h). Then forall n € T',(X, AR ® E) we have

(T — ®,n) =lm(Tp — Tp;,n) = lim(p — p;,d*n) = 0.
Thus T = ®. [

7.1.3 The Hilbert space adjoint T}j"q

The maximal extension T}, , of O has a closed, densely defined Hilbert space adjoint T, , whose
domain is

Domain(7}; ) = {a € L27q+1(g, h); (o, T, )| < Cul|¢]| for all ¢ € Domain(T,,,)}-
Below we will need the following simple proposition.
7.1.8 PROPOSITION. If x € €,°(X) and ¢ € Domain(T; ) N Domain (T}, 41) then
X¢ € Domain(7T}; ) N Domain(7}, 441).
Moreover,
Thqi1(x®) = XTpgr1p +Ox A and T, (xp) = XT"p — grad™ x o,
where, for a function f, grad™ f is the (0, 1)-vector field defined by
g9(& grad” f) = 0f(¢),  eTy"

Proof. We compute that, as currents,

Axp) = Ox Ao+ XTp 4419,

so clearly xp € Domain(7}, ,+1) and the formula for 7}, ,.; holds. Next, if ¢y € Domain(7),)
then the calculation just completed shows that x¢) € Domain(7},,). Thus

‘(X%Tp,qw)‘ = ’( anﬂJ(Xw) - 5)2/_\1&)‘
Collx¥[l + llel] - [lox A 9]
(Cpsup [x| + ||90HSI)1(P|3XD||¢H,

which shows that x¢ € Domain(7; ) and

(x@, Tpqt) = (0, Tpa(X0)) — (9, 0% Ab) = (XTs 0, 1) — (grad™ X g, ¥),

and the formula for T;q follows. O]
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7.2 Complete Kahler manifolds

7.2.1 Complete Riemannian manifolds and exhaustion functions

Recall that in Riemannian geometry one has the notion of a complete (connected) Riemannian
manifold (M, g): The Riemannian metric g induces a distance function, with the distance d,(z, y)
between two points x,y € M being the infimum of the lengths of any two paths connecting those
two points. (In general, a curve realizing this infimum, which is called the minimizing geodesic,
need not exist.) The underlying manifold with this distance function is a metric space, and we say
that a Riemannian manifold is complete if this induced metric space is complete.

The celebrated Hopf-Rinow Theorem says that the completeness property of the Riemannian
manifold is equivalent to the condition that for each z, € M the function

Yo : M >z 0,(z,2,) € [0,00)

is proper. In general the function 1), is not smooth, but it is Lipschitz with constant 1, and thus
it is almost everywhere differentiable. Moreover, |di,| ¢ < 1. We can therefore smooth 9, to a
function ¢ satisfying

|diplg <2 and  |i(z) — o(z)| < 1.

The function ¢ : M — [—1, c0) is then also proper.

It is not hard to show, on the other hand, that the Riemannian manifold (M, g) is complete
if there exists a smooth proper function ¢ : M — [A,00) on M such that |dy|, is uniformly
bounded.

7.2.1 REMARK. Note that the constant A plays no role in the completeness of (M, g), but we must
have it if we insist on using the word ‘proper’. In complex analysis, it is customary to avoid this
trivial issue by introducing the notion of an exhaustion function. o

We summarize the discussion in the following proposition.

7.2.2 PROPOSITION. A Riemannian manifold (M, g) is complete if and only if there exists an
exhaustion function ¢ € €°°(M) such that |di|, < 1.

7.2.2 Approximation of twisted (p, ¢)-forms on complete Kéihler manifolds
For the rest of the chapter, we employ the following convention: we fix p and ¢, and let
T:=T,,-1 and S:=T,,.

Since the operator of primary interest is 7', while the operator S comes in to take care of the
compatibility condition for the data, it is useful to distinguish these two operators more clearly, as
this notation does.

On a complete Kéhler manifold forms in Domain(.S) N Domain(7™) can be approximated by
smooth forms, with respect to the norm

(7.1 = llell + [Tl + IS¢l
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7.2.3 THEOREM. Let (X,w) be a complete Kiihler manifold and let E — X be a holomorphic
Hermitian vector bundle. Then for any E-valued (p, q)-form ¢ € Domain(T*) N Domain(S) there
exist smooth, compactly supported E-valued (p, q)-forms {py} such that

Jim [jo — || + [T — 0" x| + [1Sp — dox]| = 0.

Proof. Fix an exhaustion function ¢ € ¢*°(X) such that |dy|, < 1 and a function y € €*>°(R)
such that y(r) = 1 forr < 0 and x(r) = 0 for r > 1. Let fi(x) := x(¢(x) — k + 1). Then
fr € €°(X), and in fact fj, is supported in the compact set Xy := {x € X ; ¢(z) < k}. For any
¢ € Domain(7*) N Domain(S) Proposition [7.1.8]implies that the compactly supported form

Py = fup
lies in Domain(S) N Domain(7™) and satisfies
SO, = frSp+0f AN and T*®, = fi,T*¢o + (grad”' f1.) 2.
We estimate that

15® — Sl < [[(1 = fi)Seell + (sup |dfe)[[Lx—x.oll < CURx-—xpll + [1x-x.Sell),

and the right hand side converges to 0 as k — oo because ¢ and S¢ are in L?. Since
[lgrad® fil| = 10fl] = V2lldfill.
a similar calculation shows that ||7*®;, — T*p|| — 0 as k — oo. Therefore
Il — Pkl| + ||T7¢ — T P|| + ||Sp — SPk|| = 0 as k — oc.

Using a partition of unity {y;}, we can write &, = ®} + --- + &I with each &} := y; frp
supported in some coordinate chart U?, and, again by Proposition lying in the domain of
T*. Using mollifiers in the coordinate chart U; we can approximate ® by a compactly supported
smooth form i that converges to ®: in the Sobolev 1-norm. Thus, with @y, := @i + -+ + @,

N
195 — el + 1T ®x — " ul| + 15k — Dpe|| S D NI®h — il + [|d(®f — )| = 0

=1

as k — oo. Thus by the triangle inequality ||¢ — @i|| + ||T*p — 0*¢r|| + [|S¢ — dpkl|| — 0 as
k — oo, and the proof is complete. [

7.2.4 REMARK. The norm (7.1) is often called the graph norm, since it is the restriction of the
normof L2 @& L | @ L2 ., to the graph of the operator T* & S. o
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7.2.3 The basic estimate for complete Kihler metrics

We can now prove the following version of the Basic Estimate.

7.2.5 THEOREM (The Basic Estimate: Complete Kéhler metric case). Let (X, g) be a complete
Kdihler manifold and let E — X be a holomorphic vector bundle with Hermitian metric h. Then
for all E-valued (p, q)-forms ¢ € Domain(T*) N Domain(S) such that ©,(g'") @ det g ® h)p €
L2 (g, ) one has the estimate

IT*l* + [1S@ll” = (84(9™ @ det g ® h)p, ).
Proof. By Theorem the smooth compactly supported F-valued forms are dense, and thus the

result follows from integration by parts applied to the formal Bochner-Kodaira Identity (Theorem
5.3.1)) and the obvious inequality ||V||> > 0. O

7.3 Hormander’s Theorem

7.3.1 Hormander’s Theorem for Complete Kihler metrics

We shall now use Theorem to establish the following result.

7.3.1 THEOREM (Hormander’s Theorem; complete metric case). Let (X, g) be a complete Kiihler
manifold and let V' — X be a holomorphic vector bundle with Hermitian metric h. Assume that

O,(9% @ det g @ h) > cldppagy
for some ¢ > 0. Then for each V -valued (p, q)-form ¢ such that

Op=0 and / ool " < 400
X

there exists a V-valued (p,q — 1)-form u such that

A n 1 n
Ju=¢ and/ |u|i7gw < —/ |g0|,217gw :
X ¢Jx

Proof. Since Kernel(S) is a closed subspace of L? (h, g) we can replace the latter by the former.
Restricting the Basic Estimate to Kernel(S) then gives us that for all v € Domain(7™)NKernel(S5),

[loll? | o
(7.2) (o, O < lelP1IF < =—=IIT ¢,
where the last inequality follows from Theorem The Functional Analysis Lemma ?? with

Hy = L; (h,g) and Hy = Kernel(S) then yields a (p, ¢)-form u such that Tu = ¢ and ||u|| <
c |||, as desired. O
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7.3.2 Comparison of L? norms from comparison of metrics

Let X be a complex manifold and V' — X a holomorphic vector bundle with Hermitian metric h.
Fix Hermitian metrics g and v with metric forms w and 6 respectively, and assume vy > g.
Choose an w-orthonormal basis of (1,0)-forms o', ..., o™ such that

0=Mv—-1latAal+- -+ X\, V/—1a" A a".

Then \; > 1forl <i<n.
Given a V-valued (p, ¢)-form 7, one can locally write

n=mno’ Aa’

with 7, 7 local sections of V. With the notation A\ = A;, -+ A;, and Ay = A, - -+ A , the norms of
n with respect to the metrics (h, g) and (h, ) are respectively

] 1 715]
g === D Il and ol =5 > AAj

q! q! T
[I|=p,|J|=q [I|=p,|J|=q

pupll V]

<

In particular,

Il < Inli.,-

On the other hand, the volume forms for the two metrics are
d‘/g:(’/—l)na/l/\dl/\"'ozn/\dn and dvfy:>\1>\n( /_1)710[1/\@1/\‘_.0471/\@71’

so dV, < dV., and hence it is in general hard to compare the L?-norms of (p, ¢)-forms with respect
to these two metrics.
However, there is one exceptional but important case: the case p = n. In this case

1 212
Ve = == Y Wi_{lh( el Aat At A
A ey Y
1 S -
= nlg! Z (V="' Aat A" A a
112
= [nl; ,dVy.

Consequently one has the comparison of L?-norms: if 7 is a V-valued (n, ¢)-form and v > g then

11l < [lnlli o-

This monotonicity of norms is very useful if one wants to generalize Hormander’s Theorem
to the setting in which the manifold X is complete Kéhler but the metric g is not necessarily
complete. Indeed, of g is a Hermitian (resp. Kéhler) metric and g, is a complete Hermitian (resp.
Kihler) metric then for every € > 0 the metric g. := g-+¢<g. is a complete Hermitian (resp. Kéhler)
metric that dominates g.

There is also of course the problem that the monotonicity of L2-norms only works when p = n,
but this matter is dealt with by another clever trick.
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7.3.3 Hormander’s Theorem for complete Kihler manifolds

We can now remove the hypothesis of completeness for the metric g in Theorem|7.3.1

7.3.2 THEOREM (Hormander’s Theorem). Let X be a complete Kihler manifold with metric g
that is not necessarily complete, and let E — X be a holomorphic vector bundle with Hermitian
metric h. Assume that

0,(¢") @ det g ® h) > cldyragp

for some ¢ > 0. Then for each E-valued (p, q)-form ¢ such that

/ lplf " < +oo and dp =0
b

in the sense of distributions, there exists a E-valued (p,q — 1)-form u such that

_ 1
ou = ¢ and/ Julj w" < —/ ol ™
x ¢ Jx ’
Proof. Fix a complete Kihler metric g, and qgrite g. := g + £g.. If € > 0 is sufficiently small then
Oy. (9% @ det g @ h) > cldpnagp

with ¢, > 0 and lim ¢, = c.
e—0

In order to exploit the monotonicity of L?-norms with respect to the Kéhler metrics, one uses
the following trick to identify E-valued (p, ¢)-forms with E-valued (n, q)-forms for some holo-
morphic vector bundle E. We have used this trick at the bundle level, but not at the metric level.

Let B := AT @ K% ® FE and set h = g?) @ det g ® h. Then h is a metric for E satisfying

Oq.(h) = ¢,
and moreover for any E-valued (p, ¢)-form, a.k.a. E-valued (n, §)-form, n
2 2
nl2, = Inf2,.
We emphasize that the metric h involves the metric ¢ and not the metric g., and so in this sense A

18 ‘e-static’. .
Now let p € L2 (h,g) = L ,(h,g). Then by monotonicity

[ 1eB v < [ 1ol vy = [ 1ol v, < oc,
X X X

so by Theorem there exists u. € L7 q(ﬁ, g:) such that
3 2 1 2 1 2
au& = SO and |u€|ﬁg d‘/ge S - |30|Eg d‘/gs S - "p‘ﬁgdv{]
X 1JE CE X 1JE C€ X 9.
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Now, for 0 < ¢ < &,, - < ¢g.,, and hence by monotonicity again

1
/|u5|}% dv,.. g/ Jue? dVgES—/ |l AV
X »Jeo X 1ge CE X

Thus since c. — ¢, {u.} lies in a fixed ball inside Li,q(ﬁ, ge,). By Alaoglu’s Theorem we can

choose a subsequence u, ;, := u., that converges in L? (N, gc,). Choosing g, < ¢,, we have a
convergent subsequence

{urg s 1 =1,2,..3 C{uoy, s jo=1,2,..3 N L2 (h, g,).

Continuing inductively, we choose €51 < 5 and a convergent subsequence

(kg1 s, 3 Jerr = 1,2, 003 C{ugy, s Je = LINLE (;l,gskﬂ)-

Assuming further that £, — 0, the sequence {u; := u,; } converges to some

uEﬂL hggk

k>o

Since |u]i . dVj., is an increasing sequence (in k), by the Monotone Convergence Theorem
bl Ek

1 1
2 v — 2 av = li 2 <2 2 gV = = 2 v
[tV = [ v, = g [ iz, v, <[ el av =4 [ el

Finally, B B
(w, 0"Y) = lim(u;, 0*¢) = lim(yp, ) = (¢, )
for any compactly supported 7). Thus du = ¢, and the proof is complete. [

7.3.4 Weakly pseudoconvex Kiahler manifolds

An important class of complete Kédhler manifolds in complex analysis is the class of weakly pseu-
doconvex manifolds.

7.3.3 DEFINITION. A complex manifold X is said to be weakly pseudoconvex if X has a smooth
plurisubharmonic exhaustion function.

7.3.4 THEOREM. If X is a weakly pseudoconvex Hermitian (resp. Kdhler) manifold then X has a
complete Hermitian (resp. Kdihler) metric.

Proof. Fix a Hermitian form w and a smooth plurisubharmonic exhaustion function ). Then
O = w+ vV—190e?¥
is Hermitian, and it is Kahler if w is Kdhler. Moreover
D= w+ 4V =100 A O + 2V /=100 > 4v/—10(e¥) A D(e?).
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Note that for any real-valued function p, dp = 0p + dp = dp + Op, so that

\dp|2 = g5(0p + dp,0p + Ip) = g%(9p, dp) + g% (9p, p) = 29 (dp, Ip) = 2|0p|2.

Thus
d(e?)[2 = 2|0(e)|Z < 3.

Since the exponential function is increasing and proper (as a function from R to (0, c0)), ¥ is also
a smooth exhaustion function. By Proposition (X, ®) is complete. O

7.3.5 REMARK. In the latter proof, if we can replace the exponential function by y o ¢ where
X : [0,00) — [0, 00) is any non-constant convex increasing function. (Observe that a bounded in-
creasing convex function on [0, co) is necessarily constant, and thus in fact y o ¢ is also a plurisub-
harmonic exhaustion.) We then compute that

O = w+vV—=1(x" o)+ X" (V) =10V N > X" (V) =10 AOY = /=10 (hot)) AO(hor)),

where h is a real-valued function satisfying (h')? = x”, i.e.,

=C+ /w VX" (t)dt.

Note that as x is convex, h is necessarily increasing, so in order for A o 1) to be an exhaustion, it is
necessary and sufficient that /4 is an exhaustion of R, i.e., lim,_, ,, h(z) = +o0. o

Thus Hormander’s Theorem holds on weakly pseudoconvex manifolds.

7.3.5 Skoda’s estimate

Theorem has a generalization, with almost the same proof, that can be useful in certain
applications. The result is still about solving the 0-equation with L? estimates, but the estimates are
for data that that lies in L? with respect to different norms. The generalization was first observed
by Skoda, and then generalized by Demailly, though it is often still referred to as Hormander’s
Theorem in the literature.

Before stating this version of Hormander’s Theorem, let us introduce some notation. Given
a positive definite Hermitian (1, 1)-form Y, we can define a pointwise norm on E-valued (p, q)-
forms 6 by

|9|T hg - H?Jeﬂ Lhoz,BgIKThjl e qujq,

where locally, § = 9‘“ 7€a ® dz! NdZ7, T =T, \/_ dz' N\ dZ7, and Tk is the inverse of the
matrix (T;;). In other words, this norm is much hke the norm using only & and g, except that in
the (0, 1)-directions we replace the metric g by the Hermitian form Y.

With these observations in hand, we can now state Skoda’s estimate.
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7.3.6 THEOREM (Demailly-Hormander-SkodaTheorem). Let (X, g) be Kdhler manifold and let
E — X be a holomorphic vector bundle with Hermitian metric h. Assume that X admits a
complete Kdhler metric (which need not be g). Suppose that

(By(g¥ @ detg @ )&, €) | > (Te&.6),,, €AY QE,
where

q —
To(&fydz" NdZl @ea) = ¢" V5,68 g
k=1
Then for each E-valued (p, q)-form @ such that

dp =0 and / |0l% 4 1dVy < 400
X

there exists an E-valued (p,q — 1)-form u such that

Ju=¢ and / 2 pdV, < / e
X ’ X e

Sketch of proof. The proof of Hormander’s Theorem goes through in exactly the same way if one
proves the pointwise estimate

| (o, 0) P < lol% g (Tots00) -

The fact that such an inequality holds for a Hermitian form is a simple exercise in linear algebra:
it holds for diagonal operators by using the rescaled Cauchy-Schwarz Inequality

la-b] < (A tat, o AR ™M) (A . AN P

and the general case is proved by diagonalizing Y.
While the argument used when passing from complete metrics to non-complete metrics re-
quires some checking, it is not difficult to see after a careful look, as the reader can confirm. O]

7.4 Singular Hermitian metrics: an overview

In the statement of Hormander’s Theorem for domains in C (Theorem we assumed only
that the weight function ¢ is strictly subharmonic. Thinking of e~¥ as a metric for the trivial line
bundle on C, one sees that Theorem [4.1.12]does not follow from Theorem [7.3.2] because the latter
theorem assumes the metric h for £ — X is smooth.

For a general vector bundle there is as yet no accepted notion of a singular Hermitian metric
such that Theorem holds; this question lies in an active area of research. The exceptional
situation is when the rank of £ is 1, i.e., when &/ — X is a line bundle. The following notion was
introduced by Demailly.
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7.4.1 DEFINITION. Let L. — X be a holomorphic line bundle. A singular Hermitian metric for L

is a measurable section h € I'(X, L* ® L*) such that for any local holomorphic frame & of L over
UcX

1. (Hermitian) h(&, &) : U — [0, 00|, and
2. (Singular) ¢* := —logh(&,€) € L}, (U).

The name singular Hermitian metric is slightly misleading; it should probably have been called
a possibly singular Hermitian metric, since smooth metrics satisfy the criteria of Definition
The main point of the definition is that one can define the (1, 1)-current 99* by

005 (n) == / ©*00n  for all smooth compactly supported (n — 1,n — 1)-forms 1 on U
U

In the smooth case this (1, 1)-current is represented by integration against the smooth form 9d¢¢,
and the latter is independent of the choice of frame £. This form is of course the curvature of the
Chern connection for L, h. One can therefore make the following definition.

7.4.2 DEFINITION. The current B
O(h) = 88@5

is called the curvature current of the singular Hermitian metric h.

To have singular metrics with positiveﬂ curvature current simply means that the local functions
¢ are plurisubharmonic. Strict positivity means these functions are strictly plurisubharmonic.
These notions, which are local, also do not depend on the choice of local frame ¢ for L.

Quite often, however, positivity is not quite the correct hypothesis. For this purpose one wants
to have a class of singular Hermitian metrics whose curvature currents do not become ‘too nega-
tive’.

