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An example

0 1
0 1
Ty = s
0 1
0 1

. O_
Define Ty := UnTxUjy, where Uy is a unitary matrix. The
eigenvalues of Ty are same as that of Tl.

Take Uy to be Haar unitary matrix. Compute eigenvalues of fN
using any mathematical software.
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An example

Example I. N = 500. Eigenvalues of Ty (computed using
Mathematica) are in orange. The black circle is the unit circle
St:i={ze€C:|z|=1}.
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An example

Example II.
0 1 1 ]
0 1 1
Ty = -
0 1 1
0 1
0
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An example

Example Il. N = 500. Eigenvalues of Ty (computed using
Mathematica) are in orange. The black Limagon is a(S!), where
a(\) = X+ M2

O
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An example

Example IlI.
[0 0.5
¢t 0 05

TN = S
7 0 0.5
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An example

Example Ill. N = 500. Eigenvalues of Ty (computed using
Mathematica) are in orange. The black ellipse is a(S'), where
a(\) = 0.5X + iA~!. Green dots are the eigenvalues of Ty.
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(plausible) explanation

Model: ﬁN =Un —i—AAN, where Uy is Haar unitary and Apn has a
small norm. Ty := UNTNUj;.

The eigenvalues of Ty are same with that of Ty + £y, where

En = UX,ANTN + TNA);VUN + U;{;ANTNA*NUN-
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Spectrum of Ty + En

Let £y be a random matrix with i.i.d. entries of zero mean and
finite fourth moment. Then

1
— ||ENn|| — 2, almost surely.
7 1wl y

Two approaches:
Eigenvalues of Ty + ﬁEN. First let N — oo and then

o — 0.
Eigenvalues of Ty + N~7Ey, where v > 1/2.
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Questions

m Limit of the bulk of the spectrum.
N
1
R

m Limit of the random point process induced by the outliers.

A. Basak Spectrum of perturbations of Toeplitz matrices

4/16



Spectrum of additive random perturbation of T}y

Example |. N =500, Ex = NGy, Gy is a com/plex Ginibre.
Eigenvalues of Ty + E is in red. Eigenvalues of Ty = UNTNUR,
(computed using Mathematica) is in orange.

A. Basak Spectrum of perturbations of Toeplitz matrices 5/16



Spectrum of additive random perturbation of T}y

Example Il. N =500, Ex = NGy, Gy is a complex Ginibre.
Eigenvalues of Ty + E is in red. Eigenvalues of Ty = UNTNUjR,
(computed using Mathematica) is in orange.
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Spectrum of additive random perturbation of T}y

Example lll. N =500, Ex = NGy, Gy is a complex Ginibre.
Eigenvalues of Ty + E is in red. Eigenvalues of Ty = UNTNUjR,
(computed using Mathematica) is in orange.
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Toeplitz matrix

ap al as A < aN—1
a_—1 ag al
Tv=| %2 o1 , a; €C.
al a9
a_ ag aj
la_(N-1) -+ o a—2 Q-1 ap |
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Toeplitz matrix

CLO a/l a2 .. o oe e a’N*l
a—1 ao al
a_9 a_q
Tn = , G € C.
a a2
a_—1 a al
_af(Nfl) T v G-2 a1 ag |

T finitely banded if a; =0 for i > d; +1 and i < —(da 4 1) for
some dy,do > 0.
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Toeplitz matrix

ao a a2
a_1 ag al
a_9 a_q
Ty =
a
a_q a
_a’f(Nfl) a—9 a—1

» T can be viewed as a finite dimensional version of an infinite

dimensional matrix/operator T'.
» The symbol associated with T is a.

o0
. k
a()) = E ag\”.
k=—00
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Toeplitz matrix

» If T' (or equivalently T ) if finitely banded then a is a Laurent

polynomial.
dy

a(d) = Y ap\t.

k=—d>

m Example |: a(\) = .
m Example Il: a()\) = X\ + \2.
m Example Ill: a()\) = 0.5\ +4iA~L
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Connection to pseudospectrum

spec®(A)(e-pseudospectrum) := {z € C : H(A - zI)_lH >1/e}

= U spec(A + E).
Il <e

[Varah '79], [Trefethen, Embree '05]
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Connection to pseudospectrum
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Figure: Left panel: e-pseudospectrum for e = 1072,1074,...,107 12
for Toeplitz matrix with symbol a()\) = A + A\?; a(S') marked by dashed
points. Right panel: eigenvalues of 20 random perturbations of norm
1073, Pictures from [Trefethen, Embree '05].
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Limit of the bulk of the spectrum

Theorem 1 (B., Paquette, Zeitouni '18)

Let T a Toeplitz matrix of dimension N with symbol a, where a
is a Laurent polynomial. Let Ex a be random matrix satisfying
Assumption (A). Then, for any v > % the empirical distribution of
the eigenvalues of Ty + N7 Ex converges weakly, in probability,
to the law of a(U) where U ~ Unif(S!).

