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o Let (Q, P, m): ergodic reversible Markov chain on finite state

space €2, with transition matrix P, and stationary distribn. .
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space €2, with transition matrix P, and stationary distribn. 7
o let —L=1/—P. For f,g:Q — R, define
&(f.g) =

_Ew(f Lg
For f > 0, let

o Let (2, P,m): ergodic reversible Markov chain on finite state

== f(x)Lg(x

xef

Ent.f := E;(flogf)

(%)

(Exf)log(Exf)

xl ).
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space €2, with transition matrix P, and stationary distribn. 7
o let —L=1/—P. For f,g:Q — R, define
&(f.g) =

_Ew(f Lg
For f > 0, let

o Let (2, P,m): ergodic reversible Markov chain on finite state

= - f(x)Le(x

xef

Ent,f := E;(f logf)

(%)
[Bobkov-T. '03], [éoel '04]

(Exf)log(Exf)

<f).
@ Following [Dai Pra, Paganoni, Posta '02], [Gao-Quastel '03],
) . let a > 0 be the opt. const. in
1
aEnt,(f) < 55(1‘, log f),
over positive f on . e e == e
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For a probab. measure 1 on Q, absolut. cont. wrt 7, recall

D(pll7) = p(x)log

xEQ

)
m(x)’

the relative entropy (or informational divergence) of p wrt 7.
Letting Py = e'"; pr = poPe, fr = ££, one gets, for all t > 0,

d
p D(pel|m) = —E(fe, log fr) < —2aEnt.(fr) = —2aD(u||7)

= D(pel|m) < D(po|Im)e2,
where g initial distribution.

t>0,
«O> «F>r «=)r « =) o>
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MLSI AND SUBGAUSSIAN CONCENTRATION

MODIFIED LOG-SOBOLEV INEQUALITIES

Recall (using reversibility)
£(f.g) = % D (F) = F())(&(x) = g (1)) Plx, y)m(x)

In a graph setting oneymay define:
E(f.g)=2_ > (Fx)—f(¥)(ex) - g)m(x)
xeVy:(y,x)eE

where G = (V, E) is the graph with 7: probab. distribution on V.
Alternately, one may work with a discrete gradient:

VF(x) = {k(f(x) ) P(x,y>}

yeQ
V() ={f(x) = )}y mee

depending if one works with a Markov kernel or a graph;
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Classical Log-Sob:

pEnt, 2 < 2&(f, )
Entropy Ineq (MLSI):

aEnt.f < %E(f, log f)
Modified L-S using gradients: (a la Bobkov-Ledoux)
pEntr(ef) < SE.(|VF[2e)
p2Ent.(e) <

or equivalently  poEnt(f) < 3




If f >0, then

26(VF,VF) < E(f,logf).
Proof. A bit of calculus:

Va Vb

a(log a — log b) = 2a Iogﬁ > 23(1 - ﬁ) =2va(v/a—Vb),

. . . 1
the inequality from the relation logc > 1 — . Hence

E(f,logf) = D FONF(x) = F(¥)P(x, y)m(x)

> 2) V)W F(x) = V)P, y)m(x)
= 286(VF,VT).

o> «F» = =



a < 2\.
Proof. More calculus: Apply the MLSI to functions f = 1 + eg, with

g € L?(7), with E;g = 0. Assume ¢ < 1 so that f > 0. Then using
Taylor: log(1 +¢eg) = eg — (1/2)e%g? + o(e?), we get to

1
Ent.f = 5527r(g2) + o(£?),

and
E(f,logf)=—cE, <(Lg) log(1 + 5g)) =e%8(g,g) + o(e?),

giving: €2£(g,g) > (a/2)e?E,(g?) + o(£2). Cancel €2 and let £ | 0. OJ
«4O> «Fr «=)» <« > o>
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Poincare constant (spectral gap):
A(P) := inf R
(P) "Ef);éo Varr(f)

Var,

8P(f7 f)

1
tmix(PaE) < W (IOg

1 1)
+ log —
Tmin >
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Poincare constant (spectral gap):
A(P) := inf

Var,

EP(ﬂ f)
(F)#0 Vary(f)’

log-Sobolev constant (Diaconis and Saloff-Coste, 1996):
p(P):= inf

1
tmix(PaE) < W (IOg
gP(\/?a \/Tc)

Entr(f)#0 Entr(f)

1 1
+ log —)
Tmin €
tmix(P, &) < ! (Io loj
) mix (7 = 20(P) g log

+ lo, ! )
Tmin € 262
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Poincare constant (spectral gap):