7.4.3 DEFINITION. Let X be a Kdihler manifold with Kihler form w. A function ¢ : X —
[—00, 00) is said to be w-plurisubharmonic if

V=100 + w

is a positive (1, 1)-current. More generally, the function 1 is said to be quasi-plurisubharmonic if
for any x € X there exist an open set U containing X, a smooth function ey, and a plurisub-
harmonic function v, ., such that

QZJ‘U = wU,psh + de,sm'

'In the context of currents the word ‘positive’ often means ‘non-negative’, especially when the authors are French.
The nomenclature comes from measure theory, in which a positive measure can still be supported on a proper subset.
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In many situations, Hormander’s Theorem (again, with the rank of £ equal to 1) holds
with singular Hermitian metrics in place of smooth ones. The idea of the proof is to regularize
the metrics with the right monotonicity: one seeks a sequence of smooth metrics h; that increases
pointwise to the singular metric h, such that the curvature of each of the metrics in the approxi-
mating sequence carries enough positivity to apply Hérmander’s Theorem. With such a sequence
of metrics in hand, one can deduce the singular metric version of Hormander’s Theorem from
Theorem for the smooth metrics /; and standard limit and weak-* compactness theorems
from real analysis. This is precisely what was done in the last part of the proof of Theoremd.1.12]
(A key point here is that the bounds in Hérmander’s Theorem do not depend on the manifold X,
the vector bundle £, and not even on the metrics weights themselves, but only on the positivity
conditions that these metrics satisfy.)

As for finding appropriate monotonic smooth approximations to a singular Hermitian metric,
there are many interesting cases in which this can be done.

e The classical example occurs when X is a bounded domain in C" and L — X is the trivial
line bundle. In this case we can write our metric h as e~ ¥ where ¢ is a globally defined
function. If ¢ is quasi-plurisubharmonic and 2., := {z € Q; B, (z) C Q} is the set of
points of Q of distance at least &, from S then there exists C' > 0 such that ¢ + C|z|? is
plurisubharmonic on €2, . One can then define, for ¢ € (0, ¢,), the function . : ., - R
by

pele) = =ClaP + = [ (@O + CIPIINE (= )V (0,

where y is a U(n)-invariant function in C" satisfying f(Cn xdV = 1. The function ¢. de-
creases monotonically to ¢ as € \, 0, and for each £ > 0 the function z — ¢.(z) + C|z|* is
plurisubharmonic.

e One can also carry out this sort of regularization on a Stein manifold, though in that case the
argument is more subtle.

e There are some manifolds, such as projective manifolds, that carry an analytic hypersurface
whose complement is a Stein manifold. The typical example is that of projective manifolds.
In such manifolds one works on the complement of this analytic hypersurface. Often the L?
estimates will allow for extension of holomorphic sections across the analytic hypersurface.
Indeed, the L? norm dominates the pointwise norm, so a uniform L? bound implies locally
uniform bounds, and one can apply Riemann’s Theorem on removable singularities.

e For a general complete Kédhler manifold, even a weakly pseudoconvex one, this sort of reg-
ularization is not necessarily possible. It is possible to regularize metrics by giving up some
positivity— this is a well-known and beautiful technique due to Demailly— but the loss of
positivity is often a problem since, unlike Stein or Projective manifolds, one does not have
an ambient positive line bundle to add in the extra positivity.

However, if on a complete Kihler manifold a given singular metric ~ has a monotonic ap-
proximation by smooth metrics without loss of positivity then for this metric ~ one can
establish Hormander’s Theorem.
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EXERCISES
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Part 111
Twisted Methods
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Lecture 8

Donnelly-Fefferman-Ohsawa Technique

In this section we shall obtain an improvement of Hormander’s Theorem on complex manifolds
that are equipped with certain special geometric features.

8.1 The twisted basic estimate

In Section [5] we established the Bochner-Kodaira Identity (5.3.1): If X is a Kdhler manifold with
Kihler metric g and £ — X is a holomorphic vector bundle with smooth Hermitian metric h then
for any smooth E-valued (n, ¢)-form « one has the formal identity

Oa = V*Va + 0,(h)a.

If a has compact support then by pairing the last identity with o and integrating by parts one has

oo+ [ ook = [ 9af+ [ (©,m)0.0).

form which the so-called basic estimate

(8.1) /X|8*a|2+/x|8oz|22/}(<@g(h)a,a>

trivially follows. If the Kéhler metric g is complete, as we shall assume from here on is the case,
then holds for all & € Domain(d) N Domain(9*).

There are several equivalent ways to approach the twisted basic estimate. We shall take the one
developed by Siu, but reformulate it slightly. The first step is to consider a metric of the form

h=e"h

where h is a Hermitian metric for £ — X and 7 is a smooth function. By Propositions
together with the definition of the Chern connection,

o= 0o+ (grad”'n)ua and  O(h) = O(h) + 99,
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where
=0dn 0

& ~ .

0zt 07
is the (0, 1)-vector field obtained from d7 via the isomorphism T = T%" induced by the metric
g, and _ is contraction of forms by vectors. Then

grad®'n = ¢

|5O“§,b = 677]|505’521,h =|v 6_775043,117

(Oy(h)ev, ), = <e’” (©(h) + 00n ® IdE)ga, a>

g;h

and
Yk — Ok 2
Opal?, = e O + (grado’ln)Ja‘g’h

— o (‘5;:@@,,1 + !(gfado’ln)m\;h +2Re (da, (grado’ln)J@g,h)

<e™ ((1 +a)

_ 1 _
= [ve (1 + a)@,’;agﬁ + < i @ (OnAon® IdE)g a, a> :

a g;h

Bral2, + (1+a")|(grad" n) al )

where a is any positive function. The inequality follows from Cauchy-Schwarz and the estimate
2a3 < C~1a? + B2 From the basic estimate (8.1)) we therefore have the a priori estimate

/‘\/e—"(1+a)5;;a2h+/ ’\/6_77504
X 9, X

> / (e (0(h) + (9 — 1220n £ n) © 1dz) 0.0
X

2
g;h
g;h

Observing that the domains of 9 and 5;; are the same as the domains of the operators
S:=Vemd and T*:= <5h ov/e (14 a))

respectively, one has the following theorem.

8.1.1 THEOREM (Twisted basic estimate). Let X be a Kdhler manifold with complete Kiihler
metric g and let E — X be a holomorphic vector bundle with Hermitian metric h. Then

* 2 2
/X T2, + /X Sal,

> / <e*77 (O(h) + (00 — 29n A On) @ IdE)g a, a>
X

g;h

for every form a € Domain((d o /7 + A)}) N Domain(y/7 o 9).
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8.2 Donnelly-Fefferman-Ohsawa estimate for twisted 0

With Theorem 8.1.1|in hand, one can use the same method of proof of Skoda’s estimate to establish
the following theorem.

8.2.1 THEOREM (Donnelly-Fefferman-Ohsawa Estimate). Let X be a complete Kdhler manifold
with not necessarily complete Kdhler metric g, let E — X be a holomorphic vector bundle with
Hermitian metric h and letn : X — Rand a : X — (0,00) be functions with 1 €*-smooth.
Assume the operator

U= (O(h) + (8dn — =290 A dn) @ Idg), AV @ E =AY @ E

is invertible on each fiber. Then for each E-valued (n, q)-form ¢ satisfying

Sp=0 and / <\If_1g0, go>gh < 400
X :

there exists an E-valued (n,q — 1)-form u such that

Tu= ¢ and /]u\;hg/ <\If’1cp,gp>gh
X X

8.3 Ohsawa’s O estimate

8.3.1 THEOREM (Ohsawa’s O estimate). Let X be a complete Kiihler manifold with not necessarily
complete Kdhler metric g, let E — X be a holomorphic vector bundle with Hermitian metric b
and let 1 : X — R be a €*-smooth function. Assume the operator

®; = (O(h) + (2000 — (1 +0)on A In) @ 1dg) A @ E =AY ® E

is invertible for some § > 0. Then for each E-valued (n,q)-form o satisfying

dp =0 and / <<I>glgo, (‘0>gh < 400
X :

there exists an E-valued (n,q — 1)-form U such that

_ 1446
oU = ¢ and /\U!fm /<<I>§1gpgo

8.3.2 REMARK. In the typical application of Theorem 1| one takes 7 to be a strictly plurisub-
harmonic function such that

(8.2) o0n > (14 8)on A on,

and in this case the assumption on the metric b is that the metric he™" is Nakano positive. The
latter condition holds as long as ©(h) > —ddn ® Idg, and therefore the curvature hypotheses can
be significantly weaker than those of Hormander’s Theorem. Of course, one obtains a non-trivial
result only if there are non-constant functions 7 satisfying (8.2)). We shall explore this condition a
little further in the next paragraph. o
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Proof of Theorem We shall apply Theorem with b := e " and a = 1/0. Then
O(h) = ©(e™h) = O(h) + 00

and therefore - -
U :=e " (O(h) + (00n — E20n A on) ® IdE)g = e 1P;

is invertible. By Theorem there exists u such that 9(/(1+ 6~1)e" - u) = ¢ and

[us [ (e,

Setting U := /(1 + d=1)e=" - u, we find that
146 1 +9 _1+9 _
J 0By =2 [ < [ (), = 50 [ (@500,
b's b's
and the proof is complete. 0

8.4 Functions with self-bounded gradient

If one wants the hypotheses of Theorem [8.2.1] to yield a gain in positivity then it makes sense to
ask for functions n and a such that

Of course, any function satisfying this positivity requirement is obviously plurisubharmonic, but

the condition is even stronger. Indeed, since % < 1, one has the estimate
on A 677 < 00,
and hence the function § := —e ™" satisfies

00¢ = 0(e™"0n) = e (00 — On A On) > 0
i.e., £ is a negative, strictly plurisubharmonic function.

8.4.1 DEFINITION (McNeal). A function f : X — R is said to have self-bounded gradient if
of NOf < 00f,
or equivalently, if —e~/ is plurisubharmonic.

To complex analysts the existence of a negative plurisubharmonic is a familiar restriction that
first appears in an important result regarding Green’s functions: the latter exist on a domain X C C
(or more generally, on a non-compact Riemann surface) if and only if the Riemann surface has a
non-constant negative subharmonic function.

In higher dimensions functions with self-bounded gradient have been used by a number of
authors to obtain a number of different types of estimates for 0.
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8.4.2 EXAMPLE. If X := {2z € C"; |z| < 1} is the unit ball and

1= —log(1l — |z|*)
then
—e = z* —1

is strictly plurisubharmonic, and therefore 1 has self-bounded gradient.

Note that v/—190n is, up to a constant, the Kihler form of the Poincaré metric, the Bergman
metric, the Kobayashi metric and the Caratheodory metric. All of these metrics are so-called
Einstein metrics, i.e., their Ricci curvature is a negative constant multiple of their Kihler form. <

8.4.3 EXAMPLE. Let X be a complex manifold and let f : X — C” be a holomorphic map such
that || f(x)|| < 1 forall z € X. Then the function

n = —log(1 —[|f]]*)

has self-bounded gradient, since it is the pullback by f of the function —log(1 — |z|?) of the
previous example. o

8.44 EXAMPLE. If X = {¢( € C; 0 < [(] < 1} is the punctured unit disk and

n := log(log [¢|7?)

then
1

 log[¢]?

o e A A dE
00(—e ) =~ - -
(=) (clogm?) CPlog )

and hence 7 has self-bounded gradient. Note again that
- d¢ V—=1d¢ A dC
C YT =g e T 1¢Pog [CP)?

is the Kédhler form of the unique (up to a constant factor) metric for X whose Gaussian curvature
is a negative constant. o

-n

satisfies

8.4.5 EXAMPLE. Let X be a complex manifold and assume there exists a non-constant holomor-
phic function T € O(X) such that supy |7 < 1. Let

Z={xeX; T(x)=0}
by the analytic hypersurface defined by 7'. Then the function

1
1 := loglog W

has self-bounded gradient on the manifold Y := X — Z. Indeed, T : Y — {0 < || < 1} is
a holomorphic map and the function 7 is just the pullback of the function ¢ +— loglog # of the
previous example. o
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8.4.6 EXAMPLE. A complex manifold is said to be hyperconvex if it has a negative plurisubhar-
monic exhaustion function. (Usually one asks for the exhaustion function to be continuous as well,
but this is not a fixed convention.) For example, every strictly pseudoconvex domain has a negative,
strictly plurisubharmonic exhaustion function.

Letting 1) be a negative plurisubharmonic function, which such domains automatically support,
one sets

1= —log(=).

Clearly —e™" = 1) is plurisubharmonic, and therefore 1 has self-bounded gradient. o

8.4.7 EXAMPLE. Let X be a bounded strictly pseudoconvex domain in C". One can define the
Hilbert space

T = {f S F@(X,Kx) ; / ’f‘Q < +OO},
be
where |f|> = \/—1n2/ ? f A f. For any orthonormal (Riesz) basis f, fa, ... of %% one can define

the so-called Bergman function
N WGP
Bx(z) =) v (z)
j=1

where dV(z) is Lebesgue measure. The Bergman function is independent of the choice of or-
thonormal basis for .#%.
Suppose ¢ : C* — R is a smooth function such that

(i) X =97} (—00,0),
(i) |d¢| =0on 0X and
(ii1) 7 is strictly plurisubharmonic on a neighborhood of the closure of X.

(A function satisfying (1) is called a defining function for X, and if (i1) also holds then it is called a
Levi defining function.) A famous result of C. Fefferman [Fe-1974] states that the Bergman kernel
has an asymptotic expression

Bx(2) = F(2)(—(2)) " 4+ G(2) log(—u(2), =€ X,

where F' and GG are smooth functions that do not vanish in a neighborhood of the boundary of X.
In particular, the function

1
(8.3) n(z) = i log Bx(2)

is strictly plurisubharmonic. Moreover,

n(2) = —log(—1(2)) + log (F(2) + G(2)¥(2)" log(—1(2))) ,

102



and therefore 1 + log(—1) is a smooth function in a neighborhood of 0X. Since the expression
for By is only relevant near 0.X, one can choose the functions /" and G so that ¢ := 1 + log(—1))
is smooth on a neighborhood of the closure of X.

Now, the function 7, := — log(—1)) satisfies

65770 - 8770 A 5770 - a_a_;f] and 3770 A 5770 - %7

and therefore n = 7, + ¢ satisfies

90 — On A On = (=) 100y — 2Re Oy A O + 00p — Op A D
> (=) rO0Y — (=)o A O — (—40) 10 A D¢ + DDp — Dy A D
(=) 00 — O A O — O A Dg) + 00 — Dp A D
—C
=20

for some sufficiently large constant C' > 0.

Although the function does not have self bounded gradient in general (though it can,
sometimes), the estimate 99y — dn A On > (:—5)65|z|2 can still be very useful in obtaining L?
estimates for 0. o

| V

EXERCISES
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Lecture 9

Extension Theorems

The problem of interpolation of data is fundamental in many areas of mathematics and the hard
sciences. In our setting, one might like to interpolate holomorphic functions, or perhaps sections
of a holomorphic vector bundle, that are specified on a complex submanifold.

In this lecture we will discuss the interpolation problem from a complex submanifold (in fact,
often a hypersurface) in a complex manifold. We will restrict our attention to the case of smooth
hypersurfaces, though standard techniques can be used to extend all of our results so as to yield
extension from singular hypersurfaces.

Additionally, since we will be very interested in using singular metrics, we will confine our-
selves to the case of extension problems for holomorphic line bundles. When the metrics are
smooth, many of the techniques can be extended to the higher rank case.

9.1 Extension without estimates

Let X be a complex manifold, let S C X be a complex and let L — X be a holomorphic line
bundle. Given a holomorphic section f € 'n(.S, L|s), one wants to know if there is a holomorphic
extension of f to X, i.e., if there is a holomorphic section F' € I'o(X, L) such that

Fls=f.
In general, no such extension need exist.

9.1.1 EXAMPLE. Let X = Py, let L — X be the trivial bundle and let S = {[1, 0], [0, 1]}. Then
the function f : S — C defined by f([1,0]) = 0 and f([0, 1]) = 1 is holomorphic on S (in fact,
since S is discrete any function on S is holomorphic) but there is no holomorphic extension of f
to X. Indeed, since X is compact, every holomorphic function on X is constant. o

9.1.1 Strongly pseudoconvex manifolds

On the other hand, if S is a closed submanifold of C" and f € O(X) then there is always an
extension of f to C", i.e., a function F' € O(C") such that F'|s = f.
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More generally, a manifold X is said to be strongly pseudoconvex if there is a smooth, strictly
plurisubharmonic exhaustion function, i.e., a function p : X — R such that

V—=100p >0 and Q.:={r€ X;p(x)<c}ccX

for all ¢ € R. (The manifold C" is strongly pseudoconvex, as one can see by taking p(z) = |z]2.)
Then one has the following theorem.

9.1.2 THEOREM. Let X be a strongly pseudoconvex manifold and let S C X be a closed subman-
ifold. Then for all f € O(S) there exists F' € O(X) such that F|g = f.

Proof. We fix once and for all a strictly plurisubharmonic exhaustion function p on X, and we let
w 1= v/—100p be our Kihler form for X.

Let k£ be the dimension of S. Choose a collection {U, ; j = 1,2,...} of open sets U; CC X,
and local coordinates z; = (x;, y;) such that

(1) each point of X is contained in finitely many Uj,
(ii) the map (z;,y,) : U; — D" is a holomorphic diffeomorphism,
(i) SNU; ={y} =... =y} " =0} and

i=1

(Thus z; = (le, e x;“) are local coordinates on S N Uj, and n = dimc X.) Let Uy = X — S.

Define functions F; € O(U;), j € N, by
Fo(x) =0, Fj(zj,y;) = f(z;), j=1,2,... and g;;:=F, —F; € O(U;,NUj).
Then g;;|snv,nu; = 0. We seek functions g; € O(U;) such that
9.1) gilsru, =0 and g, — g; = g;; on U; N Uj.
If such g; are found then the function F' € O(X) given by
F:=F — g onU;
is well-defined, since on U; N U; one has F; — g, = g;; + F; — (95 + 9;) = F; — g;. Moreover
forx € S, if x € U, then F(z) = F;(z) — g;(z) = f(z) — 0 = f(x), and hence we have our

extension.
Let {x;} be a partition of unity subordinate to {U; }. Define

Ji =Y XmGik-
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Then g;|sny, = 0 and
Gi — g] - ZXk(gzm - gjm) = ZXmgij =gi; € O(Uz N UJ)

Of course, §; are not holomorphic, but since their differences are holomorphic, the (0, 1)-form «
defined by B
a:=0g; onU;

is globally defined on X. We seek a solution u € €">(X) of the equation du — « such that u|g = 0.
If we find such a function u then the functions g; := ¢; — u satisfy and the proof is finished.

To obtain our function u we shall use Hormander’s Theorem with singular metrics. The idea is
to construct a weight function 1) such that e~? is not locally integrable at any point of S. If u has
finite 2 norm with respect to such a weight then u must vanish along S. Of course, the form «
must also be L? with respect to the weight, so we cannot make this weight foo singular along S’ it
has to be just right.

Next we claim that

o2
——=—dV, < +0o0.
/U]- [y [2(n—F)

Indeed, since for each m the function g, vanishes along U; N U,,, there exist holomorphic func-
tions f,;¢ such that

n—k
_ E V4
g]m — fjm,ﬁyj'
(=1

Thus .
= Xwimev,
EDY ;(5Xm)fjm,zyf-

Thus by Cauchy-Schwarz

of?
02 |, e < Z/ (

ly|?724 4

|2(n—k—1)

2 2
) _10xmls AV, < 400,

where the finiteness follows because
of 0 in C¢.
Now consider the weight

is integrable in any relatively compact neighborhood

Yi=hop+ > x;jlogly ",

J
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where h is a smooth, convex, sufficiently rapidly increasing function. Then
90h o p = (h' o p)2dp + (I" 0 p)Ap A dp > (I © p)w,

and

90 (Z X;log !yj|2("k)> = x;001og |y;[*"*
i j

+ > ((09x;) log ly; " + (n = k) |y;| 7> (9x; A (y; - dy) + (y; - dy;) A Dx;))

J

> ((00x;) log [y ™™ + (n = k)[y; |7 (x5 A (w5 - dgy) + (y; - dy;) A Dx;)) -

J

We claim that the right hand side is locally bounded. To see this booundedness, fix 7 > 1, and
denote by ki, ..., ky the set of k such that U; N Uy, # . Because the local coordinates y; cut out
S, there exist smooth functions h;‘g’y such that

yke Zexp quyw 1<v<n-—k.