Assumption (A)

(1)

E[I1Bnlis| =E |3 lewsl?| = 0.
4,3

(2) For every a >0 33 € (0,00), such that for any My with
My || = O(N®),

P (smin(MN + Ey) < N’ﬁ') — o(1).
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Limit of the bulk of the spectrum

m Example I: a(\) = \. Ly = law of U, where U ~ Unif(S!).
m Example II: a(\) = A+ A2, Ly = law of U + U?.
m Example Ill: a()\) = 0.5A +4iA"L. Ly = law of 0.5U +iU L.
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Limit of the bulk of the spectrum

Theorem 1 (B., Paquette, Zeitouni '18)

Let T a Toeplitz matrix of dimension N with symbol a, where a
is a Laurent polynomial. Let Ex a be random matrix satisfying
Assumption (A). Then, for any v > % the empirical distribution of
the eigenvalues of Ty + N7 Ex converges weakly, in probability,
to the law of a(U) where U ~ Unif(S!).

Assumption (A)

(1)

E[I1Bnlis| =E |3 lewsl?| = 0.
4,3

(2) For every a >0 33 € (0,00), such that for any My with
My || = O(N®),
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Matrices satisfying Assumption (A)

m The entries of E are i.i.d. with finite second moment.
follows from [Tao-Vu '08]
m Fy = VvV NUy, where Uy is Haar Unitary.
follows from [Rudelson-Vershynin '14]
m The entries of Fy are independent, satisfy a uniform
anti-concentration bound near zero, and have uniform lower
bound on the truncated variance.
[Bordenave-Chafai '12]

m The entries of Fy have an inhomogeneous variance profile
satisfying some appropriate assumptions.
[Cook '16]

m Fy can also be sparse random matrix.

[Tao-Vu '08]
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Related results

m a()\) = \; v > 3. Gaussian perturbation.
Corollary 6 of [Guionnet, Wood, Zeitouni '14]

m T as above. Entries of E are i.i.d., and v > %
[Wood '16]

m a()\) = a1\ +a_1 7L, Gaussian perturbation.
[Sjostrand, Vogel '16]

m For Toeplitz band matrices under Gaussian perturbations.
[Sjostrand, Vogel '19]
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Regions of no outliers

Theorem 2 (B., Zeitouni '19)

Let Ty be a Toeplitz matrix with symbol a, where a is a Laurent
polynomial. Let En be a random matrix with independent entries
having zero mean and unit variance. Then for any v > % with
probability tending to one, there are no outliers outside SpecT'(a),
where T is limiting Toeplitz operator.
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Spectrum of Toeplitz operator

spec(T) = a(SHY U {2 ¢ a(S!) : wind(a — z) # 0}. }

[Krein’ 58], [Caldéron, Spitzer, Widom '59]

St:i={AeC: |\ =1}

wind(-) denotes the winding number around 0.
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Spectrum of Toeplitz operator

Figure: Spectrum of the Toeplitz operator with symbol
a(\) =203 — A2 4+ 2i\ — 4272 = 2iA"3 is in grey.
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Regions of no outliers

Example I. a(X) = .

Figure: The spectrum is the unit disk.
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Regions of no outliers

Example |. N =500, Ex = NGy, Gy is a com/plex Ginibre.
Eigenvalues of Ty + E is in red. Eigenvalues of Ty = UNTNUR,
(computed using Mathematica) is in orange.

A. Basak Spectrum of perturbations of Toeplitz matrices 13 /16



Regions of no outliers

Example Il. a(A) = A + 2.

