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Problem setting

We consider controlled jump-diffusion in RY given by

dXt = b(Xt, Zt)dt + U(Xt)d Wt + / g(th, g)N(dt, dg) 5
R™\{0}
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Problem setting

We consider controlled jump-diffusion in RY given by

AXe = b(Xe Zi)de + (X)W + [ (X N (dt,dS),
Rm\{0}
where b, o, g would satisfy standard assumption. We also assume that

oo’ is locally non-degenerate. The characteristic measure of the Poisson
process has finite mass.

Let ¢ : RY x U — R, be a non-negative, continuous function .

For U € 4 (set of admissible controls), we define the risk-sensitive ergodic
cost as

1
E(x,U) = limsup - log Ex oo C(Xs,Us)d$i| _

T—o0
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Problem setting

We consider controlled jump-diffusion in RY given by

AXe = b(Xe Zi)de + (X)W + [ (X N (dt,dS),
Rm\{0}
where b, o, g would satisfy standard assumption. We also assume that

oo’ is locally non-degenerate. The characteristic measure of the Poisson
process has finite mass.

Let ¢ : RY x U — R, be a non-negative, continuous function .

For U € 4 (set of admissible controls), we define the risk-sensitive ergodic
cost as

1

E(x, U) = limsup = log elo C(Xs,Us)ds} _
T—o0 T

The optimal value is given by

inf inf E(x, U) = A*.
x€RI Uel
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We are interest in the traditional questions

@ Existence of an optimal (Markov) control.
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We are interest in the traditional questions

@ Existence of an optimal (Markov) control.
@ Characterization of minimizing Markov controls if it exists.
e Solution V € W2P(R9), V > 0, of the HJB equation (a := o0”)

loc
1
V= itrace(av2 V)Jr/[V,X]eriur}{b(x, u)-VV+ce(x,u)V} =NV,
uc

where

IV,x] = /Rd(V(x +z) — V(x))v(x,dz).

@ Is the above solution (V,A*) unique?
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What is the difficulty

To understand the difficulty, let us look back to the situation where v =0
i.e. there is no non-local interaction. In this case we would be looking for
the principal eigenvalue of the operator

LF = %trace(avzf) +min{b(x, u) -V + c(x,u)f}, f € (R,
ue
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What is the difficulty

To understand the difficulty, let us look back to the situation where v =0
i.e. there is no non-local interaction. In this case we would be looking for
the principal eigenvalue of the operator

LF = %trace(avzf) +min{b(x, u) -V + c(x,u)f}, f € (R,
ue

The general strategy is the following

o Let B, be ball of radius of n around 0. Consider the principal
eigenpair (W, A,) solving

LV, =AYV, inB,, and V,=00n08,=0.

@ Then, under appropriate assumptions, one can then pass the limit, as
n — o0, to obtain the eigenpair (V,A) in RY. See for instance,
B.’2011, Arapostathis-B.’2018, Arapostathis-B.-Saha'2019
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Few points to keep in mind

@ The eigenpair (V,A) would be the (generalized) principal eigenpair of
the operator £ in RY.
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the operator £ in RY.

@ One has to make some effort to justify A = A* i.e., the optimal value.
In general, A < A*.
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Few points to keep in mind

@ The eigenpair (V,A) would be the (generalized) principal eigenpair of
the operator £ in RY.

@ One has to make some effort to justify A = A* i.e., the optimal value.
In general, A < A*.

@ The uniqueness of V is also not obvious since R is unbounded. One
may see Berestycki-Rossi’'2015 for further discussion.

Recently, in Arapostathis-B.-Saha'2019 we study monotonicity property of
the principal eigenvalue with respect to the potential and show that this is
closely related to the uniqueness issue of the principal eigenfunction. One
of the key findings in this is stochastic representation of eigenfunction...
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Principal eigenvalue

The principal eigenvalue of the £ is defined as (inspired from
Berestycki-Nirenberg-Varadhan'1994)

N(f)= inf{AeR: Fpec W2 (R?), ¢ >0, Lo+ (f — N)p <0,

loc
a.e. in Rd} .
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Principal eigenvalue

The principal eigenvalue of the £ is defined as (inspired from
Berestycki-Nirenberg-Varadhan'1994)

N(f)= inf{AeR: Fpec W2 (R?), ¢ >0, Lo+ (f — N)p <0,
a.e. in Rd} .