Then on U; we have
N N
Z 00Xk, ) log |y, |7 Z 99xx,) log |y;/*™*) + a smooth function
=1 =1

N
00 Z ng> log ‘3/]"2("%) + a smooth function
=1

’2(nfk)

(00(1)) log |y; + a smooth function
=as

smooth function.

The proof of boundedness of the other terms is similar, and is left to the reader. Additionally, the
above argument shows that

2"=*) 1 a smooth function

b = log ly;
in a neighborhood of S N U;. Therefore

(a) e~¥ is not locally integrable near any point of S, and

(b) by 02)
/ la2e™¥dV,, < +oo.

Uj
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Now choose h increasing so rapidly— here it is crucial that p is an exhaustion— that
V=190 + Ricci(w) > w  and / la2e™*dV,, < +oo.
b's
By Hormander’s Theorem there is a function u € ¢*°(X) such that 90U = « and
/ lul?edV,, < 4o0.
X

Because u is smooth and e~? is not locally integrable at any point of S, u must vanish identically
along S. The proof is therefore complete. [

Note that if the function A in the proof of Theorem is chosen correctly then the function
f to be extended satisfies the estimate

(9.3) / |fIPe™%dV,, < +oo,
S

and therefore we have shown the following: for every f € O(S) satisfying (9.3) there exists
F € O(X) such that

Fls=f and / |F|2e™¥dV, < 4o0.
X

An application of the Closed Graph Theorem shows that in fact there exists a constant C' > 0,
independent of f, such that

/ |F|2eYdV, < C/ |f|Pe~"dV,,
X S

However C' does depend on S, X, w and v, and hence this extension theorem is entirely too
specialized.

As we will see in Section [10.2} it is extremely useful to have a result that relies much less on
the data. In the next section we state and prove such a result.

9.1.2 Stein manifolds

Stein manifolds are fundamental objects in complex analysis and geometry. There are several
equivalent definitions, which we shall now review.

9.1.3 DEFINITION. A complex manifold X is said to be Stein if the following conditions hold.

(HC) The manifold X is holomorphically convex, i.e., for any closed discrete subset S C X there
exists a holomorphic function f € O(X) such that

sup lim | f| = +o0.
S
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(SP) The algebra O(X) separates points, i.e., if x,y € X are distinct points then there exists

f € O(X) such that f(x) # f(y).

(ST) The algebra O(X) separates tangents, i.e., for any v € X and o € T;Q’CO there exists
f € O(X) such that df (x) = o

Note that any closed submanifold of C" has these three properties, and in fact one can realize
each property with affine-linear functions. Thus closed submanifolds of C" are Stein. In fact, a
celebrated theorem of R. Narasimhan concludes the converse.

9.1.4 THEOREM (R. Narasimhan). Every Stein manifold can be embedded as a closed submanifold
of a finite-dimensional complex vector space.

Narasimhan’s theorem is rather deep and technical, and unfortunately lies outside the range of
our goals. Perhaps more relevant to our presentation is the following theorem of Grauert.

9.1.5 THEOREM (Grauert). A complex manifold is Stein if and only if it is strongly pseudoconvex.

To prove that strongly pseudoconvex manifolds are Stein, one constructs holomorphic functions
that realize the three properties of Stein manifolds. Properties (HC) and (PS) follow immediately
from Theorem applied to the O-dimensional submanifolds S = {p,} and S = {z,y} C X
respectively. Property (TC) follows from a slight modification of the proof of Theorem [9.1.2] for
the 0-dimensional manifold S = {z} C X; we leave it to the exercises.

The other direction of Grauert’s Theorem is a consequence of the following stronger, often
very useful result (though we will not make use of it in these notes).

9.1.6 THEOREM. Let X be a Stein manifold, K a compact subset of X, and U a neighborhood of
Ko(x). Then there is a strictly plurisubharmonic exhaustion u € ¢*°(X) such that u < 0 on K
but w > 0 on X — U. In particular, X is strongly pseudoconvex.

Proof. Since X is holomorphically convex, we can find compact sets K; = K, Ko, ..., such that
forallz > 1 -
Ki = (Ki)owy), KiCinterior(Kiyy) and | JK;=X.
i>1
Next, choose open sets U; such that K; C U; C K1, and in addition U; C U.
For each ¢ > 1, choose functions f;x, € O(X), k = 1, ..., k; such that

sup |fir] <1 and m}fmx|fik(z)| > 1
K;

for all z € K;,5 — U;. By taking large powers of the f;; if necessary, we can assume that

ki
supZ\fik|2<2*i and
Ki o1

i+2— U4

k;
infU_ Z | fiul? > i.
k=1

Moreover, by property (3) of Stein manifolds, we can also make sure that at each point of K; n of
the functions f;;, 1 < k < k;, form a local coordinate system.
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Now set

oo ks
U= _1+Zz|f“f|2‘

i=1 k=1
The sum converges uniformly on each K;, but moreover u is smooth. (The simplest way to see the
smoothness of w is to consider the function

PO = 1433 fa a0

i=1 k=1

on the complex manifold X x X, where X is the complex manifold with the complex conjugate
structure of X. For the same reasons as above, F' converges locally uniformly on X x X' and is
therefore holomorphic. Restricting to the real submanifold z = ( establishes the smoothness (and
even real-analyticity) of u.) Next, u > 7 — 1 on X — U,. Finally,

kq

V=100u(E,€) =D > 10 ful€)

i=1 k=1

Since at each point of X at least one of these terms is strictly positive for non-zero £, we see that
w is strictly plurisubharmonic. The proof is complete. [

9.1.3 Compact complex manifolds with positively curved line bundles

In the previous section we studied complex manifolds that admit a strictly plurisubharmonic ex-
haustion function. Such manifolds are never compact, since on a compact complex manifold there
are no non-constant plurisubharmonic functions. There are, however, such functions locally, and
therefore it makes sense to ask if there is a holomorphic line bundle with a smooth Hermitian
metric whose curvature is strictly positive. Such line bundles are often called positive.

As we will see in the next paragraph, not every compact complex manifold admits a positively
curved Hermitian holomorphic line bundle. In the present paragraph we will prove that line bundles
with smooth Hermitian metrics of sufficiently positive curvature have many holomorphic sections.
The precise statement is as follows.

9.1.7 THEOREM. Let X be a compact complex manifold and let H — X be a holomorphic line
bundle with smooth Hermitian metric e~ ¥ whose curvature 05<p is positive, i.e., such that \/—_1854,0
is a Kdhler form. Then for every holomorphic line bundle L — X finite subset {z1,...,an} C X
and positive integers dy, ..., dy there exists an integer

mey — mO(X, H,L,l’l, ...,.ZEN,dl, ...,dN)

such that for any polynomials p, ...,pny € O(C"™) of degrees deg(p;) = d;, any local coordinates
z; near v;, 1 < 1 < N, and holomorphic frames &; for H and n; for L near x;, 1 <1 < N, and
any integer m > m,, there exists a section s € U'o(X, L®™) such that

S(Zi> = ( z(zz) + O (|Z,L

W) eEm @y, 1<i<N.
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In other words for a sufficiently positive line bundle one can specify for a holomorphic section
the Taylor polynomials of any given degree at any finite set of points.

Proof. Choose positive numbers 1, ..., ey such that the local coordinate patches |z;| < 3e; are
pairwise disjoint, and fix a function x € €,;°([0, 00)) such that x|j01] = 1 and Support(x) C [0, 2].
Consider the smooth section s of H®™ ® L — X defined by

5(z) = X(|ZZ|2/512)p(zZ)§f§m ®@n; onU; :={|z| <2}, i=1,...N|

and § = 0 away from the coordinate neighborhoods U;. Note that $ is holomorphic on the open
sets V; := {|z;| < &;}. and therefore the H®™ ® L-valued (0, 1)-form « := 05 is smooth and
supported on the union A; U ... U Ay of the annuli

Ai=U;-V,, 1<i<N.

Fix the Kihler form w := +/ —185@ for X and any smooth metric e~ for L — X, and define the

function
N

p= Z X(|2]/e:) log |Zi|2(di+n).

i=1

Evidently p is smooth away from the points z; and p|y, = (d; +n) log | 2;|?

follows that

is plurisubharmonic. It

/ |2 e~ ety < 400
X
and that there is a constant C' > 0 such that
\/—_185/) > —(Cw.
By taking m, so large that
MV —100¢ + 00y + 00p — /—1901log det w > w,

we see that for any m > m, the curvature of the metric metric e "¥T¥+*dV/, for the line bundle
H®™ @ L ® K% is more than w. By Hormander’s Theorem there exists a section u of H®™ & L
such that

Ou=a and /]u\Qe(m“"*w“)deg/ |2 e~ (metvtelqy,.
X X

Any section u satisfying Ju = « is necessarily smooth. Since e™? ~ |z;|~24*™) on U, it follows
that « vanisheds to order d; + 1 at x;. Consequently the section

s =5—u

is holomorphic and has the desired properties. 0
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9.1.4 The Kodaira Embedding Theorem

In this paragraph we establish the following fundamental theorem of algebraic geometry.

9.1.8 THEOREM (Kodaira Embedding Theorem). A compact complex manifold X is projective if
and only if there is a positively curved holomorphic line bundle on X.

Theorem is the key ingredient in the proof of Theorem [9.1.8] as we shall soon see.

The easy direction: necessity of the existence of a positively curved line bundle

One direction of Theorem [9.1.8]is rather straight-forward. If a complex manifold M has a pos-
itively curved Hermitian holomorphic line bundle then any submanifold S of M also has such a
line bundle, namely the restriction to S of the line bundle on M. Thus to prove the easy direc-
tion of Theorem [9.1.8| we need only show that P, has a positively curved Hermitian holomorphic
line bundle. We have already met the line bundle in question: this is the hyperplane line bundle
H — P, of Example[I.3.9] whose sections are in 1 — 1 correspondence with linear functions on
C"*! (c.f. Exercise[l.3.5). Let us fix a basis 2°, ..., 2" € (C"*!)V. Evidently at each point of P,, at
least one of these sections does not vanish. Using this basis we define the so-called Fubini-Study
metric e~ ¥rs for H — P, as follows. Let ¢ € P, be a 1-dimensional subspace of C""!. Any
A € H, is a linear functional on ¢, and therefore we define

Av)[?
2 Z (W)
Note that the right hand side is independent of the choice of v in ¢ — {0}.

Let us compute the curvature of e~ ¥rs. Without loss of generality we may work in the open set

U, and with coordinates ¢ = (¢!, ..., ("), where ¢* = 2'/2°. In this open set the section z° vanishes
nowhere, and therefore trivializes H. Evidently

|A|2e=#rsO) = for any v € ¢ — {0}.

1
L+

|ZO|26_<'DFS =

and therefore the curvature is B
V—1901og(1 + [¢|?),

which is a strictly positive (1, 1)-form.

Maps into projective spaces

Before understanding the structure of all maps to projective spaces, it is helpful to construct some
examples of such maps. The following set of examples, though rather abstract, turns out to be
fundamental.

9.1.9 EXAMPLE. Let X be a complex manifold and let / — X be a holomorphic line bundle.
Fix a finite-dimensional subspace W C I'p(X, H) of holomorphic sections of H — X. For each
x € X one can define

ow(x)={s€W; s(x) =0} CW.
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Of course, it can happen that every section of W vanishes at z, i.e., ¢jw|(x) = W, but if for a given
x € X one has a section s € W such that s(x) # 0 then ¢y () is a hyperplane in W.

9.1.10 DEFINITION. The set
Bs(W):={x € X ; s(z) =0foralls € W}
is called the base locus of W. One says W' is basepoint-free if Bs(W) = Q.

By using the canonical identification of a hyperplane H C W with the line in WV consisting
of all linear functionals that vanish on H one has a map

dw : X — Bs(W) = P(WY).

Thus we have a large collection of maps into projective space. In words, this map sends a point
to the line in P(W") determined by the kernel of linear function &V : W — H, of evaluation of
sections at the point x. o

Remarkably, every holomorphic map into a projective space is almost (but not quite) of the
form described in Example The precise result is as follows.

9.1.11 PROPOSITION. Let F': X — P(V') be a holomorphic map. Then there exist
(a) a holomorphic line bundle Hp — X,
(b) a finite-dimensional subspace Wr C I'o(X, Hr), and
(c) an injective linear map Pp : W)l — V
such that
F == @F o ¢WF7
where pp : P(Wy) 3 [w] — [Prw] € P(V) is the injective map induced by Pp.

In other words, up to inclusion by projective subspaces, every holomorphic map to a projective
space is of the form given in Example9.1.9

Proof of Proposition[9.1.11) Let F' : X — P(V') be given. The image F'(X) is contained in a
minimal projective subspace P(V,) C P(V); this projective subspace corresponds to the smallest
linear subspace V,, C V" all 1-dimensional subspaces ¢ C V such that ¢ € F'(X) (when ¢ is viewed
as a point of P(V'). Let us write

F,: X - P(V,)

for the map obtained after the range of F' is changed from P(V') to P(V}), i.e., F' = ¢, o F,, where
to : P(V,) < P(V) is the inclusion.

The subspace V, is the intersection of all the hyperplanes in V' that are the zero loci of sections
s € VYV =To(P(V),H) (c.f. Exercise vanishing identically on F'(X). The set of such
sections s is a subspace Sr of V'V, and the quotient space

VY/Sk
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is naturally isomorphic to the dual space VY = I'o(P(V},), H). Moreover, every section s, € V.Y
that vanishes on F'(X) C P(V,) vanishes identically. It follows that the map

F*: To(P(V,),H) — To(X, F*H)
is injective{l]
We let
Lp=FH, Wp:=F(To(P(V,),H)) and Pp:=F'ons,,
where g, : V¥V — VVY/Sp = VY is the quotient map. With these objects, all of the claimed

properties are established. 0

9.1.12 REMARK. For the reader that prefers n-tuples to vectors and matrices to linear functionals,
the map F has a useful description. Suppose F'(X) lies in a proper projective subspace P(V,) C
P(V). Choosing a basis z°, ..., 2" for V'V such that 2°, ..., 2¥ is a basis for W, we get projective
coordinates [2°, ..., 2] for P(V') and [2Y, ..., 2¥] for P(W"). In terms of these coordinates we may
write F' as

The map G : P(WY) — P(V) is given by
G([2°, ..., 2]) = [%, ..., 2%,0, ..., 0]
and the hyperplane in WV is corresponding to CF(x) € V is, with respect to the basis 2°, ..., 2",
the set of all vectors ¢ = (c,, ..., ) € CF1 = WV satisfying
c- (FOx),..., F¥(z)) = 0.
Note also that F* € Tp(X, F*H). o

9.1.13 PROPOSITION. Let H — X be a holomorphic line bundle and let W C T'o(X, H) be
basepoint free.

1. The map ¢y : X — P(WV) is injective if and only if for any pair of distinct points x,y € X
there exists a section s € W such that s(x) = 0 and s(y) # 0.

2. The map ¢w = X — P(WY) is an immersion if and only if for any x € X, a € T¥"" and
v € H, there exists s € W such that s(z) = 0 and ds(z) = o ® v.

Proof. If s(x) = 0 # s(y) then ¢y (z) 2 s &€ dw(y), so ¢y separates x and y. Conversely if
ow () = ¢w(y) then every section that vanishes at y also vanishes at . Thus 1 is proved. We
leave 2 as an exercise. [

Proof of Theorem[9.1.8] Let L — X be a positively curved Hermitian holomorphic line bundle.
By Proposition it suffices to show that there exists a holomorphic line bundle 7 — X such
that W = I'p (X, H) is basepoint-free, separates points (i.e. satisfies Item 1) and separates tangents
(i.e. satisfies Item 2). But by Theorem[9.1.7]the line bundle H = L™ has these properties as soon
as m is large enough. O

'Recall that if £ — Y is a holomorphic vector bundle and G’ : X — Y is a holomorphic map then the pullback
G*E — X of E by G is by definition the restriction of the Cartesian projection X x F — X to the submanifold
G'E:={(z,v) e X X E;v€ Egy}of X x E.
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9.2 L2 Extension

Let us finally begin the journey to our universal extension theorem.

9.2.1 Adjunction

In order to prove our universal extension theorem, we need to have an appropriate normalization
of the data. Part of this preparation involves the so-called adjunction construction, which we now
explain.

Let X be a complex manifold and let Z C X be smooth complex hypersurface, i.e., a complex
submanifold of codimension 1. Then there exists an open cover {U;} of X, and holomorphic
functions 7; € O(U;) such that

ZNU;={T; =0} and dTj(x)#0forallz € U;NZ.

Denote by L; — X the holomorphic line bundle associated to Z, i.e., the line bundle defined by

the transition functions T

i

9ij = Fj?

which have no zeros on U;NU;. Since T; = g;;Tj, the functions T; define a section 7" € I'n (X, Lz),
and evidently the zero locus of 7' is precisely Z, counting multiplicity. Note also that since

dT; = g;;dT; + dgi; 15,

along Z the sections d7; provide a well-defined holomorphic section dT" of (T)*(l’O ® L Z) | z. More-
over, since the L-valued holomorphic 1-forms d7} annihilate the tangent spaces of Z, d1' is a
holomorphic section of the rank-1 subbundle

N;(/Z®LZ _> Z

of (T;LO ® L Z) |z. The line bundle N¥ /7> Whose fibers consist of (1,0)-forms that annihilate the
(1,0)-tangent spaces of Z, is called the conormal bundle of Z in X.

Since Z is smooth the section dT" is nowhere zero, and therefore the line bundle N3 17 ® Lyis
trivial. In particular, we see that for a smooth hypersurface Z the line bundle L, — X restricts to
Z as the dual of the conormal bundle, i.e., the line bundle

Nx/z = (H;/Z)*’
This line bundle, which is naturally isomorphic to the quotient (1’| ;)/T", is called the normal
bundle. In other words we have proved the following proposition.

9.2.1 PROPOSITION (Adjunction Formula). The holomorphic line bundle L, — X of a smooth
hypersurface Z is an extension to X of the normal bundle of Z.

By taking determinants, one can see that the Adjunction Formula is equivalent to the formula
Kz = (Kx ® Lz)|z,

and the identification sends an (n — 1,0)-form f on Z to the Lz-valued n form f A dT', defined
along Z.
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9.2.2 Statement of the L2 Extension Theorem

9.2.2 THEOREM. Let X be a Stein manifold and let Z C X be a smooth complex hypersurface.
Assume there exists a section T € T'o(X, Ly) and a singular Hermitian metric e~ for Ly — X
such that

9.4)

7 ={T =0} and sup|T|?e™ < 1.
X

Let g be a Kdhler metric on X and let L — X be a holomorphic line bundle with singular
Hermitian metric e~ ¥, and assume there exists a constant § € (0, 1] such that

9.5)

00¢ + Ricci(g) > (1 +t8)dON forallt € [0,1].

Then for each f € I'o(Z, L) such that

|f|2e~*dA,

<
, [dTEe> =71

there exists F' € I'o(X, L) such that

24 2e7?dA
F|Z:f and / |F|26—gpd‘/g§ 77/ |f‘ e 9
X

5 )y ldTe>

n—1 . . .
where dA, = h |7 is the area form associated to the submanifold Z.

In fact, there are many other versions of the L? extension theorem, and all of them can be
established by slight modifications of the proof of Theorem that we shall give below. We
give a brief discussion of some of these, and of the problems that arise in their consideration.

1.

One version that can be established involves replacing the line bundle L — X with a vector
bundle of higher rank. The trouble with such a version (and the reason we did not state it
here) is that there is at present no manageable definition of a singular Hermitian metric for
holomorphic vector bundles of higher rank. The difficulty is that there seems to be no such
definition in which the curvature can be defined as a current; this problem makes it difficult
to see how to handle condition (10.6) in the higher rank case.

In another version of Theorem [0.2.2] that is very useful, one relaxes the hypothesis that X is
Stein. Here again the trouble is that on a general (even complete) Kédhler manifold there is
no way to approximate singular Hermitian metrics by smooth ones without losing too much
positivity. There are, however, some Kihler manifolds where this approximation is in some
sense possible.

9.2.3 DEFINITION. A complex manifold X is said to be essentially Stein if there is a (possibly
singular) complex hypersurface V' such that the manifold X —V is Stein. A submanifold Z C
X is said to be an essentially Stein submanifold if the hypersurface V- whose complement is
Stein can be chosen so that Z ¢ V.
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The most interesting examples of an essentially Stein manifold are projective manifolds, and
so-called projective families, i.e., spaces 2 for which there are

(a) a proper holomorphic submersion f : # — B onto some complex manifold B (i.e.,
2 — B is a holomorphic family), and

(b) a holomorphic line bundle &/ — 2~ with a smooth Hermitian metric of positive cur-
vature.