A(P) := inf

Var,

EP(f7 f)
(F)#0 Vary(f)’

1 1 1
trix(Pye) < —— (1 log =
mi(Pr€) < A(P) (Og Tmin e 5)

log-Sobolev constant (Diaconis and Saloff-Coste, 1996):
) Ep(VF,VF) 1 (

P):= inf SPVDNVD i (Pe)< —— (logl
P(P) Ente ()40 Ent, () mix(P €) 4p(P) ogoe
modified log-Sobolev constant (formalized by B-T., 2006):

a(P):= inf

Tmin
tmix P7 S
Entr(f) (P.2)

Ep(f,logf)
Entor (£)70

+lo 1)
g262

L (Io lo !
a(P) g log

+1 !
og —
Tmin 2¢2
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Poincare constant (spectral gap):

A(P) := inf

Var,

EP(f7 f)
(F)#0 Vary(f)’

1 1 1
trix(Pye) < —— (1 log =
mi(Pr€) < A(P) (Og Tmin e 5)

log-Sobolev constant (Diaconis and Saloff-Coste, 1996):
) Ep(VF,VF) 1 (

P):= inf SPVDNVD i (Pe)< —— (logl
P(P) Ente ()40 Ent, () mix(P €) 4p(P) ogoe
modified log-Sobolev constant (formalized by B-T., 2006):

a(P):= inf

Tmin
Ep(f,logf)
Entx(f)#0 Entr(f) ’

+ log 2—22)
tmix(P,g) < ﬁ (Ioglog !
2A(P) 2 a(P) > 4p(P)

+lo ! )
Tmin & 2¢2
(formalized B-T., 2006)
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Poincare constant (spectral gap)

A(P) =

Ep(f, 1)
Var,r(f);éo Var.(f)’

p(P) ==

log-Sobolev constant (Diaconis and Saloff-Coste, 1996)

tmix(P,€) < ﬁ (Iog
gP(\/?a \/_)
Ent.,r(f);éo

1 1)
+ log —
Tmin >

Ent,r(f)

a(P) =

1
) tmix P7 S —— I
() = g (s
modified log-Sobolev constant (formalized by B-T., 2006)
in gp(fv lOg f)
Ent.,r(f)#O Ent.(f) ’

Tmin + IOg 2_:«:2)
tmix(P,g) < ﬁ (Ioglog
2A(P) 2 a(P) > 4p(P)
p(P) <

! + lo, ! )
Tmin & 282
(formalized B-T., 2006)
! (folklore, D-SC)
Iog mln
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Poincare constant (spectral gap)

A(P) =

Ep(f, 1)
Var,r(f);éo Var.(f)’

p(P) ==

log-Sobolev constant (Diaconis and Saloff-Coste, 1996)

tmix(P,€) < ﬁ (Iog
gP(\/?a \/_)
Ent.,r(f);éo

1 1)
+ log —
Tmin >

Ent,r(f)

a(P) =

1
) tmix P7 S —— I
() = g (s
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Tmin + IOg 2_:«:2)
tmix(P,g) < ﬁ (Ioglog
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p(P) <

! + lo, ! )
Tmin & 282
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! (folklore, D-SC)
Iog mln
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For a simple r.w. on K,

A=1l,a>1, but p=0(1/logn).

Let 7 be arbitrary on the vertices of K, with 7, := min, m(x) > 0
Consider the kernel P(x,y) = m(y). Then by Jensen'’s,

Ent,(f) <E(flogf) — EfElog f = Cov,(f,logf) =E(f,g),
and so a > 1.

. (p—q)

~ logp—loggq’
where p = p, and g=1—p. . - o
«O>» 4 P AEr «E>» Q
~ PmrasAp Temau  Mopwmo LSI

And X\ =1, since &(f, f) = Var,f. OTOH, tedious calculus gives:



For0<a,b<1, witha+b>0, let
Pz[l—a a

b

1—
Then A\(P) = a+ b, and

b]’ With7l'=( b 2

i)

a(P) € [a+ b,(a+ b) + 2\/5], p(P) = { |Og::Ibogb

ifa=»b

«4O>» «Fr «=)>r < > o>

ifab
a
Note. p(P) > min(a, b), since |a — b| > min(a, b)| log a — log b|.