Theorem (Berestycki-Rossi'2015)

There exists a positive V € Wﬁ;ﬂ

(RY) satisfying
LY+ fVU = AV ae onRY,

if and only if A > \*(f).
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Principal eigenvalue

The principal eigenvalue of the £ is defined as (inspired from
Berestycki-Nirenberg-Varadhan'1994)
N(f)= inf{AeR: Jp e WII(RI), ¢ >0, Lo+ (f - N)p <0,

loc
a.e. in Rd} .

Theorem (Berestycki-Rossi'2015)

There exists a positive V € lec;g(Rd ) satisfying
LY+ fVU = AV ae onRY,

if and only if A > \*(f).

We say the principal eigenfunction W* has a stochastic representation if
\U*(X) = E,le O%r[f(Xs)_)\*(f)]ds W*(X»‘f) 1{”‘5,<oo} = Erc )

Risk Sensitive Control 15 August, 2019 6 / 19



Coming back to our problem...

We recall our non-local operator
1
V = §trace(aV2 V) +I[V,x] + mi[[r}{b(x, u)-VV +c(x,u)V}.
ue
e First hurdle
There is nothing known for the Dirichlet eigenvalue problem for Z. Also

there are very few works available in this direction but for fractional
Laplacian type kernel.
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We prove..

There exists a unique pp € Cp (RN Wi;g(D), p > d, satisfying

Tep
YD
YD

>

)\DQOD inDa
0 inD°,

0 inD, ¢p(0)=1.
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We prove..

There exists a unique pp € Cp (RN W2P(D), p > d, satisfying

loc
Iop = Appp inD,
ep =0 inD°,
ep >0 inD, ¢p(0)=1.

v

Suppose that D C D'. Then we have A\p < Apr.
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For linear operators

Theorem

Suppose ¢ < ¢, and ¢’ > ¢ on subset of D with positive Lebesgue
measure. Then Ap(c) < Ap(c’).

Theorem

| A\

Let ¢ and ¢’ be two potentials. Then

Ap(fc+ (1 —0)c") < 0xp(c)+ (1 —0)Ap(c’) forall§ € [0,1].
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Controlled eigenvalue problem

The above developments help us to generalize a result on controlled
eigenvalue problem. Fix a smooth domain D and let T be the exit time
from D. Also, assume that ¢ = 0 and consider the operator

Zf(x) = trace(aV>3f) + I[f, x] + 52]11'; b(x,¢) - VF(x).

Suppose we are interested in

1
© = sup limsup = logPY(t > T).
vest T—ooo T
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We could prove the following

o There exists a unique vp € Cp(RY) N W2’p(D), p>d,and ©p <0

loc
satisfying N
IYp = ©pyp in D,
Yp = 0 in D€,
Yp <0 inD, vp(0)=-1.
e Op = 0.
@ Any minimizing selector of above equation is an optimal Markov
control.

@ Any optimal stationary Markov control is a measurable selector of the
above equation.

Risk Sensitive Control 15 August, 2019 11/ 19



Back to risk-sensitive

e What happens if we enlarge the domains to R9? Can we justify the
passage of limits in eigenpair (¢p, Ap)?
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Back to risk-sensitive

e What happens if we enlarge the domains to R9? Can we justify the
passage of limits in eigenpair (¢p, Ap)?

Because of the monotonicity property of eigenvalues the limit limp_,ps Ap
would exists.
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Back to risk-sensitive

e What happens if we enlarge the domains to R9? Can we justify the
passage of limits in eigenpair (¢p, Ap)?

Because of the monotonicity property of eigenvalues the limit limp_,ps Ap

would exists. But passage of limit in ¢p is not clear since we do not have
Harnack's property.
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Stability hypothesis

We impose the following Lyapunov criterion

Assumption

There exists a positive function ) € Cz(Rd), V > 1, and an inf-compact
function ¢ such that

trace(a(x)V2V(x)) + [V, x] + max b(x,¢) - VV(x) < 011x(x) —£(x)V(x)
for some constant 61 and compact set IC. In addition,

X V(x + z)v(x,dz)
Rd
is locally bounded, and for some 3 € (0, 1), we have

, c(x,¢)
lim sup sup
IXlsoo ¢eU  £(X)

< B.

v
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How does it help..

Let (Vp, A%) be the principal eigenpair in B, (the ball of radius n around
0) i.e.
IV, =NV, inB,.
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How does it help..