In particular, condition (a) implies that the fibers of f, all of which are complex submanifolds
of 2, are pairwise diffeomorphic, and condition (b) implies, via the Kodaira Embedding
Theorem, that each fiber is a projective manifold.

If one has L? estimates for sections of holomorphic line bundles (or for that matter, vec-
tor bundles) on a Stein complement of a hypersurface then those sections can be extended
across the hypersurface. Indeed, a priori the sections could have only poles or removable
singularities along the divisor, but the finiteness of the L? norm forbids poles.

3. Yet another version of Theorem[9.2.2lconsiders different L? norms for the sections of the line
bundle L. — Z, or of the line bundle . — X, or perhaps both. One version of such a result
was worked out by Jeff McNeal and the author; the interested reader can go to [MV-2007]]
or [MV-2015]] for more information.

4. One also wants to extend holomorphic sections from submanifolds of higher codimension.
Extension theorems of this sort do exist, but they require specifying different sorts of data.
Again, proofs are not so different from what is presented here, but the notion of positivity
that is required in place of condition (10.6)) becomes more complicated to state, and harder
to understand geometrically. There are short cuts that can be taken which yield useful and
interesting results— see, for example, [BL-2016]]— but the most general case, which was first
treated by Ohsawa in [[O-2001], is still not in its final form, in the author’s opinion.

9.2.3 Proof of Theorem[9.2.2]

We fix once and for all the section f € I'n(Z, L|z) to be extended, i.e., which satisfies

|f|Pe=?dA,

< 400
z |dT|§e—A

Since X is Stein, it is strongly pseudoconvex. Using the strictly plurisubharmonic exhaustion
function, one finds domains

2y CCQy CC...CC X suchthat UQj =X and Z h oS forall j.

J

‘We shall work on these domains first, and then then take limits of our results.
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The domain (2; is trivially a strongly pseudoconvex manifold. By Exercise ?? there exists
F, € To(X, L) such that
F,|z = L.

Therefore
/ |E,|*e?dV, < 400,
Q;

but at present we have no estimate on this L? norm; in particular, one cannot let j — oo and
conclude, or even expect, that finiteness persists. After all, there are many extensions of f and
most of them will not have finite L? norm.

We must therefore correct F, somehow away from Z N €2;. To do so, let ¢t € (0,1) (we will
eventually send ¢ to 0) and let y € €°°(]0,00)) be a positive function supported in [0, 1] and
satisfying

0<x<1, x=lon[0,¢f] and |Y|<1+ct,
where ¢ > 1. (Eventually we will let ¢ — 1 and then t — 0.) We define x. := x(|T|%e~*/&?).
Then for ¢ > 0 sufficiently small the section

Fe ::XsFo

of L — ); is smooth, and holomorphic in a tubular neighborhood of Z N €2;.
We wish to correct F to be a holomorphic extension of f on €2; that has better estimates than
F,,. To find such a correction we will solve the equation Ju = a., where

a. = 0x.F,.

Note that «. is supported on the annular tube {*t < |T'|?e™* < 2}

To solve this equation we will use the twisted estimates of Donnelly-Fefferman-Ohsawa, i.e.,
Theorem @ which we state again for the situation at hand (i.e., a vector bundle of rank 1 and a
singular Hermitian metric), and for ease of reading.

9.2.4 THEOREM (Donnelly-Fefferman-Ohsawa Estimate; singular rank 1 case). With the notation
of Theorem let Q; be as above. Let eV be a singular Hermitian metric for L|q, and let
n:X —Randa: X — (0,00) be functions with n €*-smooth, such that

V=" (8(91# + Ricci(g) + 0dn — Li_Taan A 877) >0 >0.
Then for each L|q,-valued (0, 1)-form ¢ such that
Op=0 and /Q lplae™dV, < +oo
there exists a measurable section U of L|q, such that

5<\/e—”(1+a)U>:gp and /Q|U\26walvg§/Q lpleevdV,.

118



9.2.5 REMARK. As we have suggested earlier, Theorem follows from Theorem [8.2.1| on
Stein manifolds by approximation of singular metrics with smooth ones. In the present situation
there is also the issue that the (1, 1)-form © is not assumed to be strictly positive. The issue can be
dealt with by perturbing the metric e~¥ to be strictly positively curved; since one is working on a
domain €2; CC X one can add a small multiple of the plurisubharmonic exhaustion to . o

To make use of Theorem we must choose a singular Hermitian metric e=%, a smooth
function 7 and a positive function a such that ¥ > © for some non-negative © for which the

integral
[ e va,
Q;

is finite. Moreover, in order to make sure that the correction
F.:=x.F,— e "(1+a)U
remains an extension, the metric e~ must be singular along Z N §);. We therefore choose
Y =@+ log |T|%e .

The next task is to choose 7 and a. To simplify the estimates to come, it is convenient to
introduce the auxiliary functions

v:=log|T|’e™: X — [~00,0) and s:=~ —dlog(e’ +?): X — [1,00),

where 4 is as in Theorem and vy := 1+ dlog(1 + &%) € (1, 00).
With v and s in hand, we set

n = —log(2 + log(2e*~! — 1)).

At first glance, the choice of 7 is bewildering. We do not have a great explanation for this choice,
which comes out of necessity for obtaining good estimates later on. Perhaps the most important
clue is that this function is very similar to the self-bounded gradient function of Example [8.4.4/on
the punctured unit disk; the idea is that a tubular neighborhood of the hypersurface Z looks very
much like the product of Z with the disk, and if we are creating a singularity near Z, a function of
this form will give us some gain in positivity.

Finally the function a is chosen only to simplify the expression for W so that it becomes
manageable. For this reason it is convenient to define H(x) := 2 + log(2¢*~! — 1) (so that
n = —log H(s)). Then

o0~ oy oy = T -009) - s (17s)a BT ) o

and so we choose
)
~ H"(s)H(s)’
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which yields

- 1+a ~ H'(s) =
aon — on A\ on = —3d0s).
N OO = (—00s)
Note that for z > 1,
2e*1 1 —2er~1
H@)>1, H(t)=— 14— and H'¢)= —
(#) 21, Hiz) =g oy =1t () (2ev—1 — 1)2’

so that a is a positive function— one of our requirements. Note also that e~ and a are smooth, a
fact we shall use later.
We compute that

—00s = §00log(e’ +e?) =0 ( 0ctdv )

ev + g2

dev - 4e%0(e¥/?) A O(e¥/?)
- (ev + 52)681) +0 ((ev/2)2 + 52)2

B e’ _ 5 a3 4e20(e"’?) A O(e¥/?)
= 5—(61] o) (001log |T|> — OON) + 6 (CEEE

B de? = 4e20(e¥?) A O(e¥/?)

T (ev 52)(98)\ +90 ((ev/2)? + £2)?

In the last equality we have used the fact that 99 log |T'|? is supported on Z, where ¢* = |T|?e=*

vanishes.
Now, the function

2e571 1

s—1 — s—1
[1,00) 25 24 1og(2e"™ = 1) = ——— =1 +1log(2e™" = 1) = ——

2
.. 2e5—1 2e5—1 _ (2e%7D
has derivative 5=—— + @es 1212 = (e T=1)

where it vanishes. Consequently

> > 0, and therefore it takes its minimum at s = 1,

H'(s) e’ < %
H(s) e'+e2 = 2+log(2es1 —1)’

and we find that

0% + Ricci(g) + 00n — %877 A On = 00 + Ricci(g) + %(—853)
= (1 _H) e 2) (00¢ + Ricci(g)) + ilé::)) i (j_) = (00 + Ricci(g) — 600N)

H'(s) 420(e¥/?) A O(ev/?)
() (@7 + 27
H'(s) 4e20(e¥/?) A\ O(e"/?)

) (PPt @p

+6

H(s) e'+e¢
(

J

v
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where the last inequality follows from the definition of ¢ and the curvature hypothesis (10.6) of
Theorem9.2.2} Since H'(s) > 1,

o a5 o ~  l+a - 4e20(ev/?) A O(e¥/?)
U=c¢ (80¢ + Ricci(g) + 90n - on A 877) >0 (7)1 e2)2

We take O to be the right-hand side of the inequality, and prepare to estimate the L* norm of a..
Now,

e = Ox(e72°)F, = \/'(e72") Foe 20e’ = \/(2e") F,2e2e"20(e"/?),
SO

- 1 - ’U v 1 - ’U
acfie = I 2P IR e (e 42 = — (e P R v (e + <)

Consequently

|acfge™dV, = 556/ I (e72e") 2| F,[2e (" + £2)%dV,

1 - v - v
= 55 oy WEOPIRLE(E 0,
ev<e

4(1 + ct)?
< L;)/ |F,2e%dV,.
oe {ev<e?}

Q;

In particular, note that

|f\2e_90dAg

47
li JAe VAV, < —(1 + ct)? .
1msup/Qj lac|ge P < —([1+ct) dTfe

e—0 5

By Theorem [0.2.4]there exists a section U, of L — €2, such that

_ .
d(ve(l+a)l.) =a. and / |U.|?e~¥dV, < (1+o(1))8§(1+ct)2 [/l *dA,
Q, Z

AT |2

ase ~ 0.

Since «. is smooth, the function /e~"(1 + a)U, is smooth, and therefore so is U.. Since
e~¥ = e ?/(|T|?e~?) is not locally integrable on Z, the section U, must vanish at all points of Z.

Consequently the section
=xF, — e (14 a)U.

is an extension of f to {2;. Now,

/ |FL|*e?dV, = (1+o(1))/ e’ (14 a)|U.Pe™vaV,, — ~0.
Q; Q

J

121



—H/(s)?

But since s =y — dlog(e” + ), e™" = H(s) and a = 175705

(y—s)/6 H'(s)* = H"(s)H(s)

e M1+a)=¢e —H(s)

=77 (2e7 1 + 2 4 log(2e"! — 1)) .

A straight-forward calculus exercise shows that, for s > 1, the right hand side is bounded above
by 6771 = 6(1 + &%) 7°.
We therefore have, for every ¢ > 0, a section F. .; € I'0(2;, L) such that

24m(1+ ct)® [ |f]?e %dA,
§ 7z |dT)2e >~

Fs,c,t‘ﬂjﬂZ = f’QJﬂZ and / ’Fa,c,t‘Qe_SOdV;} S (1 + 0(1>)
Q;
We can now use Alaoglu’s Theorem to take subsequential limits in ¢, ¢ and then j, and thereby
obtain a limit F' € ['n (X, L) satisfying

2r [ |f|2e*dA,
5 J, |dTRe™

Flz=f and /|F|26_‘pdVg§
X

The proof of Theorem [9.2.2]1s therefore complete. [

EXERCISES
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Lecture 10

Some applications of the L2 Extension
Theorem

10.1 Beurling-Seip Theory of Interpolation

In the 1950’s A. Beurling began to study interpolation and sampling problems on Hardy spaces;
he did not publish his work until 1986; it appeared in his final published paper.

A few years after the appearance of Beurling’s paper, K. Seip began to consider the analogous
problem for Bergman spaces. Seip’s motivation for consideration of the problem seems at least in
part to have been linked to the following problem in mathematical solid state physics. Consider
the so-called Fock Space

Z(C) = {F c 0(C); /C|F(z)|%|z2dA(z) < —1—00} = L*(C,e "PdA) nO(C).

To a lattice A C C (i.e., a free Abelian subgroup of maximal rank) one associates the little Fock
space

f(A) == {f AT Y )P < +oo} .
AEA
The lattice A is said to be interpolating or sampling if the restriction map

Ry :FOF = Flpy €fa

is, respectively, surjective or injective. The problem was to find a lattice that is both interpolating
and sampling, or to show there is no such lattice.
Mathematical physicists already knew that the quantity

#AND,(2)

D(A) := limsup sup 5 ,

r—oo z€C r

called the asymptotic density of A, is < 1 if A is interpolating, and > 1 if A is sampling, and hence
that if a lattice is both interpolating and sampling then it has asymptotic density 1.
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10.1.1 Seip’s Theorem

Seip showed that if A is an interpolating lattice then D(A) < 1 and that if A is a sampling lattice
then D(A) > 1, thus supplying the negative solution to the aforementioned problem. In fact, Seip
showed more. He considered locally finite subsets I' (for which, unlike lattices, the numbers

lﬁ@ﬁ:hmﬂmwp#@mD&w» and DTD::mmﬁhﬁ#me@”D

r—oo 2€C r? r—oo zeC r2

called the asymptotic upper and lower densities, are possibly distinct).

The notions of interpolation and sampling sets have to be modified slightly in order to get the
proper result. In this setting a locally finite set I is interpolating if the restriction map, in addition
to being surjective, is bounded. The set I is said to be sampling if the restriction map, in addition
to being injective, is bounded with closed image.

, which can be provided with the same definition, in terms of the restriction map, of interpola-
tion and sampling sets. and established, partly in joint work with Wallsten, the following theorem.

10.1.1 THEOREM. A locally finite set I is
1. interpolating if and only if T is uniformly separated and D+ (T") < 1, and

2. sampling if and only if I is a finite union of uniformly separated sequences I’ = 1'1U...Ul'y
such that D~ (I'y) > 1.

A locally finite set I' is said to be uniformly separated if its separation radius

p(L) = {w v, peT, v#u}

is positive. The necessity of uniform separation is a relatively simple but instructive result which
we shall explain momentarily.

10.1.2 A more general setting

Let W be a smooth hypersurface in C". In interpolation theory one considers the Hilbert spaces

@)= {re 0@ [ e < soo)

n

and

SV, 0) = {feo<w>; /| |f|2e—w—1<+oo},

where w = /—100|z|? is the Kihler form of the Euclidean metric. One can then define the

restriction operator
Rw : A(C, ) = H(W, ¢)

as the operator sending a function F' to its restriction to W.
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10.1.2 DEFINITION. The hypersurface W' is then said to be an interpolation set if Ry is bounded
and surjective, and W is said to be a sampling set if Ry is bounded, injective and has closed
image.

We will be primarily interested in the surjectivity of JRyy; establishing such surjectivity is of
course an L? extension result, and as such one might imagine a connection with Theorem m
We emphasize, however, the fact that the L? norm defining the space $(W, ) is not the norm

appearing in Theorem[9.2.2]
In what follows, we shall always assume that our weight ¢ is smooth and satisfies the bound
(10.1) 0 < V—1900p < M~/—100|z|?

for some constant M/ > 0. The us of this curvature hypothesis, which is clearly satisfied by the
Bargmann-Fock weights p(2) = ¢|z|?, ¢ > 0, will become clear in due course.

The most obvious analogue of uniform separation is the notion of uniform flatness; it is defined
as follows.

10.1.3 DEFINITION. A smooth complex hypersurface W C C" is said to be uniformly flat if there
exists € > 0 such that the set

U.(W):={zeC"; dist(z, W) < e}

is a tubular neighborhood of W, i.e., if z1, zo € W and v; € C" is perpendicular to Ty .., i = 1,2,
and z; + vy = 29 + vy then max(|vy|, |va]) > €.

(Equivalently, any two Euclidean disks or radius < ¢ and perpendicular to 11 at their centers do
not intersect.)

10.1.4 DEFINITION. Let T' € O(W) be a global holomorphic function whose zero locus is W,
counting multiplicityﬂ For r > 0 define the function

1 1

M(2) = ———— log |T]?dV = ————1 log |T'|2.
)= S BT = Ty o sl

(i) The function S}V : W — R, defined by
SW(2) = [dT[2e ™

is called the separation function of W.
(ii) The (1,1)-current

v—1_.5 1
™ .= X — r— __ _— 1 W
P o 00 = s oy o <

is called the total mass current of W.

IRecall that in general T is a section of the line bundle Ly, — C™ associated to W here it is a function because
every line bundle on C" is trivial.
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(Here [IW] is the current of integration over W, x denotes convolution, and the second equality
follows from the Poincaré-Lelong Formula.)
Note that
IT)2e™™, |dT|2e ™|y and 9INT

do not depend on the function 7" used to cut out .
V. Pingali and the author have proved the following theorem.

10.1.5 THEOREM. If W is uniformly flat then for each r > 0 there is a positive constant C,. such
that
S > G,

onW.

In fact, if n = 1 the converse of Theorem is also true. It is at present not known if the
converse is true in general.

10.1.6 DEFINITION. The asymptotic upper and lower densities of W with respect to the weight
are the numbers

D} (W) :=limsupsup {1 ; a > 0and v—199¢(v,v) > aX¥ (v,v) forallv € C"}

r—oo zeW

and

1 _
D, (W) := lim inf in%/ {— :a > 0and /—190p(v,v) < aTV (v,v) for some v € C”}
r—00  z€ a
In other words, D (W) is the supremum of all numbers 1/a such that o — a\! is plurisubhar-
monic for all 7 >> 0, and D (W) is the infimum of all numbers 1/a such that ¢ — a\] is not
plurisubharmonic for all » >> 0.
From Theorems [0.2.2] and [10.1.5| we immediately obtain the following theorem.

10.1.7 THEOREM. Let ¢ € C" be a smooth function and let W C C" be a smooth hypersurface.
If DY (W) < 1 then for every f € O(W) such that

there exists F' € 7 (C", ) such that F|w = f. In particular, if W is also uniformly flat then W
is an interpolation hypersurface.

In particular, we recover the positive direction of the interpolation part of Seip’s Theorem. The
positive direction of the sampling theorem is also true; it was proved by Ortega Cerda, Schuster
and the author [OSV-2006].

Remarkably, except in the 1-dimensional case, uniform flatness is not a necessary condition
for interpolation. A number of examples have been produced by Pingali and the author [PV-2016),
PV-2019].
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There is very little done on interpolation theory in higher dimensions on manifolds other than
C™. In dimension 1 there is a fair amount of work; we refer the reader to [V-2018| [V-2016]] for
references and further reading.

In the next paragraph we discuss some of the ideas behind the necessity of uniform separation.
This discussion is provided for the interested reader, and although very useful tools are presented,
most of the material is slightly less naturally aligned with the general topics covered in this lecture
series.

10.1.3 Weighted Bergman Inequalities

In preparation for a number of estimates we will need below, we now state and prove a very useful
lemma on the existence of bounded solutions of /—190 when the forcing term is bounded. More
precisely, we have the following result, which was proved by Berndtsson and Ortega-Cerda in the
I-dimensional case, and generalized by Lindholm to higher dimensions for the case where one has
only ¢°-estimates. However, a modification of the proof of Berndtsson and Ortega-Cerda easily
gives the present form.

10.1.8 LEMMA. There exists a constant C' > 0 with the following property. Let w be a €?-smooth,
closed (1, 1)-form on a neighborhood of the closed unit ball B such that

—~M+/=100|2* < w < M+/—190|z|?
for some positive constant M. Then there exist a function 1 € €*(B) such that

V—100¢ =w and sup(|y|+ |dy|) < CM.
B

Proof. We can assume that in fact w has compact support in B(0,2) by multiplication with an
appropriate cut-off function.
Let us first present the proof in the case n = 1. In this case, one simply takes

o o 2
b(z) = / sl = Pel0)

Note that w = h@dz/\di for some real-valued function h. A standard argument using integration-
by-parts shows that
1 9
— @/}7 = h.
T 020%
The function v is clearly bounded by the constant

M sup / ’log\C — z|2’ dA
B(0,2)

z€B(0,1)

while the derivative is controlled by

M sup /B dA(Q)

2eB(0,1) J B(0,2) |z — (|
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Thus we have the stated result.
In higher dimensions, write w = w
function

V=1

7¥5—dz' A dz’. Then as in the 1-dimensional case, the

0= [ (G 2 ol - (PAA)
B(0,2)
then satisfies
1 0%
7oz1070 b

From the condition dw = 0, we see that, when ¢ and j are both different from 1,

1 621/1 B 620011 2 n 1 2
;821823 - /B(U,Q) ﬁziﬁiﬂ'(c’z yeees R )10g|Z _C‘ dA(C)

= 62(,% 2 n 1 42
N /B(O,Q) ac-aé(g’z yeeey & )10g|Z C| dA(C)

= w;i(2).
As before, 1 is bounded in 4’'-norm by C'M. The proof is complete. [l

One important application of Lemma[I0.1.8]is the following result.