For n > 1 integer, consider slices of the discrete cube

Q(n, k) ={x€{0,1}": xg + -+ x, = k},

to each x € Q(n, k).

equipped with 11 = fi,  assigning mass p({x}) =
parameterized by

L
cF =
Every point x € Q(n, k) has k(n — k) neighbors {s;jx}
I(x)={i<n:x =1},

n!
(S,'J'X)j = Xj = 1.

i€l(x),jed(x)
J(x)={j<n:x;=0}.
Namely, (SiJ'X)r = Xr, for r 7& i7j1 and (SUX)’ = XJ = 0’
<O «Fr «=» « = = Al
~ PmrasAp Temau  Mopwmo LSI
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given by

E(fvg) =

The canonical associated Dirichlet form (for the graph version) is

1

(©)

x€Q(n,k) i€l(x) jeJ(x)

D> D> ()~ f(six)(g(x) — g(six)).
where f, g are arbitrary functions on Q(n, k).
For every f > 0 on Q(n, k), with respect to the uniform measure p,
1
Ent,(f) < —— E(f,log f).
nﬂ()—n+2(’og)
«O>» «Fr «E>» «E>» E DA
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The Dirichlet form for the Markov kernel version simply involves an
extra factor of 1/[2k(n — k)] on the right hand side —

P(x,y) = 1/[k(n — k)] for neighbors x,y, and the extra half is due
to the above definition of the Dirichlet form in the Markov case.

Thus the Markov chain version gives

2(n+2)
azm.

«4O> A Fr «=)» « =

[
S
o
2
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MLSI AND DECOMPOSITION
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RANDOM TRANSPOSITIONS ON S,

Here the state space is S, the set of n! permutations of {1,...,n} and
in each step of the Markov chain, a transposition is uniformly randomly
chosen (from the (g) possible ones) and applied to the current state.

For1<i<j<n,lets;:S,— S, denote the transpositions; i.e., for
x € S,, we have sjj(x) =y, where y, = x, for k # i, j, and y; = x; and
Yi = Xj. Thus the associated Dirichlet form is given by

E(f,logf) = *Z Y R, F(s5())) P(x s(x)) (%)

XGS 1<i<j<n

= Z > R F(si(x)))p(x);

XES 1<i<j<n
where, R(a, b) = (a — b)(loga — log b) and u(x) = 1/(n").

PRrASAD TETALL MopbIrFIED LST



a,b > 0. Indeed,

0°R(a, b)

It is now useful to notice that the function R is convex in the quadrant

_a+b &R(ab) a+b R(ab)  a+b
0a2 a2’ o2 b2 0adb ab -’
Consequently, by Jensen's inequality,

R(e(i) () =

R [ e dnito. [ Flspe) dui)

< /R(f(x),f(s,-jx)) dui(x) .
«O> A Fr «=)r «=)» o>
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MLSI AND DECOMPOSITION

MLST AND SUBGAUSSIAN CONCENTRATION

RANDOM TRANSPOSITIONS ON S,

THEOREM

For every f > 0 on S, with respect to the uniform measure L,
Ent,(f) < 2(n— 1) E(f, log f).

Proof Sketch. Uses conditional relative entropy and the convexity of
R(a, b) a la [Lee-H.T.Yau], where for the continuous-time process the
usual log-Sobolev constant p was estimated. Proof by induction on n in
estimating the optimal constant C, in

Ent,(f) < G, E(f,logf),
over all f on S,. The relevant recurrence to target is

1
G < Crytr2=Y (2.1)
n

which implies the theorem.

PrASAD TETALL MopbIrFiED LST



Proof contd. Observe that there are n ways to partition S, into n

classes, so that each class is isomorphic to S, 1. Foreach 1 <t < n, let

Sp= UZZIS,Et), where S,Et) ={x€S,:x(t) =k}, fork=1,...,n.

xest

<O «Fr «=» « = = Al

Let ,uf(t) = 1/(n—1)! denote the (conditional) measure on 5,(:). Also, for
each t, let u(t) denote the uniform measure on the n classes. That is,

O (k) = Z u(x)=1/n, fork=1,...,n.

v



Using the chain rule for relative entropy (or as can easily be verified
directly), for every f > 0 with E,,f = 1, we have

k=1
9= 3 f(x)

Ent,f = Z,u(t)(k)Entu(t)(ﬂk) + Ent F() ,

where f|, = f|§() = flsm, is f restricted to the class 5,((':), d
k

(x 1(x)

(2.2)
O (k)"
o (k)

an
is simply the average (with respect to the
conditional measure) of f|, over the class s
Summing (2.2) over t, we get

PR
nEnt, f = ZZ 19 (k)Ent 0 f|k)+ZEnt wF®. (2.3)
t=1 k=1
«O> A Fr «=)r «=)» = o™
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By induction, we may say, for each t and k,

(%)
Entﬂir)(flk) < ——7 = 1)(n Z Z (x,55(x)) l:t)(k). (2.4)

XE€Sy 1<i<j<n
x(t):k i,j#t

Multiplying the above by u(t)(k) and summing over k and t, we get

S UM () £ (Y T RGO sy

t=1 k=1 x€S, 1<i<j<n
< nGC,—1E(f,logf), (2.5)

since when summed over t, each pair (x, s;j(x)) is counted exactly (n —2)
times — in the partitions corresponding to 1 < t < n, with t # i, .