Figure: a(S!) is the Limagon. The spectrum is the image of a over the
unit disk.
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Regions of no outliers

Example Il. N =500, Ex = NGy, Gy is a complex Ginibre.
Eigenvalues of Ty + E is in red. Eigenvalues of Ty = UNTNUjR,
(computed using Mathematica) is in orange.
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Regions of no outliers

Example lll. a(\) = 0.5) + AL,

Figure: The spectrum is the solid ellipse and its boundary is a(S').
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Regions of no outliers

Example lll. N =500, Ex = NGy, Gy is a complex Ginibre.
Eigenvalues of Ty + E is in red. Eigenvalues of Ty = UNTNUjR,
(computed using Mathematica) is in orange.
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Limit of the random point process induced by outliers

» Recall
dy

a(\) = Z agA’.

l=—d3

» Fix z € C. Let Ai(2),...,A4(2) be the roots of the polynomial
(a(\) — z) - A%, arranged in non-increasing order of their moduli.
Here d := dy + ds.

» Denote

Ri:={2 € C: | (2)] > 1> | A\e+1(2)]}-
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Limit of the random point process induced by outliers

Theorem 3 (B., Zeitouni '19)

Let Ty be a Toeplitz matrix with symbol a, where a is a Laurent
polynomial and let the entries of En be i.i.d. complex valued
random variables with bounded density. Then the random point
process induced by the outliers of Ty + N~V EN converge weakly
to the random point process induced by the zero set of some
(explicit) random analytic function §.

§ is non-universal and the description of § is differs across the
regions {Ry}.

v

Earlier results. a(A\) = X or a()\) = ayA +a_1 AL, Under Gaussian

perturbations the process induced by the outlier eigenvalues has a

limit given by the zero set of some Gaussian analytic function.
[Sjostrand, Vogel '16, '17]
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Limit of the random point process induced by outliers

Example I: a(X) = .
» For z with |z] < 1

Flz)= Y 21" ey,

z,y>1

where {e(x, )}z yen is an i.i.d. array with distributions same as
that of Ey.
» If the entries of Ey are complex standard Gaussian then

F(2) =) Favk+1,
k=0

where {gx} are i.i.d. standard complex Gaussian.
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Limit of the random point process induced by outliers

Generally

5(2) = 3 e(wn) - det( B [X (. 0), D(x.0)]),

;7‘)

where |X| = |9)| = [d], 9 = d1 — do, and dp is the number of roots
greater than one.
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Idea of the proof

Outliers are the roots det(Ty + N~ YEn — zIdy) = 0 that are in
Spec (T'(a))\a(S").

Idea:
Expand the determinant
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Idea of the proof

Outliers are the roots det(Tx + N~ 7Ex — zIdy) = 0 that are in
Spec (T'(a))\a(SL).

Idea:

Expand the determinant

det(TN + NTTEyx — ZIdN)
= Y () det((Tw — 1) [X YY) - det(NTEx[X: ¥])

X,YC[N]
| X|=1Y]
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Idea of the proof

Outliers are the roots det(Tx + N~ 7Ex — zIdy) = 0 that are in
Spec (T'(a))\a(S').

Idea:
Expand the determinant,
find the dominant term,
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Idea of the proof

Outliers are the roots det(Ty + N~ YEn — zIdy) = 0 that are in
Spec (T(a))\a(S").

Idea:

Expand the determinant,

find the dominant term,

show that the roots of the dominant term are close to that of the
determinant (careful application of Rouché's theorem),
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Idea of the proof

Outliers are the roots det(Ty + N~ YEx — zIdy) = 0 that are in
Spec (T'(a))\a(S").

Idea:

Expand the determinant,

find the dominant term,

show that the roots of the dominant term are close to that of the
determinant (careful application of Rouché’s theorem), and

the dominant term converges weakly to the limiting random
analytic function.
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Idea of the proof

Formally

det(TN +N7Eyx — ZIdN)
= Y (&)-det((Ty—2Idn)[X V) -det(N 7 Ex[X; Y])

X,YC[N]
| X|=Y]

N
=Y Pi(2),
k=0

where Py (z) is the homogeneous polynomial of degree k in
the expansion of the determinant in the entries of Ey.
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Idea of the proof

Formally

m For every fixed z € Ry
Step 1.

¢
> Pu(z)=o | [] 1N ] ~ Pu(2).
ke i=1

Second moment method: To compute the second moment we
use some combinatorial arguments.

m Upper bound follows from second moment method.
m Lower bound requires some anti-concentration bounds.
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Idea of the proof

Step 2.
l
Y Pu(z)=o0 (H I/\i(Z)I> ~ Py(z),
k20 i=1

uniformly over the boundaries of a net (with appropriate mesh
size) of Ry.
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Thank youl!



	Appendix