10.1.9 PROPOSITION. Let w = /—100|z|? and ¢ € PSH(2B) such that \/—100¢ < Mw for
some positive constant M on 2B, where B is the unit ball in C". Then there is a constant C' > ()
such that for all f € O(2B) satisfying

/ |flPe fw™ < +oo0,
B

(10.2) 1£(0)Pe?@ < C / | f|Pe™ W™
B

and

(10.3) |d(|f|*"e ")|(0) < C (/ |f\2em”> :
B

In particular, if f € 7(C", ) then weighted point evaluation is bounded with norm independent
of the point. More generally, there exists C' > 0 such that for all x € C",

1/2
(10.4) (|f(z)|e”?@ + |d(|f[Pe ) (2)| < Cumr (/Cn |f]2e“’w”) < +o0.

and thus

1

1/2
¢i(Cn) = S(‘C1P(|f\ +1df]) < Cu (/ ]f|26‘%)") < +00.
n (Cn
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Proof. The estimate follows from the estimate (10.2)) and (10.3]) because the Euclidean form
w is translation-invariant. To prove (10.2)), let ¢) be a bounded plurisubharmonic function on B such
that /=100 = /—100¢p. Such a function exists by Lemma([10.1.8| Let h = ¢) — . Then h is
pluriharmonic, and therefore twice the real part of a holomorphic function H. Let F' = fefl=H(0),
We have

|f(0)|26_9”(0) = |F(O)|2e_@0(0) < ]i |F|2e—sa(0)wn :][ |f|26—s06¢—¢(0)wn < C/B | f|2ePw™.

Next, observe that

A(|FZ7e) = v (TP D@FF + F3F)e ™ — |fe )
= r(|f[?e?) " (f(Of — fOp) + f(Of — fOp))e ¥

We therefore have

(1 Pre ) O] S IFIPHof(0)e#® — f(0)e#Dap(0)

Now, ¢ + h = 1) is bounded in €*-norm, and thus we have

| 2

[0£(0)e=® = F(0)e#00p(0)|” < |0F(0)e# + F(0)e (O + |£(0) 20|93 (0)|
= ld(fe" )( )!26’“" +C||f||2-

By the Cauchy estimates and Lemma [[0.1.8] we have

d(fe")(0) o0 / el PO < / Pe e,

Therefore (10.3) holds. The proof is complete. U
As a consequence of Proposition [I0.1.9] we now prove that a locally finite subset I' C C is

(i) a finite union of uniformly separated locally finite sets if and only if R : §F(C) — fr is
bounded, and

(ii) uniformly separated if Rr : F(C) — fr is surjective.

Proof of (). Let F' € §(C). If I is a finite union of uniformly separated locally finite sets then for
any r > 0 there is an integer /N such that no more than NV of the disks {D,.(v) ; v € I'} intersect.

By Proposition[10.1.9]

SR Pt < O3 F() P dA(s) < ON/ F(2) 2 dA(z),

vyerl yel

so Ry is bounded.
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Conversely, suppose Rr is bounded. Let z € C. Choose a function F' € F(C) such that
|F'(z)]2e~*" = 1. Then there exists a constant 1, independent of z, such that

LéWKwemwMOéu-

We shall prove this fact below (Lemma|10.1.10). Let r € (0, 1); shortly we will further restrict r.
For every v € ' D,.(z) one has

PP = 1| = [|[F()2e ™ - |F(z) e

1
d 2
_ / LIF (2 + (1 = t)y) e 0-0nE gy
|t

< 7 sup d(|F|?e”)
Dy (2)

< rsup d(|F|?e” ") < rCp,
Dl(Z)

where C'is independent of 7, y or z. The last inequality follows from (10.3)) of Proposition|10.1.9
Now choose 7 < ﬁ Then

2 1

|F('V)‘2ei|7| > B

forall v € D,(z), and so

4D () <2 S PP <23 [P < ool ?

vyel'ND,(z) yel

Thus the number of points of I' N D,.(z) is finite, and bounded above by a number that does not
depend on z. Thus (i) is proved. [

Proof of (ii). Suppose fAr is surjective. Let Er : f(I') — §(C) be the operator that assigns to
g € §(T) the extension whose norm is minimal among all R;."{g}. We claim that Er is bounded.
By the Closed Graph Theorem it suffices to show that the graph of Er is closed. To that end,
let g; — g in f(I') and let F' = lim Er(g;) in §(C). The sub-mean value property shows that
convergence in L? implies locally uniform convergence, and consequently F is an extension of g.
We wish to show that F' is the extension of g having minimal norm. The latter condition holds if
and only if F' is orthogonal to all functions in §(C) that vanish along I'. Let GG be such a function.
Then

/ FGe A = lim/ Ep(gj)ée_HQdA =lim0 =0,
C C

and thus ' = Er(g). Therefore Er is bounded.
Fix a point 7, € I and consider the function f : I' — C defined by

F(0) = P2 and  f(u) =0forall y € T — {,}.
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Then
Yo If)Pe " =1,
~yel
Let ' := Er(f). Then F|r = f and ||F'|| < || Er|| is independent of ~,.
Now lety € I' — {7, }. Then

L |IF)Pe T — [F(yo) e el
|r7_’70| B |’Y_”70| ‘
= b /1 i‘p(m + (1 - t)7)|2€—|tvo+(1—t)vl2dt
|’7 - '70| 0 dt °
< supd(|F*e” ") < CI|F|* < Ol B -
The proof is complete. O

10.1.10 LEMMA. Let ) € €?(C) be a smooth weight function such that 00y > 4c00)|-|? for some
¢ > 0. Then there exists a constant . with the following property: for every z € C there exists
F € O(C) such that

|F(2)]?e ™ =1 and / |F|2e YdA < pu.
C

Proof. LetT(¢) := v/c(¢ — z) and let A\(¢) = log(1 + ¢|¢ — 2|?). Then
¢

{T=0}={z}, |TPe*<1 and 9OA(()= (1+c|¢ —z2)

285|§|2.

Then
90 (¢) — (1 + 3)A0N(C) = cd|¢|%,

so by Theorem there exists /' € O(C) such that
F(z) = e2¥(*) and / |F]2e™dA < 48,
C

and the proof is complete. ]

10.1.11 REMARK. Theorem [9.2.2) was used in the proof of Lemma primarily for the sake
of convenience. One can also use Hormander’s Theorem, though doing so requires some ingenuity.
But the point is that the twisted methods need not be used here. o

10.2 Deformation Invariance of Plurigenera

Plurigenera, the invariance problem and Siu’s extension theorem

10.2.1 DEFINITION. Let Y be a complex manifold. For each m € N>, the number
P (Y) :=dimclo(Y, K&™)

is called the mth plurigenus of Y.
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For a holomorphic family 7 : X — D with fibers X; := 7~ 1(¢), we define the function
fm D>t — P,(X;) € N

One says that the m-genera are invariant for this family if the function ., is constant.

Our objective in the present section is to prove that, for a projective family, all the m-genera
are invariant, i.e., the function p,, is constant, or equivalently, continuous. We shall prove the
continuity of ., by showing that (i) u,, is upper semi-continuous and (ii) f,, is lower semi-
continuous. These properties are local, so it’s enough to show them at 0 € .

The upper semi-continuity holds more generally for any holomorphic family. Let us, then, fix a
holomorphic family 7 : 2~ — D, and some Hermitian metric w on 2. To prove that i, is upper
semi-continuous at 0, which means that

Hmsup iy, () < pn (0).

t—0

We begin with the following lemma.

10.2.2 LEMMA. Let 7w : Z — D be a holomorphic family and let L — 2 be a holomorphic line
bundle with smooth Hermitian metric e ¥. Let t; € D(0,¢) — {0} be a sequence of complex num-
bers converging to 0 in the unit disk. Let s; € T'o(Xy,, Kth ® L) be a sequence of pluricanonical

sections satisfying
2 _
/ |s¢,|"e™¥ = 1.
X

Then there is a section s, € I'0(X,, Kx, ® L) such that

/ |80|26_<p — ]-a
o

and a subsequence {t;,}, such that for any coordinate chart U C 2" on which £ is a frame for
Ly, satisfying

m(U) =D(0,e) and (z,7): U=2B x D(0,¢)
for some coordinate unit ball B C X, and holomorphic map z : U — B, if we write
si; () = fi(2)dz' A ANdZ" @& and  so(x) = fo(z)dzt AL ANdZ" ®E

then

kh_{ilo f]k(2> = fo(z)
uniformly on the set |z| < 1/2.

10.2.3 REMARK. Note that by the implicit function theorem for holomorphic submersions, each
point of X, is contained inside the sort of product coordinate chart used in the statement of the
lemma. o
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Proof of Lemma[I0.2.2] In the coordinate chart, let us write |¢|2¢™% = e=#(*!) Then
[s0,1%¢ 7% = | fy(2)Pe #E9aV (2).

Note that since the metric e~ ¥ is globally defined and smooth, the function e~#*? is uniformly
bounded above and below by positive constants on |z| < 2, and also uniformly in [¢| < e. There-
fore we have

()2 < Cs /

|fj|26“"(z’tj)dV(z) < C(;/ |stj|2e_¢’ = Cj.
B;(2)

X
for some delta sufficently small, and all |z| < 2. By Montel’s Theorem, the { f;} contain a subse-
quence that converges uniformly on |z| < 1/2. By a diagonal argument we obtain a subsequence
{s;,} such that the restriction to each of these charts charts converges locally uniformly. The re-
sulting sections automatically glue together to produce a section of Kx, ® L, and the proof is
finished. 0

10.2.4 REMARK. The above proof also works when the fibers of 2~ — 7 are non-compact, i.e.,
when the map 7 is a submersion that might not be proper. (In the absence of properness, we don’t
know that the fibers are diffeomorphic.) o

10.2.5 LEMMA. Let t; — 0 be a sequence of complex numbers in the unit disk, and suppose
dime(Fo(Xy;, Kx,, ® L) 2 N for some N € N. Then dim¢(I'o(X,, Kx, ® L) > N.

Proof. The hypothesis assumes that for each ¢ there is a subspace of I'o (X, , K X, ® L) of dimen-

sion at least /V. For each j, we fix such a subspace V;-N CTlo(Xy,, K X, ® L), and an orthonormal

basis{sgj ), e s%)} C VjN . After passing to a subsequence of the ¢; if needed, we find by Lemma
10.2.2] sections {s1, ..., sy} C I'o(X,, Kx, ® L), each of unit norm, such that

1sP2e% =1im [ |s;|%e %,
Xt Xo

lim

From the identity
(@,) = |la+b||* = [la = 0| + vV=1(|la = V=1b||* = [la + v=1b][*),

which holds in any Hilbert space, we see (from the proof, rather than the statement of Lemma
10.2.2)) that the limit sections {s, ..., sy } are also orthonormal. Thus there are at least N indepen-
dent sections in I'n(X,, Kx, ® L). This completes the proof. O

As an immediate corollary, we obtain the following proposition.

10.2.6 PROPOSITION. Let 7 : & — D be a holomorphic family of n-dimensional complex mani-
folds. Then for any m € N the function ., is upper semi-continuous.

Thus to prove the constancy of y,,, it suffices to prove that every pluricanonical section on the
central fiber X, of a holomorphic family extends to a pluricanonical section on the family X.
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10.2.7 THEOREM. Let 7 : 2 — DD be a projective family of fiber dimension n, let L — 2 be a
holomorphic with singular Hermitian metric e=", and let s € T'0(X,, Kg?;” ® L) satisfy

/ |s]2w ™ m Ve < 400
Then there is a section S € To(X, K¥™ @ L) such that
Slx, = s A (dm)®*™ and / 1S (D Mm=De=r 4o,
b's
10.2.8 REMARK. The constancy of i, follows by taking . = 0. One can also define twisted

plurigenera, which evidently are also invariant in families. o

10.2.9 REMARK. It is known that, for general holomorphic families of compact complex mani-
folds, plurigenera are not invariant in families. At the time of writing of these notes, the case of
the deformation invariance of plurigenera in Kihler families was still open. o

We shall first prove the result when 7 : 2~ — D is uniformly projective. At the end of the
proof we will see that the extension has uniform estimates, and we will be able to establish the
non-uniform case.

10.2.1 L2 extension of twisted canonical forms

Theorem is the key tool in the proof of Theorem [10.2.7, We state a version of Theorem[9.2.2
for line bundle-valued holomorphic forms of top degree, or, twisted canonical forms.

10.2.10 THEOREM. Let X be a Stein manifold and let Z C X be a smooth complex hypersurface.
Assume there exists a section T € T'o(X, Lz) and a singular Hermitian metric e for L; — X
such that

(10.5) 7 ={T =0} and sup|T|?e < 1.
X

Let L. — X be a holomorphic line bundle with singular Hermitian metric e~ ¥, and assume there
exists a constant 0 € (0, 1] such that

(10.6) 0o > t500N  forallt € [0, 1].

Then for each f € I'o(Z, Kz ® L) such that

/ |fIPe % < +o0
z

there exists F' € T'o(X, Kx ® Lz ® L) such that
24
Fly = fAdT and / 2= < l/ 1|26~
X 6 Jz
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In particular, we shall make use of the following special case, in which Z is cut out by a
bounded holomorphic function.

10.2.11 THEOREM. Let X be a Stein manifold and T' : X — D a holomorphic function such that
dIl(z) #0forallz € Z := {T = 0}.

Let L — X be a holomorphic line bundle with singular Hermitian metric e~ such that 00p > 0.
Then for each [ € T'o(Z, Kz ® L) such that

/ |fIPe % < +o0
z
there exists F € I'o(X, Kx ® Lz ® L) such that

Flz=fNdT and / |F|2e ™ < 247r/ |fIPe.
b z

10.2.2 Positively twisted canonical sections

We fix a smooth metric e~ for L and a holomorphic line bundle A — 2~ (which we may assume
admits a smooth Hermitian metric with positive curvature) with the following property:

(GG) For each 0 < p < m — 1 there are sections {5]@) 1<j< N} CTo(Z, K ® A) that
generate the sheaf of germs of holomorphic sections of K %}’ RA—XZ.

Property (GG) may be assumed because 2° — D is uniformly projective. Let us also fix a smooth
metric e~ ¥ for A — 2 such that w := +/—190y is a Kdhler metric. Again by uniform projectivity,
we may assume that e~ ¥ extends to a neighborhood of 2" in some larger projective family, and

thus
/ W < 40,
Y

Since k — 7 is locally the sum of a smooth function and a plurisubharmonic function, the submean
value property tells us that e”~7 is locally bounded above. Thus by uniform projectivity we may
assume that

supe™7 < +00.

We let 0" € To(X,, K5 ® Alx,) be defined by
5" X, = o A (dm)®
j 1o J '
Then we have the following key proposition.

10.2.12 PROPOSITION. There exist a constant C > 0 and sections
{53(‘km+p) €To(Z K" P @ L% ® A); 1< j < NpYocpemotheoi2,..

with the following properties.
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(@) & mk+P Ix, = s @ U A (dm)®km+p)

(D) If k > 1,
Z |O'(mk)|26 o1
< C.
(c) For1 <p<m—1,
Np | ~(mk+p) |2
Y i

pe ZNP 1’ (mk+p 1)‘

Proof. To simplify the notation a little, let us denote by 5™**+7) the N, -tuples
y p~tup

~(mk _ /~(mk+p) ~ (mk+p) mk . (mk+p) mk-+
Gmktp) — (F{MHFP s ON P and omEHP) = (5P ,...,agvp p)),
and write
NP
|| (mk+p) ||2 Z |O_(mk+p and ||O.(mk+p)||2 — Z |0_(mk+p)|2
Let || (0)H2 (n+1)( 1) (p+1)12
~ o |Fwintim= ||5 )|
C:= 0<p< 2
gp{ 60D Jlwpantt " =P =TT

We proceed using double induction on £ and p.
(k = 0) As far as extension there is nothing to prove; the sections U](p ) have extensions by assump-

tion. Note that
||5(p+1)||2 ~
/ Ho™ 1 _ & / WL
2 ||le@]? z

(k > 1) Assume the result has been proved for k£ — 1.
((p = 0)): Consider the sections s®* ® aﬁo) of K¢ @ (L% @ A)|x,, and define the metric
Yro = log ||g V|

for K™ ' @ L% @ A. Observe that /—199¢;. > 0 and

(0)2
/ s ® 0.(0)|26*(¢k,0+”) = / LM?@*” < +o00.
Lo x, o D[?

By the L? Extension Theorem [10.2.11|there exist sections
o)™ eTo(2 K™ @ L ® A), 1<j<N,
such that

5" |X, = 5% @ o\ A (dr)®", 1< <N,
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and
0) |2

(
= (km) (2, — (g, 0+) 219
/%\0] e §487T/0 |s] ||O_(m_1)||26

—K
Summing, we obtain
5(km) (|2 o= ~(km) |2 ,—5
sl ary '
o |[gtm=D]] s g |[gtkm=1]]

o eOP
< 487rsupe”_7/ || g€
X X, [|ortm=1]|

< 487C'sup e“‘”/ |5 2w m=Der,
2 .

((1 < p <m —1)): Assume that we have obtained the sections 6J(-km+p M1<i< N,_;. Con-
sider the non-negatively curved singular metric

Yrp-1 = log|[gmH P |2

for K?}kmﬂ_l ® L® @ A. We have

‘U(P)’Z
/ |s* ® 0](-’))|2<9_w’“*1’—1 < / - < +oo0.
i , SN oP )|2

Jj=1 J

By the L? Extension Theorem [10.2.11|there exist sections
G e To (2, K™ P @ L% @ A), 1<j<N,

such that

and

(p)|2
a7 x, [le®= ]2

~(km-+p)||2 —
[ [
x

[|gUmtp=D[2 = X,

C=C x max{/ w487 sup e”‘”/ |s|2w_”(m_1)e_”,487r/ w"}.
v Z o o

The proof is finished. O

Summing, we obtain

Let
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10.2.3 Construction of the metric

Fix a smooth metric e ¥ for A — 2. Consider the functions

9

Ay = log (||5(km+p)||2w—(n+1)(mk+p)€—(lm+w))

where N — p = km.
Observe that by Proposition and the concavity of the logarithm, we have the bound

1 n

(This inequality if the reverse of Jensen’s inequality; it can be obtained by considering the convex
function — log.) It follows that the function

1
A, ==X
k L mk

satisfies the integral bound
/ A < mc’
2

for some uniform constant C”.

Now, locally, the functions Ay, are a sum of a smooth function and a subharmonic function.
By applying the sub-mean value property for plurisubharmonic functions and making use of the
uniform projectivity of the family, we find that

Ap(z) < 0/ Ay <mCC', ze X
z

It follows that the function
A(x) := limsup lim sup Ax(y)

Yy—x k—o0

exists, and is locally the sum of a plurisubharmonic function and a continuous function on 2.
Consider the singular Hermitian metric e * for K5 ® L — 2~ defined by
oM — e—Aw—(n—H)me—fy'
This singular metric is given by the formula

e ") = lim inf lim inf e ~#*

y—T k—o0 ’

where
otk — oMk~ D)m =y

The curvature of e #* is thus

No
V=100 = v/=109log Y _ |5\ — %\/—18%
j=1

v

—%\/—_waw
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10.2.13 PROPOSITION. The curvature of e " is non-negative in the sense of currents.

Proof. It suffices to work locally. Then we have that the function
1
M =+ EQ/J
is plurisubharmonic. But

. : 1 . .
lim sup lim sup px + El/} = lim sup lim sup p, = p.

y—x k—o0 y—w k—o0

Thus o 1s plurisubharmonic, as desired. L]

10.2.4 Examination of ¢ * on the central fiber: conclusion of the proof

Since
N,
1 - v—=1ldm A dm
_ 2, ,—(nm) — 0)12 -y
Aklx, = log(|s["w™""e ”>+E<logj§1 o "7 + log =——— )

we obtain the inequality
67“‘ . < L
T ls?
Therefore

(m=1)p+r . mT m
/|3|2e_ m §/ |3|2/me_m§(/ w”) (/ |3|2w_”(m_1)e_”> < 00,

where the second inequality is a consequence of Holder’s Inequality.

An application of the L? extension theorem concludes the proof of Theorem in the
uniform case.