«O> «F>r «=)r « =)

DA
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RANDOM TRANSPOSITIONS ON S,

To bound the second term of the right hand side of (2.2), we will use
Jensen's inequality twice. (Equivalently, we can think of using the MLSI
for the r.w. on the complete graph!) Indeed, by Jensen's inequality,

- 1 - -
Ent,of® < = 3" R(f<f>(k),f<f)(/)). (2.6)

1<k<I<n

To bound the term involving R(.,.), observe that there is a natural
bijection (namely, the restriction of sy) between S,(f) and S,(t), for
1< k <1< n, such that P(x,y) for x € S,Et) and y € S,(t) is positive
only when y = s(x).

PRrASAD TETALL MopbIrFIED LST



This helps us in writing:

R(FO(0), FO)) = (Z FEr (). 3 Flsa()nl (su(x)))

XGS XES(t)
< D0 RGO (s (),
xES()

where the inequality was using Jensen's, based on the convexity of R(, ).
Plugging this into (2.6), we get

Yo D RUFK) fsuC))ux)  (27)

1<k<I<n 50

Entu(:) f(t

:Il—-

«O>» «Fr «=» «=>» DA™



Summing the above over t, we get

Z Entu(t) £
t=1

<

%Z Z R(f(x), f(sk(x))p(x)
XES, 1<k<I<n

2(n—1)E(f,logf),
once each for t = k and t = /.

since when summed over t, each pair (x, si(x)) was counted twice —
Finally, (2.3), (2.5), and (2.8) together imply the recurrence,

(2.8)

Cn S Cn—l +2

(n—1)

2.9
. 29)
which, together with the initial condition C; < 2 gives the bound
C, < 2(n—1), completing the proof of the theorem.
«O> A Fr «=)r «=)» o™
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REMARKS

e This implies an upper bound of O(nlogn) on the total
variation mixing time, which is known to be tight (see
[D-Sh]). Note that the usual log-Sobolev constant only yields
O(nlog? n) (see [D-SC'96] and [L-Y'98]). Key difference is
that recurrence for the inverse of the log-Sobolev constant has
an extra factor of log n in the second term on the r.h.s. This
is because p for the random walk on the complete graph is of
the order of 1/(log n), whereas 1/2 < pg < 1.

@ Theorem 2.2 implies a lower bound of 1/2(n — 1) on the
spectral gap. The truth is 2/(n — 1) (see [Diaconis'88])

PRrASAD TETALL MopbIrFIED LST



space of n pairs of balanced parentheses?
For n=5:

Problem. How about random transpositions of ('s and )’ over the

() (O0)

More generally, C,

(MO 0 0000
=&

(®™, the nth Catalan number many.
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For n =5:

space of n pairs of balanced parentheses?

Problem. How about random transpositions of ('s and )’ over the

() (O0)

More generally, C,

(MO 0 0000
=&

(®™, the nth Catalan number many.
Many challenges - 214 Catalan structures! Few tight results :-/
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Problem. How about random transpositions of ('s and )’ over the
space of n pairs of balanced parentheses?

For n =5:

(0 O0) 0O 0 0000
More generally, C, = ﬁ(zn"), the nth Catalan number many.
Many challenges - 214 Catalan structures! Few tight results :-/

[Cohen-T .-Yeliussizov'15]. p, A > 1/(2n?), hence O(n?log n)
mixing time.

40> «F>r «=)r» « =

[
S
o
2
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MATROID

A matroid M = (E,Z) consists of a finite ground set E and a
collection Z of subsets of E (independent sets) such that:

o eI,

e ifSe€Z, TCS,then T €Z (downward closed);

e if S, T €T and |S| > |T|, then there exists an element
i € S\ T such that T U {i} € Z (augment axiom).

Maximum independent sets are the bases.

For any two bases, there is a sequence of exchanges of ground set
elements that take one basis to the other.

Let n = |E| and r be the rank, namely the size of any basis.

PrASAD TETALL MopbIrFIED LST
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MLST AND SUBGAUSSIAN CONCENTRATION

BASES-EXCHANGE WALK

The following Markov chain Pgx . converges to a "homogeneous
SLC" 7
@ remove an element uniformly at random from the current
basis (call the resulting set S);
@ add i € S with probability proportional to 7(S U {i}).