Let (Vp, A%) be the principal eigenpair in B, (the ball of radius n around
0) i.e.

IV, =NV, inB,.

It is easy to check that A = lim,_,o A}, < A* (the optimal value).
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How does it help..

Let (Vp, A%) be the principal eigenpair in B, (the ball of radius n around
0) i.e.

IV, =NV, inB,.

It is easy to check that A = limp_oo A} < A* (the optimal value). Now

choose a ball B such that max¢ccy(c(x, () — Aj) < €(x) for x € B and all
n large.
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How does it help..

Let (Vp, A%) be the principal eigenpair in B, (the ball of radius n around
0) i.e.
IV, =NV, inB,.

It is easy to check that A = lim,_,o A}, < A* (the optimal value). Now
choose a ball B such that max¢ccy(c(x, () — Aj) < €(x) for x € B and all
n large.

Thus in BN B, we have

trace(a(x)Vz(V — kVp)(x)) + [V — £V, x] + rcneiur}{b(x, ¢)-V(V—kVp)(x)
+(c(x, Q) = AV = kVa)} <0

Now choose k = k, suitablly so that V), touches V from below and then
using above equation it follows that xV,, must touch V inside B. This
forms a barrier for the solutions.
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Normalize V,, to x,V, where x, chosen as above. Define

In(x) = /Rd Vo(x + 2)v(x,dz).

Note that J, is locally bounded, uniformly in n.
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Normalize V,, to x,V, where x, chosen as above. Define

In(x) = /Rd Vo(x + 2)v(x,dz).

Note that J, is locally bounded, uniformly in n. For some measurable
selector v, we could write

trace(a(x)V2Vp(x)) + I[Vi, X] + b(x, Vy) - V Vi(x)
+ (c(x, va(x)) = A, = v(x,RY)) Va(x) = ~Fn.

Risk Sensitive Control 15 August, 2019 15/ 10



Normalize V,, to x,V, where x, chosen as above. Define

In(x) = /Rd Vo(x + 2)v(x,dz).

Note that J, is locally bounded, uniformly in n. For some measurable
selector v, we could write

trace(a(x)V2Vp(x)) + I[Vi, X] + b(x, Vy) - V Vi(x)
+ (c(x, va(x)) = A, = v(x,RY)) Va(x) = ~Fn.

Now applying a result from elliptic PDE we see that for any compact
D; D 5 B we get

sup Vo < i (inf Vo + [3nllLo(py)) < w0 (inf Vi +[1dnllao,))
< kp(inf V +{|dnll Lap,)) -

Rest is standard.
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So we can pass to the limit to arrive at the eigenpair (V,A) solving

IV =AV inRY and V>0.
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Next hurdle is to show A = A*.
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So we can pass to the limit to arrive at the eigenpair (V,A) solving

IV =AV inRY and V>0.

Next hurdle is to show A = A*.

In the local case (Arapostathis-B.-Saha'2019) this issue was dealt using
the twisted process and stability of the twisted process. This method does
not seem promising in the non-local setting. We use stochastic
representation method and a perturbation method to establish the result.
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Our final theorem

Theorem
Grant the stability hypothesis. Then we have the following.
(a) There exists a positive V € W2P(RY) N O(V), p > d, satisfying

loc

TV(x) = A" V(x) ae inRY, V(0)=1.
Let {sy denote the class of stationary Markov control v satisfying

by (x)-VV(x)+ec,(x)V(x) = m|n {b(x,¢)-VV(x)+c(x,0)V(x)} ae

(b) Any member of isy; is an optimal control.

(c) There exists a unique positive V € leo’cp (RY) N O(V) satisfying above
equation and V(0) = 1.

(d) Every optimal v € sy belongs to igsyy.

v
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Maximization problem without stability

We also study a maximization problem where the optimal value is given by

1 T
0" = sup sup limsup — logE, elo C(Xs’Us)ds} .
xeRd Uell T—oo T
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Maximization problem without stability

We also study a maximization problem where the optimal value is given by
* : L JoT e(Xs,Us)ds
0" = sup sup limsup —logE, |elo “\7s%s } )
xeRd Uell T—oo T

Under a near-monotonicity type condition we produce all the results.
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What next..

It would be interesting and necessary to look at the minimization problem
with near-monotonicity criterion.
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What next..

It would be interesting and necessary to look at the minimization problem
with near-monotonicity criterion.

Thank Youl
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