To pass to the general case, note that the L? Extension Theorem yields a holomorphic
section S € To (2", K& @ L) satisfying S|x, = s A d7®™ and

m 1
(m—Dp+r “m m
(10.7) / |S|Pe” m <487 (/ w”) (/ |s|2w_”(m_1)e_”>
% o o

We can therefore use Montel’s Theorem to pass from the uniformly projective case to the general
case of projective families. This completes the proof of Theorem[10.2.7 U
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10.2.5 An L?/™-estimate for m-canonical sections

Let us call a holomorphic family 7 : X — D umformly projective if there exists a projective family
X = D14,(0) such that X CC X and 7|x = m. Then in fact we have actually proved the
following theorem.

10.2.14 THEOREM. Let m : Z — D be a uniformly projective family, and let L. — % be a
holomorphic line bundle with singular Hermitian metric e~" whose curvature is a positive (1,1)-
current. Then for any holomorphic section s € I'p(X,, Kg?;” ® L) satisfying

1
/ |s|*/™e”m" < +oo

there exists a holomorphic section S € To( 2, K™ ® L) such that
2 1 2 Ly
Slx, = s®@dr®™ and / |S] /me_m”§487r/ |s[2/me " m".
7 0

Proof. First suppose that €2 is a pseudoconvex domain in a Stein manifold X,that L — X isa
holomorphic line bundle with smooth Hermitian metric e, and that 7 : X 5 Disa holomorphic
submersion such that 7 restricts to the closure of ) as a proper map. Assume that we have a
section s € To(X,, K;‘?;T ® L) that we wish to extend to 2 with L?/™-estimates, and which we

can normalize to satisfy
/ ‘S|2/m€fn/m -1
Qo
(Of course, Q, := 7 1(0) N Q)

A look at the proof of Theorem [10.2.7| shows that if there is a metric e * for K5™ @ L — Q
satisfying B
e Flg, <|s|™* and +/—190u >0

there there is a holomorphic section S; € ' (2, K?;m ® L) satisfying

(m— 1)u+ﬁ

Silo, = sAdr®" and C) ::/ 1S1|%e” < 400.

(Conversely, if such a section S exists, one can take e # = (|S|2¢™*)!, so extension is equivalent
to the existence of such a metric.) Moreover, in the proof of Theorem [10.2.7| we constructed one
such metric e™#, which in the present setting can be assumed to satisfy

/ eh=r)/m 4.
Q

Now, by Holder’s Inequality,

m—1

. =D Um (m=1)(u=r) Tm
/|Sl|2/m€—m :/ <|Sl|2 - ) e ooy < Cll/m (/ e(u—/{)/m) _. Al-
Q Q
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Without loss of generality we may assume A; > 487. Then we have shown that given any metric
e * as above, there exists a section S; such that

Sila, = s Adr®™  and / 1517/ me™m < A,
Q

for some constant A; > 48.
Let us now define the metric

(m—1)log |Si]*> + &
- }

/ ’ ‘26 i / ‘ ’2/m 7%/7’”:

and thus by the L? Extension Theorem [10.2.11|there exists a section S € ['o(Q, K§™ ® L) such
that

M1 =

Then

Sslg, = s ®@dr®™  and / |Sg|26_“1 < 487.
Q

Thus by Holder’s Inequality

1/m o (m—1)/m)
/ S, me™m < (/ |52|2€_m) </ 6”“) < (4877)1/m14§m_1)/m =: As.
Q Q 0

Continuing by induction, we obtain sections S; € To(Q2, K§™ ® L) such that
Sj|QO :S®dﬂ'®m and / |Sj|2/m€_% SA]‘,
Q
where A; = (487)Y mA;T; Dfm A;_1. Since A; is decreasing and larger than 48, A; converges
to some A, and taking limits of the inductive relation yields
A = (48m)Y/m A(m=1)/m

Thus A = 487. We have thus constructed, for every € > 0, a sequence of sections S;, j > 7, such
that

/ S|/ ™me "M < A te.

Using arguments that are by now familiar, we can apply Montel’s Theorem to let ¢ — 0, pass to a
singular metric e™*, and let 2 — X. Next, we can take X to be the Stein manifold obtained from
a uniform projective family .2~ — D by removing a hyperplane section, and use the L? estimates
to extend S across the hyperplane section. Finally, we can again use Montel to pass to the case of
any projective family. The proof is therefore complete. 0

EXERCISES
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Lecture 11

Berndtsson’s Theorem on
Plurisubharmonic Variation

11.1 Berndtsson’s Theorem

11.1.1 Variations of Hilbert spaces

Let (X, w) be a Kdhler manifold and let L — X be a holomorphic line bundle. We equip L with a
smooth Hermitian metric e~ %, and thus we can define the Hilbert space

()= {1 etolx ) [ P, < oo}
X
where dV, is the volume form on X induced by the metric w. Our goal is to study what happens

to the Hilbert space 7 (¢) as we vary the metric e~ ¥ in the sense of the next definition.

11.1.1 DEFINITION. Let 2 C C" be an open connected set. A family of metrics for L — X
parameterized by §) is a metric e~ ¥ for the line bundle p*L — X x Q, wherep : X x Q) — X is
the projection to the first factor.

For each t € () there is a natural isomorphism of line bundles
v L — p*L’XX{t}u

and we write
et i=e "

for the metric induced on L by this isomorphism. We can then define the Hilbert spaces

H(r) = {f € To(X,1): IfI} = [ 1P v av, < +oo}.

We therefore obtain a fibration 7 (¢) — (2 whose fiber 5 (), over t is the Hilbert space 7 (p;).
We want to know when this fibration is (locally) trivial.
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11.1.1. Let X = C" with its Euclidean metric v/—100|z|? and let ¢(z,t) = |t|?|z|2. Show that for
t # 0 the Hilbert spaces .7 (); are all equal, as subsets of O(C"). What is 77 (p),?

To avoid the situation that occurs in Exercise namely that the Hilbert spaces change
as vector spaces when we change the base parameter ¢, we assume from now on that X is a
bounded pseudoconvex domain in some larger Stein manifold X, that L is the restriction to X of
a holomorphic line bundle on X, and that the family of smooth metrics e~# also extends to X

Under these assumptions, the vector spaces .7 (¢ );, seen as subsets of I'o (X, L), are indepen-
dent of ¢. Of course, their norms vary. In fact, for each ¢, s € ) the function e~¥+ /e~ #* is bounded
above by a positive constant C; ; (and therefore below by 1/C ;), and thus

1
Ct,s

/ F2e=rdv, < / f2e#+dV, < / F2e=¢rdv,
X X X

so € (p); and J(p), are quasi-isometric as Hilbert spaces (i.e. they have equivalent norms).
It follows that their dual vector spaces are also quasi-isometric. (Note, also, that under these
hypotheses these Hilbert spaces are always infinite-dimensional.) But more important for us is the
fact that in this case, the subspace

%(@)t C F(/)(X, L)

is independent of £.
‘We can now define the trivial bundle

H(p) = H(p)o x 2 —

and define a Hilbert metric on J# () by endowing the fiber (), x {t} with the norm || - ||+
thus the fiber is .7#°(y); as a Hilbert space.

11.1.2 DEFINITION. Let L. — X be a holomorphic line bundle and let =¥ be a family of Hermitian
metrics for L.

(S) A section of A (p) — Qis a section §f € T'(X x Q,p*L) such that .;f € 7 (), for each
t € Q). The section { is said to be holomorphic if f € T'o(X x Q, p*L). In this case, we write

feTo(@ 2(p)).

(Thus all sections are holomorphic on the fibers, and a holomorphic section means it is
holomorphic in the base variable as well.)

(B*) Let 7(p)* — ) denote the dual bundle, i.e., the trivial bundle 7 ()% x Q — Q with the

Hilbert norms & Pl
[€l[ex = sup ’
rer(ey—oy flle

on the fibers 7€ (p);.
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(S*) A section of ()" — Qisamap & : 7 (p) — C such that
& = Elw(p) € H(0);-
The section & of 7€ ()" — 2 is said to be holomorphic if for each f € (), the function
Qot— (&, f)eC

is holomorphic. The set of holomorphic sections is denoted "o (), 7 ()).

11.1.3 REMARK. Note that since .7 (y); = € (), as subspaces of 'n (X, L), every f € J(¢),
induces a constant (and thus, holomorphic) section f of 57 () — 2 defined by

ufr=1f, tef.
We shall abusively denote this section by f, rather than §. o
11.1.2. Show that £ € T'n(Q2, 7 ()*) if and only if the function
Qot— (&, uf)eC

is holomorphic for each holomorphic section f € I'o (2, .7(p)).

11.1.4 REMARK. Fix a Hilbert basis { f1, fo, ...} for 72 (¢),. Then for any section g of .7 () — 2
one has the Fourier series
19 = Zci(t)fi

i

Note that

0 % 80115 % =
Siio=Y 2 = (4.00).

2

The last equality holds because f is holomorphic on the fibers of p. Thus

385 = (Z 2l ﬁ-) ® di,

i

where the 0 operator on the left is the one on p*L — X x Q. This fact parses well with the
definition of the J-operator for a holomorphic vector bundle. o

11.1.5 EXAMPLE. Let g € I'0(2, 7€ (¢)). Then, with

gtg(f) = (L:fv Lrg)tv

€9 is a section of 77 ()" — €2, but this section is almost never holomorphic.
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11.1.6 EXAMPLE. Let z € X and let £* be defined by

&u(F) = 1 ().

Then £ : ¥ (p): — L, is alinear map, and it is bounded provided we equip the complex line L,
with the metric e~#*(*), Indeed, the boundedness is the inequality

[f(@)]Pem# ) < CalIfI7,

which is often called Bergman’s Inequality, and is proved as follows: first, when X is a domain in
C™ and the weight ¢ is 0, then the inequality is standard (and could be proved, for instance, from
Cauchy’s Theorem). Then the inequality holds locally for any smooth metric e~¥ by the obvious
estimate C~1dV, < e=¥dV,, < C'dV, combined with the unweighted Bergman inequality, where
dV,, is the Buclidean volume form in the local coordinate. Finally, the L? norm on a small ball is
obviously controlled by the L? norm over all of X.

11.1.3. Fill in the details of the proof of Bergman’s Inequality.

To obtain a linear functional from é ¥ we need a non-zero vector for L}, and we choose a vector
e whose norm with respect to the dual metric e#* is 1: |e|?¢#*(*) = 1. (This vector is of course
unique up to a unimodular factor.) We then set

& =e®E”

The section £” is now a bounded linear functional on each fiber .7();, and the holomorphic
dependence on ¢ is clear because for each f € (), £*f = f(x) is independent of ¢.

By the Riesz Representation Theorem, for each x € X there is a section K} € .7 (¢); such
that

(faKf)t:f(m% fe‘%ﬂ(go)t
Writing

Ki(x, z) := KF(2),

we see that K;(z,-) € T (X L8 LT) for each z € X. (Here, for a complex manifold Y the notation
YT means the manifold with the complex conjugate structure.) Moreover, since

(1 R@@), = [ FoK@ e 0dve) = 1)
we see that the section x — K;(z, z) of L — X is holomorphic for each z € X. It follows that
K, €lo (X x X1, LK L),
where for (holomorphic) line bundles 71 : Ly — X; and 7y : Ly — Xo,
Li X Ly :=n{L1 ® w5 L.

The section K is called the Bergman kernel of 5¢ (), and we shall meet it again soon.
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11.1.4. Show that if {g;} is any orthonormal basis for /() then

Zgg ) ® g;(y

Show also that
Ky(z,2)e '@ = sup {|f(x)]Pe #") ; f € A (p) and||f]|, =1}.

(Hint: Given z € X, if S := {f € #(¢): ; f(x) = 0}, show that S has dimension 0 or 1.)

11.1.2 Statement of Berndtsson’s Theorem
We are now ready to state Berndtsson’s Theorem.

11.1.7 THEOREM (Berndtsson’s Theorem on Plurisubharmonic Variation). Let X be a relatively
compact, pseudoconvex domain in a Stein Kiihler manifold(X ,w) and let L. — X be a holomor-
phic line bundle. Let () CC C" be an open connected set. Let e~ % be a family of Hermitian metrics

for L — X (in the sense of Definition|11.1.1). If the Hermitian (1, 1)-form
00 + p*w

is non-negative (resp. positive) then the curvature of Chern connection for the holomorphic vector
bundle 7 (p) — Q, with its L? metric || - ||7, is non-negative (resp. positive) in the sense of
Nakano.

Note that the result is local with respect to the base €2, so that from now on we can (and will)
assume that {2 is the unit ball.

We shall not prove Theorem in its full generality, but rather assume that the base domain
Q) is 1-dimensional, i.e., the unit disk. In this situation Griffiths and Nakano positivity are the same.
In view of Proposition the case of Theorem in which Q2 C C is equivalent to the
following theorem.

11.1.8 THEOREM. Assume that for the metric e~ ¥ for p*L — X x D we have
00y + p*Ricci(w) > 0 (resp. > 0),

where D denotes the unit disk in C. Let £ be a holomorphic section of 7 (p) — D that is not
identically zero. Then the function

D >t log ||&] |7

is subharmonic (resp. strictly subharmonic).

Though we will not explain precisely why, the proof of Theorem[I1.1.7]is not more complicated
than that of Theorem I T.1.8} it just requires a little more notation and discussion. We have chosen
to skip the more general proof because we will only look at applications of Theorem [IT.1.8]
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11.1.3 The Bergman projection

As we will see very soon, the proof of Berndtsson’s Theorem requires a more systematic under-
standing of solutions of the J-equation with minimal norm.

Fixing our X as in the previous paragraph, consider the larger Hilbert space L?(e#*) defined
to be the Hilbert space closure of the vector space of all the smooth sections of L. — X with
compact support, the closure being taken with respect to the norm

1/2
171 = ( / |f|26-%de) |

Using the sub-mean value property and a Montel type argument, one shows that .77 (p); is a closed
subspace of L?(e~#t). Consequently there is an orthogonal projection

P, : L2(e_‘“) — H(p)q,

called the Bergman projection.

There is an important link between the Bergman projection and the minimal solution of the
5—equation. Indeed, suppose w1, us are solutions of the equation Ou = «. Then u; — us is holo-
morphic. It follows that the solution of minimal norm is orthogonal to the holomorphic subspace.
Consequently, given solution v of Ou = «, the solution

Umin 1= U — Py(u) € L*(e”#)

is the solution of minimal norm.

In particular, the norm of this solution is no larger than the norm of the solution provided
by Skoda’s version of Hormander’s Theorem when the latter applies. Consequently we have the
following result.

11.1.9 PROPOSITION. Fixt € . If the curvature of the metric e~ %t for L — X satisfies
00, + Ricci(w) > ©

for some non-negative (1, 1)-form © on X then

/|u—Pt(u)\2e_“’thw§/ |Ou|ge?tdV,
X b

for all u such that the right hand side is finite.

11.1.10 REMARK. Note that the orthogonal projection operator P, : L*(e™%t) — £ (y); is an
integral operator. Indeed, if f € J7(p); then P,f = f. Thus for each x € X and f € J7(p);,
P, f(x) = (£, f), where £* was defined in Example|11.1.6] It follows that

P, f(x) :/ f(2)Ky(x, 2)e AV, (), fe L*e™#), z € X,
X
where K; € Io (X x X, L X LY) is the Bergman kernel. Indeed, if f = P, f + f* is the orthog-
onal decomposition of f in (), & () then the holomorphicity of the Bergman kernel K
implies that (f;-, K¥); = 0. o
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11.1.4 Proof of Theorem
An estimate for the Laplacian of —log ||f||?

For simplicity, let us use the notation
fo = uf
for a section f of 77 (p) — D.

11.1.11 LEMMA. Iff € To(D, 5 (p)) is holomorphic up to the boundary then

0 Op
i = (5 =2 (55) 1) -
Proof. We calculate that

%/){’ft’Qﬁ%de_/ <aaftt agptft,ft> wtde_/ <8aftt P, (aﬁotf) ft>e<ptde’

where the last equality holds because for any smooth section v of L. — X the section u — Pu is
orthogonal to 77 (¢);. O

11.1.12 DEFINITION. We define the operator V' on sections of 7 (¢) — D by
ot

s rel,0ey 1,0¢y . aft_ Oy
GV = (9= - n (52

11.1.13 LEMMA. Let f € T'o(D, 7 (p)) be holomorphic up to the boundary. Then

0? 9
%Hft”t
2
_ 9 wf\ft|26*¢t 1,0 aft B % _ aft 3S0tft
 Otot 8t
_ - 10 a@t 3%

Proof. In the proof of Lemma[IT.1.11] we established the equality

a 2,—¢t — aft _ a(pt *501
a/x|ft| (& de—/X<@t ft;ft de

Starting from here, we compute that

a ¥t —¥t
atatHft”t_/X< atatft’ft> v + NER

Now, by Pythagoras’ Theorem, for any smooth section u one has

/my%wvw:/ ]Ptu|2de—|—/ u— Puf2dV,
X X
Oft 8@,5

so with u = St — <t f the result follows. [

2
aft Dy et dv,,
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11.1.14 LEMMA. Let f € (), and assume, moreover, that

V=190, + Ricci(w) > ©
for some positive Hermitian form w on X. Then

a‘Pt 8% 2 / 5 &Pt
ot ot

Proof. Since Ox (a% f ) = — (8X aﬁt) f, the result follows immediately from Proposition|11.1.9

\ flPe~#tav,,.

O
Next we calculate that
2
el 55 o i =~ D Al
By Lemma [[T.T.T1]
Lol VDol
Il | Ot T

and if we also assume that v/—199¢; > w, then by Lemmas|11.1.13and [11.1.14]
P|If:lI? Por 1 1,00 |2 Depy Dipy
L | Zarna - o] - [
Lot « Otot aughl e Ve = ||(Vae|| || 5T i
Py Dy 2 1,0
> L e, - ||(vh
= /X <8t8t (875) el ( %ft> '

We have therefore proved the following theorem.

11.1.15 THEOREM. Let | € T'o(DD, 7 ()) be holomorphic up to the boundary and assume, more-
over, that \/—100p; + Ricci(w) > © for some positive Hermitian form w on X. Then

82 1 1 8290t = (3%) 2
| > TP _ v,
m&%mw—mmﬁ@w ot )] ) 1

N 1 |((Vag’tf)taft)t\2 H
liale |17

2

(11.1) Vi)

ot

t

End of the proof of Theorem [11.1.§]

Let us assume first that © := /—1(90¢; + Ricci(w)) is a Kahler form for each ¢ € D. We claim
that if 00¢ + p*Ricci(w) is non-negative X x D then

().
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Indeed, with respect to the product structure of X x D we compute that

5 82% - iy = Opy 5
and therefore
(v—=1(00¢ + p*Ricci(w)))"
(n+1)!
P\ O - Doy 5 Op o1
= | — AdtANdE— -

<8t8t) r A (aX o ) " (aX ot ) AN

Py = (O 2\ e T

which establishes (11.2) in this case. In the general case, since X is a bounded pseudoconvex

domain in a Stein manifold, X has a negative strictly plurisubharmonic function u € €*°(X).

Replacing e~ %t by e~ (¥*:*¢%) (which does not change the underlying vector space of the Hilbert
P

space), we have
3 Oy
ot~ |Ox <E)

and letting ¢ — 0 yields the desired positivity.
Let us fix a holomorphic section £ of 77 (p)* — D and assume that

V—1(80p; + Ricci(w)) =: © > 0.
First, we note that by Theorem|11.1.15] if f € T'o(D, 7 ()) satisfies

2
>0

— Y

O+ev/—100u

(Vzg’ff)t =0

for some ¢t € D, then for that same ¢ we have

82 T T 2 1 82 _ 0
_log‘<£’f2>’ Z_2/ O 8X<£)
oToT |[F-1| . Ifel|7 Jx \ Otot ot
Next, observe that by the Riesz representation Theorem, for each fixed ¢ € D there exists a section
f € F(p),; such that

[flle = ll&lle« and (&, 9) = (f, g): forall g € F(¢p):.

2
I, [2e?tdV,.
©

In particular, 2
el = 1112 = (. 9) = e 1 = S0,
and moreover
ez > 'ﬁg;ﬁ;'Q forall g € #(g),

150



We emphasize that ¢ is fixed, and we assume from here on that for this particular ¢, the linear
functional &, is not zero.
Now define the section f € ['n(D, 5 (¢)) by

fr=f—(1— t)(vlagf)t.
Then f; = f and

(Ve = lim (V1) = (V1) = (7 = VLV o)) =0,

ot

Therefore
2

1 (15D fell?
IilG |57
and from Theorem [11.1.15] we obtain

O? . 1 / 62903 -
— Rl Jx \ otot

1 1

— log

oror 7 |If-II
Since £ is a holomorphic section,

- ||

ot

t

a a@t
Ox (W)

2
|ft‘2€_%-
w

2
T 10g ‘<£T?f7’>|

Lzl

has non-negative 7-Laplacian at 7 = .
Now, from the definition of the dual norm, the function

2
&7 logl&, |, — log [Tl

[IF-1]?

achieves a local minimum of 0 at 7 = ¢, and therefore

0*d
> 0.
orot ) __, —

0 0’ (& )
1 2 > 1 Ty )T > )
<878% OgHgT"T*)T:t - (876% ©8 NalE _, 20

Thus we have shown that ¢ — log ||&;]|2, is subharmonic away from the set {¢t € D ; & = 0}. Since
¢ is holomorphic, this set is a closed discrete subset, and thus log ||£,||2, continues across the zero
set of £ to a subharmonic function on ID. The proof of Theorem [11.1.8|is therefore complete. [

But this means

11.2 Application: The Suita Conjecture

Suita’s Conjecture was proved by Btocki [B-2013]] when X is a domain in C, and in general by
Guan and Zhou [GZ-2015]]. We shall give a different proof here, that uses Theorem [I1.1.8] Our
proof below is similar to the proof of Berndtsson and Lempert [BL-2016], but it is slightly different.

151



11.2.1 Formulation of the Suita Conjecture

Let X be a Riemann surface and assume X admits a non-constant bounded subharmonic function.
(Such Riemann surfaces are called hyperbolic, or sometimes potential theoretically-hyperbolic.) 1t
is well known that such a Riemann surface admits a Green’s function G : X x X — [—00,0), i.e.,
a function uniquely characterized by the following properties:

(i) If we write G, (y) = G(y, x), then for each z € X,

—V_laéaz =4,

™

and
(i) if H : X x X — [—00,0) is another function with property (i), then G > H.

Using the Green’s Function, one can construct a conformal metric for X as follows:

or(w) 1= im Y—Lo(%) () £ 3% )
y—x 2
The metric wp is called the fundamental metric.

The metric wr can be computed from the Green’s Function at a point x as follows. Choose any
holomorphic function f € O(X) that vanishes to order 1 at = and is non-zero everywhere else.
(Since X is an open Riemann surface, and thus Stein, such a function f exists.) From the definition
of Green’s function, the function

hy == G, —log |f]

is harmonic. Then

= e2h””(x)gdf(x) Adf(z).

wr(x)

Now, the curvature of wy is B
Qp = —200h,(z).

Locally h,(y) = G(z,y) — log |z — y| up to a harmonic function, so by the harmonicity of the
Green’s function we find that

2 2
88hx(y):8(%dm+(%+ ! )dy) :aaGda:Ader aGdy/\daE.

oz oy T—7 yOT YOz
Therefore 20
Qp(x) =4 <i1_r>1916 8x0§> dx A dZ.

11.2.1 EXAMPLE. Let X be the unit disk. Then G(z, () = log

B vV—=1dz Ndz

o) = S e

14;_2 , and we have
—(z
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Thus in the unit disk the fundamental metric agrees with the Poincaré metric (normalized so that
its Gaussian curvature is identically —4).
Note that h.(¢) = —% log |1 — (z|* and
9?h.(C) 1

9C0z 21— (22

Consequently Qp(2) = —dwp(2).
Suita’s conjecture can be stated as follows:

11.2.2 CONJECTURE. [Su-1971] Let X be a hyperbolic Riemann surface. Then the Gaussian
curvature of the fundamental metric of X is at most —4.

11.2.2 Alternate formulation of the Suita Conjecture

Before turning to the proof of the Suita Conjecture, we shall reformulate it in a manner that is more
amenable to our methods. To this end, we want to consider Example in a special setting.
On our Riemann surface X, consider the canonical line bundle K x — X, which in this case is just
the cotangent bundle. We can define the Hilbert space

v—1
HE = {aGF@(X,KX); / Toz/\d<,+oo}.
X

This Hilbert space is a closed subspace of the larger Hilbert space £% of measurable (1,0)-forms

6 such that
=1 _
/ ——O N0 < 400,
x 2
and we have the Bergman projection
PX : Sg( — %)?

11.2.1. Prove that the Bergman projection Py is bounded.

The integral kernel By of Py, defined by the relation

Pxa(z) = / a(w) A Bx(z,w),
weX
is called the Bergman kernel of X. As in Example|11.1.6}
Bx €To(X x XT, Ky RKL).

If the Riemann surface X is a (hyperbolic) plane domain, Schiffer [Sc-1946] observed that the
Bergman kernel Bx (z, () of X is given by the formula

_ VE10°G(2,.Q)
oo 020¢

Schiffer’s result extends to other hyperbolic Riemann surfaces.
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11.2.3 THEOREM (Schiffer[Sc-1946]). Let X be a hyperbolic Riemann surface and let GG be the
Green’s function of X. Then one has the formula

1 _
(113) BX(Z,C) = ;(‘L&CG(Z,C)

Proof. Let o € X. Choose a local coordinate ¢ near o and € > 0 so small that the disk D, :=
{[¢] < 2¢} is a coordinate chart. Fix © € J#2 and write © = f(()d( in Ds.. Then

. V=16(¢) A %@&G(O, ) = \/_1—17T /XDE de (6(¢) ® 0.G(0,0))

B -1 0G(0,()
—\= 0z
(2 [, 1055 ) o

where we have used the fact that G|yx = 0. (Here 0X denotes the part of the boundary that has
non-zero capacity.) But one has

9G(0,¢) _ 1 0h(o,()
0z _—2§+ 0z

and we have

[ Ve A £0.06(0.0

(e [, (T 25 )
 1(0)d=+0() = 6(0) + 0.

Letting ¢ — 0, we see that
1 _
:/ V—10(¢) A ;628461(0, ().
X

Since the Bergman kernel is characterized by its holomorphicity and its reproducing property, the
proof is complete. O

Schiffer’s Theorem immediately gives the following corollary.

11.2.4 COROLLARY. If X is a hyperbolic Riemann surface then the curvature of the fundamental
metric is —4n K x(z, z).

11.2.2. Show that the Bergman kernel for the Bergman projection
Py : L*(D) — L*(D) N O(D)
for the classical Bergman space is

v—1dz ® dw

K(z,w):m.

(Hint: Use Exercise|11.1.4])
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We therefore see that Suita’s Conjecture is equivalent to the estimate
(11.4) mBx(x,z) > wp(x).

Note that, in view of Example|I11.2.1|and Exercise|11.2.2} equality holds in (11.4) for X = D.
We shall prove the Suita Conjecture by establishing (11.4)).

11.2.3 Estimating the Bergman kernel

For the rest of this paragraph we fix the point = at which we will estimate Bx (z, ).

In Theorem we take our Stein manifold to be the hyperbolic Riemann surface X, and
we fix any smooth metric w on X. Note that w is a Kihler form, and also an area form, so that
dV,, = w. Next we let L = K x, and we shall need a family of metrics e~ ¥*.

The family of metrics is constructed as follows. We equip L with the dual metric e=%° := w1
Then

00y, = —Ricci(w).

Thus if we let ¢ : X x L. — (—o0, 0) be a subharmonic function, where L := {7 € C; Re 7 < 0}
is the left half plane, then the family of metrics

—® o (P07

satisfies B B
00 + p*Ricci(w) = 00y > 0,

where p : X X L. = X is projection to the first factor. Thus for any choice of such w and ¥ we
have spaces .7’ (®); and the vector bundle .7’ (®) — D for which Theorem |1 1.1.8|holds. We fix

w=wpr and Y(y,7):=Re7+p max(2G,(y) — Re7,0)

where p > 0. At the end of the proof, we will let p — oc.
Next fix a tangent vector e € Ty, = L’ such that |e|f)F = 1, and consider the holomorphic
section &” of 77 (P)* — D defined in Example|11.1.6;

Lo(X, Kx) D H(P): > f &7 f = (e, f(x)).
Observe that

Kt('rvx)
&7 117, = sup le® f(x)]* = ———.
o feH(®):, ||f|le=1 wr(r, )

In particular, when ¢ = 0, and thus ¥ = 0, we see that K, = By, and thus we wish to prove that

1
ezl > —

Since v depends only on Re 7, Berndtsson’s Theorem 11.1.8|yields the following theorem.
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11.2.5 THEOREM. Let &% be the section of 7 (®)* — L defined in Example Then the
function
L3 7 log|l&F|2,

IS convex.

Let us set
Xi:={y e X; 2G,(y) <t}

Notice that

(a) if ¢ << 0 then X, is simply connected. In the limit, X; converges to a point, so once we
get past the critical points of ., we have a simply connected Riemann surface, which is
biholomorphic to the disk by the Uniformization Theorem.

(b) For 7 € L the function ¢ (-, 7) vanishes on X, -, and equals Re 7+ p- (2G,(y) — Re 7) on
X — XRe . In particular, for 7 = o we see that K, the Bergman kernel for 5Z(®),, is just
Bx.

11.2.6 PROPOSITION. The function
(11.5) (—00,0) > ¢~ log||£7][%.
is bounded, and therefore it is increasing.

Proof. Observe that for [ € 57 (P), satisfying || f||: = 1, Bergman’s inequality implies that

© 2 |f(x)? —t 2 2 _
e nf = L8s <eet [ p<anni=c,

where (' is independent of ¢ and f. Thus the function (11.5)) is bounded. Since the function (11.5]
is also convex and defined in (—o0, 0), it must be increasing. O]

We have therefore proved that
(11.6) €512, > lim_[|€7][%.
——00

(Note that the limit on the right hand side exists.) To complete the proof of (11.4)), we need to show
that the limit on the right hand side is %

To motivate why the latter might be true, observe that since G,(y) = log |z — y| + h,(y) for
some harmonic a function h,, which in particular is smooth across x. If ¢ << 0 then X; is very
close to the disk of area e! centered at x, and on X — X the weight e~#* is equal to eP—Dte—po—2pGa
which should be very small when p >> 0 because 2G, > t. We therefore expect K, to be very
close to e ' By,.

Let us fix f € 52 (®);) such that

V=L b o) AT @) = Kilas ).

Iflle=1 and Y
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(C.f. Exercise|11.1.4]) We compute that

L= [ Apfe b=t [Pt [ e
X Xt X=Xt

Now, if s is sufficiently close to 0 then

e(p—l)t/ |f|26—2sz — 6(p—l)t/ |f|26—2sz _l_e(p—l)t/ |f|26—2pr
X*Xz X— XS s*Xt

X WF s—Xi

Letting V(t) := [ _y, wr < Ce’, we find that

e(pl)t/ e2szwF — e*t /S e*p(uft)dv(u).
Xs—Xt t

11.2.7 LEMMA. Let v : (—00,0) — Ry be an increasing function such that v(t) < €' for all
t < 0. Then forp > 1,

0
(11.7) lim inf e_t/ e P dy(s) < ——.
t——o0 ¢ p— 1

Proof. Let
0
f(t) = e_t/ e P dy(s).
¢

Observe that for R > 1

%/_(;f(t)dt:—// ePDtePs (s // P Vle P dtduy(s)

< m /_ et du(s) = m( (0) — e~Ru(R) + /_ ) V(S)€8d8>
R+l 2

< .
T Rp-1) " p-1
But if (I1.7) fails then there exists R, > 0 such that f(t) > (2+6)/(p — 1) forall t < R,, and
then we have o
1 R—R,2+6
— / f(t)dt > el
R _R R P — 1

and we get a contradiction as soon as R is sufficiently large. 0

We have thus shown that for any € > 0 there exists p sufficiently large and ¢ << 0 to guarantee
that

l—e<e [ |fP<1L
Xt
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Consequently
e 'Bx, < (1—-¢)K,.

But since X, is smoothly close to the disk of radius e'/? centered at x, we see from Example(11.2.1
and Exercise|[11.2.2|that for ¢t << 0,

e 'Bx,(x) S l1—¢
wr(z) —

Therefore we have shown that for any € > 0 there exists p >> 0 such that ,

(1—¢)?
n> :

tLIEHOO Jis:
Since the right hand side of (11.6) does not depend on p, we have proved that

mBx(z,x)

>1,
wr(z)

and thus the Suita conjecture is confirmed. [

11.3 Application: Sharp Estimates for L* extension

In this section we are going to give another proof of the L? extension theorem. We will focus on
the special case of Theorem [9.2.2] in which the line bundle L, associated to Z is trivial. In fact,
the method we present here, which is due to Berndtsson and Lempert [BL-2016], can be extended
to prove a more general version than this case, but so far it is not known how to obtain the full
statement of Theorem [9.2.2]from this approach.

11.3.1 Statement of the Sharp L? Extension Theorem

11.3.1 THEOREM. Let (X, w) be a Stein manifold and let T : X — D be a holomorphic function
such that dT(z) # 0 for all v € Z := T~1(0). Let L — X be a holomorphic line bundle with
singular Hermitian metric e~ ¥ such that

00y + Ricci(w) > 0

Then for any f € I'o(Z, L) such that

dA
2 _—p w
/Z|f|e |dT\EJ<+OO

there exists F' € I'o(X, L) such that

dA,

Flz=f and / |F|*e?dV,, < 7T/ |f|2e_‘P—2.
X Z |dT|w
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Theorem [11.3.1|looks very much like Theorem [10.2.10| (the latter is the version for L-valued
holomorphic). The major difference is the constant 7, which is better than the constant 247 that
we previously established. As we will show in the next paragraph, the constant 7 is sharp.

11.3.2 REMARK. For many applications (for example, the invariance of plurigenera) this sharp
constant does not matter, but there are some interesting applications where the sharpness is impor-
tant. Interestingly, in the applications known to the author, the fact that the constant is sharp is less
important than the fact that it is the area of the unit disk. o

11.3.2 Sharpness in Theorem [11.3.1]

The constant 7 in Theorem [I1.3.1]is sharp in the sense that there is no smaller constant for which
Theorem [11.3.1] holds in its full generality. There are, however, specific cases (and in fact, many
of them) in which the constant is far better than 7.

11.3.3 EXAMPLE. Let X = D be the unit disk and let Z = {p} be a point in D. We take L to be
the trivial bundle with the trivial metric, so that

(o) = L*(D)NO(D) =: B

is the classical Bergman space. Letting

we see that )

(Ipl +1)*
Thus we want to know the best constant C' such that for each a € C there exists /' € O(D) such
that

sup|T| =1 and |dT(p)]* =
D

Fo)=a and [ [FP<C-JaP(lpl +17
D

Clearly the problem of finding such a function is linear, so we may as well assume that ¢ = 1, and
then it’s clear that the optimal constant is

Chin(p) = min {||F|*; F € B and F(p) =1} .
11.3.1. Show that if F,, € B satisfies || F,||* = Cpn(p) then

/ F,GdA =0
D

for every G € B satisfying G/(p) = 0. Use Exercise|l1.1.4|to show that consequently

1
K(p,p)

where K is the Bergman kernel of the Bergman projection P : L*(D) — ‘B.

Chin (p) =
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Exercises and [11.2.2] show that

Crnin(p) = 7(1 = [p])*.

Thus we see, on the one hand, that the optimal constant in Theorem cannot be less than 7.
On the other hand, we also see that even though the optimal constant is 7, there are certain spaces
X with hypersurfaces Z for which the norm of the operator of minimal extension is much smaller
than 7, and might even go to 0.

11.3.3 Beginning of the proof of Theorem [11.3.1

The proof of Theorem begins with a couple of reductions. First, we may assume that X
is actually a bounded pseudoconvex domain in some larger Stein manifold and that Z meets the
boundary of X transversely. When objects extend to the larger manifold, we shall avoid referring
to this manifold by saying that the objects extend up to the boundary of X. Next we can assume
that metric w and the line bundle . — X extends holomorphically to this larger domain, and that
the metric e~ ¥ for this extension of L is smooth. If the result is proved under these two assump-
tions, then it follows in general by weak-+ compactness theorems and techniques of approximating
singular Hermitian metrics on Stein manifolds.

Let us fix the section f € I'n(Z, L) to be extended; we may assume, perhaps after shrinking
X, that f is holomorphic up to the boundary of Z. By Theorem there exists a section F' €
o (X, L) such that

Flz=f and / |F|*e”?dV,, < +oo0.
X

Indeed, one extends f to F' on a larger ambient manifold, and compactness implies that F|x is
square-integrable.

Since there exists some extension of f with finite L? norm, there is an extension of minimal L?
norm,; let us call the minimal extension F,.

11.3.2. Show that the extension of minimal norm is unique.

Thus our goal is to prove that

dA
F,|?e=%dV, < 7T/ Zomv
/X 5| < [ 1o

Since the minimal extension is unique (Exercise|11.3.2), its norm can be thought of as a norm
of the section f to be extended. This observation suggests that there is a way to describe this norm
without reference to the minimal extension itself, and indeed this is the case.

11.3.4 Dual formulation of the norm of the minimal extension

‘We introduce the notation

() = {F cTo(X,L); ||F|]?:= /X |F|2e?dV,, < +oo}.
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(The Hilbert space .27 () looks a lot like the spaces .77 (), but we use different notation to em-
phasize the fact that the metric e~¥, and hence the space <7 (), is not varying.)

11.3.4 PROPOSITION. Let
Jo(Z2) ={g9€ H(p); glz =0}
and let
Ann(J,(2)) ={§ € Z(p)"; (§,9) =0forall g € J,(Z)}.

Then for each f € T'o(Z, L) that is smooth up to the boundary (or more generally has some
extension in </ (p)) the minimal extension F, of [ satisfies

2
(11.8) /X |F,|>e™#dV,, = sup { |<ﬁ’§ﬂzl ; § € Ann(&p(Z))} :

where F' € of (¢) is any extension of f.

Proof. First note that if £ € Ann(J,(Z)) and Fy, F, are extensions of f then [, — F € J,(2)
and thus

(€, Fa) = (&, F1) + (§, Fo — F1) = (&, I)

Thus the right hand side of (I1.8) is independent of the choice of extension. Next observe that
F, 1 3,(Z). Indeed, if G € J,(Z) then F, + G is an extension of f for every ¢ € R, and we
have

1Fo + eGlI* = [|[Fo|* + e2Re (F,, G) + O(|e]*),

and since the right hand side achieves its minimum at € = 0, we have

d
2Re (FO,G) = d_{;‘ ||FO+5GH2 = 0.
e=0

Similarly 0 = 2Re (F,, —v/—1G) = 2Im (F,,G) = 0, so (F,,G) = 0 as claimed.
It follows that the linear functional £, € </ (p)* defined by

(o, G) = (G, )

lies in Ann(J,(Z)), and therefore its norm is

(EEN s
S“p{ T e ("*‘W}'

The proof is complete. 0

To estimate the right hand side of (T11.8]) we may obviously work with a dense subspace that is
well-suited for estimation.
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11.3.5 LEMMA. The set of linear functionals in <7 (p)* of the form

dA,
i) 3 F s [ Faelis. gz,

(where I, means smooth sections with compact support) forms a dense subspace of Ann(J,(Z2)).

Proof. Clearly &, € Ann(J,(Z)). Moreover, if (¢, F') = 0forall g € I',(Z, L) then F|; = 0.
Thus the lemma follows from Exercise O

11.3.3. Let A be a subspace of a topological vector space H. Then A = H if and only if every
continuous linear functional on H that vanishes on A is zero.

Using (I1.8), it is evident that to get an estimate for the extension of minimal norm, we have
to obtain estimates for )
(€9 Fo)|

112

forall g € I',(Z, L). Let us begin with the numerator. We introduce the notation
L7 =L ?/ldT2) and &(p) =22 NTo(Z,L).

Letting
P: 27— &(p)

denote the Bergman projection, we have the following proposition.

11.3.6 PROPOSITION. Foreach g € I',(Z, L)

(ot < ([t ) (ke )

Proof. We calculate that

dA,
—p Yw —p 9w

and the result follows from the Cauchy-Schwarz Inequality. [

Consequently, to prove Theorem [I1.3.1] it suffices to show that
(11.9) / |Pg|*e? < m||&,||? forallg € I',(Z,L).
z

To achieve (11.9), the strategy is to degenerate the domain X to Z through a good family of
domains X; parameterized by negative real numbers ¢, i.e.,

X,=X and lim X, = 7.
t——o00
We now define this good degeneration.
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11.3.5 Degeneration to the infinitesimal neighborhood
Degeneration to the infinitesimal neighborhood: first version

Letting
L:={re€C; Ret <0}

denote the left half plane, define
X, ={r € X ;log|T(z)]* <t} t <0.

Then X, = X and, for ¢t << 0, X; is a neighborhood of Z. (Again, recall that we have assumed 7'
to be holomorphic up to the boundary of X.) One can define the Hilbert spaces

H(p), = {F €lo(Xger, L) ; e_R'”/X |F|*e?dV,, < —I—oo} :

Re 7

If we could apply Berndtsson’s Theorem to the bundle of Hilbert spaces H(p) — L then we
could conclude that log ||¢,||2, is subharmonic in 7. As we shall see in a moment, this piece of
information is particularly useful in the proof of Theorem [I1.3.1]

Unfortunately, it is not possible to apply Berndtsson’s Theorem here, because the Hilbert spaces
H(y), might not have the same underlying vector space; in fact, each of them is defined over a
different complex manifold, so it is hard to decide if H(p) — L is a vector bundle.

To get around this problem, we now modify the Hilbert spaces slightly.

Degeneration to the infinitesimal neighborhood: better version
Define the plurisubharmonic function
Yy X x L 3 (z,7) — max(log |T(x)|* — Re 7,0).

Note that (i) v depends only on Re 7, and (ii) the support of ¢, is X — Xge .
For a positive number p >> 0, consider the family of positively curved Hermitian metrics

e — 6—(@4-171#7)7 rel.
We define the Hilbert spaces
H(0), =To(X,L)N L*(e ¢ ReT),

Note that for each ' € (), one has

lim [ |[FfPe™#dV, =e 87 / |F|*e~?dV,,
pmeeJx XRe 7

so that the Hilbert spaces (), are in some sense approximations of H(y).. However, since all
metrics extend up to the boundary, the Hilbert spaces .7 (), all have the same underlying vector
space (seen as a subset of ' (X, L)) and only their norms vary. Thus Berndtsson’s Theorem|[11.1.§]
applies to 77 (p) — L.
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11.3.6 The proof of Theorem [11.3.1]
11.3.7 LEMMA. Let g € I',(Z, L). Then

sup [[,[|7, < +o0.
TEL

Proof. Let H € (), with ||H||?> = 1. By the sub-mean value property and the smoothness of
all metrics up to the boundary, for each € Support(g) C Z we have

Thus
2

|H(z)]?e ") < C eR“/ |H|?e ™ < CgeR“/ |H[2e™" = C,.
XRe 7 X
I&l12, = sup

dA,
Hge™%
|p4t/ 9 Jar

as desired. O]

< Cy,

11.3.8 LEMMA. Let g € I',(Z, L). Then the function
Ag 1 (=00,0] 3 t = log|[&][%,

is non-decreasing. In particular,

164110 = 11&l12:

t*

forallt < 0.

Proof. By Berndtsson’s Theorem, the function 7 — log||,||2, is subharmonic on L. On the
other hand, ||¢,||2, depends only on Re 7, and thus )\, is convex on (—o0,0). If )\, decreases
anywhere on (—o0, 0) then by convexity lim, , ., A, = +00. But by Lemmal|l1.3.7| \, is bounded
above. [l

11.3.9 THEOREM. Let g € I',(Z, L). Then for each § > 0 there exists p sufficiently large so that

Jim 1l > 5o [ 1PoPe? =5

Theorem will be proved using Lemma|11.2.7|and the following two lemmas.

11.3.10 LEMMA. Let F be a smooth function on X. Then

limsupe™ FdV, —7r/.7-" .
e Jx, T
The proof is left to Exercise|11.3.4

11.3.4. Prove Lemmall1.3.10|
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11.3.11 LEMMA. Let g € I'y,(Z,L). Then for any ¢ > 0 there exists G € I'o(X, L) that is
holomorphic up to the boundary, such that

dA
— Pgfev—2 <&
/Z]G gl” e |dT|§U<€

Proof. By L? approximation theorems (see, e.g., [H-1990, Theorem 5.6.2]) we can find a section
that is holomorphic on a neighborhood of Z and approximate Pg uniformly on any compact subset
of Z. If we take the compact subset to be sufficiently large then we also approximation in L?.

Finally, since the ambient manifold is Stein, the approximation on a neighborhood of Z can be
extended to a neighborhood of X, and therefore the extension will have finite L? normon X. [J

Proof of Theorem|11.3.9, Fix € > 0 and let GG be as in Lemma|l1.3.11} Then

AP Pl
GPge ¥ —=| > (1 —¢)? .
/Z arz| =09 @

1
&R >
H QHt ||G||t

Now,
IGI[7 = et/ |G)?e~#dV,, + e(pl)t/ ’G‘Qef(<p+plog|Tl2)de.
Xt XX,

By Lemma[[T3.10}
e_t/ |G|?e?dV,, < (14 ¢)||Pg||?
Xt

for t << 0. Turning to the second integral, we have

e(pl)t/ G|Pe(tPloeT) gy, < (sup]G|ze“’> e(pl)t/ ¢~ PUloglTI%) gy
X—X, X X=X,

But 0
e(pl)t/ efplog\T\Qde < Cet/ e*p(s’t)dy(s),
X—X: t

where v(t) = th dV,,. By Exercise [11.3.4] Since v(t) < C’¢'. Lemma|11.2.7| therefore implies

that
-1t / GJRe—terrionlt?) < _Co_
X—X¢ p—1
for a sequence of ‘t’s tending to —oo. Thus for sufficiently large p and sufficiently negative ¢t we
obtain

1G]l < L +)IPgl|* + <.
Choosing € > 0 small enough yields the desired estimate. [

By combining Lemma [11.3.8| and Theorem [11.3.9] we obtain (11.9), and thus the proof of
Theorem [I1.3.1]is complete. O
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11.4 Equivalence of Sharp Extension and Positive Variation

The L? extension theorem has a long history, into which we will not delve very deeply. In
brief, the first result was due to Ohsawa and Takegoshi [[OT-1987]]. Shortly after the appearance of
the original result of Ohsawa and Takegoshi, some quite spectacular applications were discovered
by Demailly, Diederich, Ohsawa, Siu and others. Manivel [Ma-1993]] established a geometric
version [Ma-1993]], and three new (and mostly rather similar) proofs of the extension theorem
appeared almost simultaneously by Berndtsson [B-1996], McNeal [Mc-1996] and Siu [S-1996].
But the true cementing of the L? extension theorem as a result lying at the foundation of complex
analytic geometry finally occurred around 1998, when Siu established the deformation invariance
of plurigenera [S-1998]]. (See also [S-2002].) Since that time, there have been and continue to be
numerous extensions, applications, and new proofs, of the L? extension theorem.

The question of the sharp constant came into focus first in [O-2001]], where Ohsawa pointed out
that the L? extension theorem could be used to establish a conjecture of Suita, on the comparison
of the curvature of the hyperbolic metric and of the logarithmic capacity of a Riemann surface.
Ohsawa noted that the extension theorem gives a comparison of the two metrics (via the link
with the Bergman kernel that we explained in Chapter [I1.2)), and his proof made it clear that the
conjectured comparison holds if and only if the sharp constant is 7.

The sharp extension theorem was established first by Btocki [B-2013] in a very particular
setting of hyperplanes in domains, though experts knew by that point that this setting already
contains all of the key difficulties of the general proof of L? extension. Shortly afterwards, a very
general version of the sharp extension theorem was proved by Guan and Zhou [GZ-2015]. The
method of proof is not fundamentally different from that of Blocki, but the work is much more
general, and should still see applications beyond the sizable number of applications appearing in
the paper. The method of Btocki-Guan-Zhou can be used to establish the sharp constant

(1 +9)
)

in Theorem [9.2.2} incidentally this constant works for all § > 0, and does not require the assump-
tion 6 < 1.

11.4.1 Log plurisubharmonicity of the Bergman kernel

One particular application in [GZ-2015]], which is at the heart of the present chapter, concerns a
new proof of the following theorem of Berndtsson [B-2006].

11.4.1 THEOREM. [B-2006]] Let D C CF x C" be a pseudoconvex domain and let ¢ € PSH(D).
Fort € CF let

D, ={z€C"; (t,z) € D}, ¢':=¢|p,, and o, :=L*D,, e ?)NOD,).

Denote by K,(z, w) the kernel of the Bergman projection P, : L*(Dy, e=%") — o, i.e,

Pf(z) = i Fw)Ky(z,w)e " dV (2).
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Then the function
(11.10) D > (t,z) — log Ki(z, 2)
is plurisubharmonic.

A special case of Theorem in which the domain D is a product Q x Z with 2 C C* and
X c C", follows from Berndtsson’s Theorem [11.1.8] as we now show.

To prove the plurisubharmonicity of (I1.10), it suffices (and is necessary) to show that
is subharmonic in each variable ¢; separately, for any fixed x, because in view of Exercise [[1.1.4]
(IT.10) is already plurisubharmonic in z. Thus we may assume the base €2 is 1-dimensional.

As we showed in Example the linear functional £ of point evaluation at = multiplied
by some vector e € L, which is given by

& f)=ee ( / f(y)Kt(:v,y)e‘¢t(y’dV(y)) ,

is a holomorphic section of 77 (¢) — 2. On the other hand, by Exercise|11.1.4

g = sup. (&, NI” = Sup [f(2)Pe# ™ = (Ki(z,2), e ©@)

and therefore by Theorem [I1.1.8]the function

t = log||€7]]7 = log (Ki(2,7),e ©€)

is subharmonic. Thus Theorem (11.4.1]is proved in the special case of product domains.

Quite remarkably, Theorem also follows from the L? extension theorem with optimal
constant, as was shown by Guan and Zhou [[GZ-2015]]. In fact, there is a somewhat more general
result, with the same proof as that of Guan-Zhou.

Before we state the more general theorem, define the volume forms dv; on X; by the relation

/X ®dV,, = /@ ( /X t <I>d1/t> dA(t).

Since the definition is clearly local, we compute dv; in terms of w, in local coordinates, and the
submersion 7" : X — . The function 7', being a submersion, is locally a coordinate function,
and X is locally a product X = X, x D where D is a small disk in the complex plane. We use
coordinates z = (z',...,2™) on X, and use the coordinate 7" on D. Then

W = Woe G T N dT + w351 dT A di? + wip S tda' A dT + wi¥Stda' A dF,

where the indices ¢ and j vary in {1,...,n}. Since w is a metric, the matrix (w,;) is an invertible
n x n Hermitian matrix, and we write its inverse as (w’!). From the formula

c v _
det ('UT A) = (c— (A7'v,v)) det 4,
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we have dV,, = det(w”)dV (z) (wos — w/'w,jwis) ﬁdT/\ dT Now, [dT|2 := sup;_ |Cde(é g)l To

compute the supremum, we can use the vectors £ = aT + 7 a - without loss of generality, so that

AT _ 1
w(&,€) Wos + win'? + 2Re (wisn')

The minimum of the denominator, as a function of 7, is w,; — wjiwojww, and thus

dA,

dy = —=.
YT T

11.4.2 THEOREM. Let (X, w) be a Stein manifold. Let T : X — D be a holomorphic submersion,
and denote by X; := T~(t) the fiber, which is itself a Stein manifold. Fix a holomorphic line
bundle I — X with Hermitian metric e~¥ such that

00y + Ricci(w) > 0.

Define

dA,
()= {7 D0 L) [ rpee e < oo

and

() = Li(p) NTo(Xy, Lx,),

and let K, be the Bergman kernel of the Bergman projection P, : £,(p) — (). Then for any
holomorphic frame e for L* — X in a neighborhood U in X, the function

U3z log <KT(I)(x,w),ex ® ex>
is plurisubharmonic.
11.4.1. Show that Theorem|[I1.4.1]is a special case of Theorem
Proof of Theorem As was to be shown in Exercise[11.1.4]
(11.11) K(z,z)e ?"® = sup{|f(x)]?e~?®) ; f € of with ||f|| = 1}.

By Bergman’s Inequality the point evaluation functional is bounded, and hence by weak-* com-
pactness there exists a section g, ; € .7 that realizes the supremum, in the sense that

|9z,t(x)|2€7%(x)
th |gac,t(y)|26_%(y) [dT|2 '

iz, x)e ) =

Now fix t, € D and ¢ > 0 such that D_(t,) :={t € C; |t — t,| < e} CC D and let

T—t,

X(g) :=TYD.(t,)) and 7 := .

€ O(X).
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Then by Theorem [11.3.1| there exists a holomorphic section G € I'o(X (), L) such that G|y, =

9z, and
dA dA
|G|2€_@de < 7T/ ‘gm’ |26_‘pt_w = 71-52/ |g$7 ’26—% w
/X<a> X |dr|2 X, T2
Thus
1
log 16, (¢, 1)) < log|Gla) e —log —5 [ |GIPe*aV.
e X(e)
1 dA
zlogG:U Qe*SOto() log_ (/ G2€7§0 w)dAt
|G ()] 7 Jen. Xt! | WAL (t)
1 dA,

< log |G<x>’2ewato($) _

Te?

log ( GlPe v —% ) dA(t),
teDc(to) Xt ’ | ’dT|2 ( )

where the equality is just Fubini’s Theorem and the second inequality follows from the concavity
of the logarithm.

Fix a frame e for L* over an open set U C X of the form U = T~(D.(t,)) with U so small
that it is biholomorphically a product. After multiplying e by a constant, we may assume without
loss of generality that e, ® €, = e ¥*(*), Then the function (G, e) is holomorphic on U, and we
have

log <Kto (LU, x)7 (S ® em> = log Kto ({L‘7 Jj)e_@to(z)

1 dA,
< log |G(z)Pe #t® — — log ( G|%e¥ ) dA(t
G) o es( [ irer s ) aaw
dA
= log |{G,e - — log(/ G|*e™? w)dAt
(G, e) ()] b Xt| | AT (t)
1 > dA,
< — log [{G, e)|” — log ( G|e? )) dA(t
me? DE(tO)( G, e)l xt| | |dT'[Z, ©)
1 2 o
= — " log |e|“e¥*d A(t)
1 dA,
— 1 Zemer) —1 2e7% dA(t
v [ (ront6Pe=) —tos ([ 6P g ) ) dato
1 1
< — log |e|?e?* dA(t) + —2/ log(| Ky (z, x)|*e?)dA(t)
e D:(to) e De(to)
1
= @ log <Kt<x7$)7eaz ®ex> dA(t)>

De(to)

where the second inequality is an application of the sub-mean value property for the plurisub-
harmonic function log |(G, e) (z)|* and the third and last inequality comes from (TT.11). We have
therefore shown that the function log (K, (z, x), e, ® e,) is subharmonic in ¢, and since it is clearly
plurisubharmonic in z, the proof is complete. [
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11.4.3 REMARK. In Chapter|l1.2|our proof of the Suita conjecture was made longer only because
Berndtsson’s Theorem implies the log-subharmonicity of the Bergman kernels K, rather than
¢ 'By,. With Theorem in hand, a much shorter proof is possible. The interested reader
should consult [BL-2016], which treats the case of domains. It is a good exercise to adapt the
proof of the Suita Conjecture in [BL-2016]] to the setting of general Riemann surfaces. o

11.4.2 Plurisubharmonic variation versus sharp L? extension

We have seen that Berndtsson’s Theorem [I1.1.8]on (pluri)subharmonic variation directly implies

(i) Theorem|11.4.1]in the special case of a product domain D = €2 x X, and

(ii) Theorem|l1.3.1{on L? extension with sharp constants.

We have also seen that Theorem[I1.3.T|implies Theorem[11.4.1]in its full generality. We shall now
show that Theorem |11.3.1| implies a much stronger version of Berndtsson’s Theorem, in which
the product manifold X x DD is replaced by a more general Stein manifold, and the Hilbert spaces
€ () are no longer required to be quasi-isometric, which is to say, that .7’ () — D need not be
a vector bundle. We shall now make things more precise.

Let (X, w) be a Kihler manifold of complex dimension m+n and let 7" : X — D™ a holomor-
phic submersion of X in the unit polydisk in C™. Denote by X; := T~!(¢) the (n-dimensional)
fibers of T'. Fix a holomorphic line bundle L — X with singular Hermitian metric e~¥, and define
the Hilbert spaces

A}y = {f € To(Xn L) ; |If] = /X f2e

| ‘UJ

Then we have a map .7 () — D™ whose fibers are Hilbert spaces, and which we call the Hilbert
fibration associated to (X, w; L, e ¥;T"). Note that we do not require local triviality, or even equiv-
alence of the fibers, from a Hilbert fibration.

11.4.4 DEFINITION.  (S) A section | of a Hilbert fibration 5 (p) — D™ is a section F; €
I'(X, L) such that Fi|x, € € (), for each t € D™. We write

ft = Ff|Xt'
The section § of 7€ () — S is said to be holomorphic if F; € I'o(X, L). We denote by

the set of sections, and holomorphic sections, of 7 (p) — D™ respectively. (Thus all
sections are holomorphic on the fibers, and a holomorphic section means it is holomorphic
in the total space.)

(B*) Let 5€(p)* — D™ denote the bundle of dual spaces, i.e., the fiber ()} of this bundle
over t € D™ is the dual Hilbert space of 7€ (), with its usual Hilbert norm

Hth* = sup ‘<£7f>|
rerey—tor |1l
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(S*) A section of 7 (p)* — Qisamap € : 7 (p) — C such that

& = &l € H(0);-

The section & of 7 (p)* — $Q is said to be holomorphic if for each § € T'o(D™, 7 (p)) the
function
D™t (&, f)eC

is holomorphic. The set of holomorphic sections is denoted U0 (), 77 (p)*).

Let us start with the case m = 1. We can now state the following generalization of Theorem

MLL.8

11.4.5 THEOREM. Let (X,w) be a Stein Kiihler manifold and let T : X — D be a holomorphic
submersion. Let . — X be a holomorphic line bundle with singular Hermitian metric e~ ¥. Let
A (p) — D be the Hilbert fibration associated to (X,w; L,e%;T). Assume that

00y + Ricci(w) > 0.
Then for any holomorphic section § € I'o(D, 7 (p)*) the function

D >t log ||&])2

t*

is subharmonic.

Proof. The proof is very similar to that of Theorem [11.4.2] First,

2
(11.12) 62 = sup o)l

feA(p th ’f|26 \dT|2

Now fix t, € Dand ¢ > O such that D.(¢,) :={t € C; |t —t,| < e} CC D andlet

X<€) = Tﬁl(Ds(to)) and 7 := — o

€ O(X).
Then by Theorem|11.3.1|there exists a holomorphic section F' € I'p(X (), L) such that F'|x, = f

and A A
F|?e=%dV, §7r/ fl2e=¢ :7'(82/ flPe ¥y —=
/X(€)| | e e e

Fixing f € (p):, welet Fy € (X (5), L) denote the unique extension of minimal norm. Then

(&1, I <L (&, NI
Sy, [FPeoife = me? [y [FyPeedV,
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Choosing the section f, that realizes the supremum (11.12) and writing F,, := F',, we have

_, adv,

o8 6. = 10816 £ 1o | 11e7
_, AV,

=108 (6, Fl" —log [ I1te" ey

1
<tog (6, P —tog (4 [ RPean,)
T JX ()
1 dA
= log (&, Fo 2—log<—/ ( F,|%e™% w)dAt)
‘( t >’ 82 te D (1) x ’ | |dT‘2 ( )

dA,,
<log |{&,, Fb)|” — log ( F e —2< > dA(t
{6, Fo)l 7T€2 teDe(t,) Xt| | T2 ()
1 9 5 o dA,
< — log |{&, F, —log< F|7e™% dA(t
me? t€De(to) ( [ ol Xt| | |dT'|2, Q
1
< ) log Hft”?*dA(t)»

De (to)

where the second inequality follows from concavity of the logarithm, the third inequality follows
from the holomorphicity of ¢ — (&, F,) (i.e., the fact that &, is a holomorphic section), and the last
inequality follows from ((11.12]). The proof of Theorem is complete. O
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