The implementation of the second step may be non-trivial.

PRASAD TETALI MopbIrFiED LST



For any f : Q — R>,

1
Sprm(f, log f) > o Ent,(f),
where r is the rank of the matroid.

«4O> «Fr «=)» <« o>

>



Let (2, P,7) be the usual triple, with P being reversible with respect to
m on €.

Consider a partition Q = U;c7£;. We may introduce a
projection chain P on Z and restriction chains P; on €;.

P(i.j) = % SO S w()P(xy), and 4(i) = 3 w(x).

XxEQ; yeQ; xEQ;
Clearly, P is reversible w.r.t. # on the space Z:
#(i)P(i,J) = #() PG 1),
forall i,j € Z.

«O> «F>r «=)r « =)

DA



each i € 7:

Restriction P; is defined so that it is a Markov generator within €;, for

Pi(X7y) = P(X7.y)7

for x,y € Q;, with diagonal entries suitably adjusted. Easy to see that

mi(x) == m(x)

is reversible under P;.

«O> A Fr «=)r «=)» o>



Suppose for each i, with FA’(i,j) > 0, we have
“quality” of the coupling be:

couplings ki : Q; x Q; — [0, 1] of probab. distributions m; and 7;.Let the

X = min{ ﬁ(iﬁ(X)P(X’ y)

)ﬁ(l,])l‘&u(X,y)} ’
where the min. runs over tuples s.t. the denom. is positive. Then
a(P) = min{xa(P), mina(P) } .
I
Note: Also holds for p and A, implicit in [Jerrum-Son-T.-Vigoda'04].
«O> «F>r «=)r « =) = o>
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measures on V/, we have

Wl(ﬂv V)

r—(u,v)
(I": coupling of i and v)
Dual Version:

inf d(x, y)I(x,y)
X,y

felip(6) xev

v

sup 3 F(x)(u(x) — v(x),
where f € Lip(G) < |f(x) — f(y)| < d(x,y), Vx,y € V.
«O» «Fr «E» «E E DA

Let G = (V, E) be a graph, with distance d. Given pu,v: probab.



D(pll7) = p(x)log

p(x)
= 7(x)
the relative entropy (or informational divergence) of p wrt 7.
Let ¢ > 0. Then TFAE:
1. Eﬂ[et(f_E”f)] < ect2/2,
for all f € Lip(G), t € R.
(Follow up by Otto-Villani '00, Bobkov-Gentil-Ledoux '01, ...) . . .
- PmrasApTemau  Mopwmo LSI

For a probab. measure i on €2, absolut. cont. wrt 7, recall
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MLSI AND SUBGAUSSIAN CONCENTRATION

SUBGAUSSIAN AND TRANSPORT-ENTROPY

For a probab. measure p on €2, absolut. cont. wrt m, recall

D(ullm) = p(x log

xeN
the relative entropy (or informational divergence) of p wrt .

PROPOSITION (BOBKOV-GOTZE '99)
Let ¢ > 0. Then TFAE:
1. Eﬂ_[et(f—E,Tf)] < ect2/2’
for all f € Lip(G), t € R.
2. W2(p,m) < 2eD(ul|m),
for every 1 absolut. cont. wrt .

(Follow up by Otto-Villani '00, Bobkov-Gentil-Ledoux '01, ...)
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MLSI AND SUBGAUSSIAN CONCENTRATION

ENTROPY INEQUALITY IMPLIES TRANSPORT INEQ.

THEOREM (SAMMER-T ’05, ’09)

Given G = (V,E) and a prob. meas. w on V. Let L =P — |, with
supp(P) on E. Letd: V x V — R* be the graph distance. Suppose L
and d satisfy:

Zd2(x,y)L(X,y) <1, VxelV.
y
Then
2aEnt, () < E(f,log ),
for all densities wrt 7

1

= W) <2 (55 ) DGl

for all ii: absolut. cont. wrt .

PRrASAD TETALL MopIrFIED LST



o Let vy = vP; where P, = et!, and let f, = v, /7. Let g; be a
solution to Kantorovich's problem wrt v and 7 for each t > 0.

«O>» «Fr «Zr «E>» = o>



@ First show that

o Let vy = vP; where P, = et!, and let f, = v, /7. Let g; be a
d+
dt

solution to Kantorovich's problem wrt v and 7 for each t > 0.

W(re,m) > Y ge(x)Lf(x)m(x) = —E(ge. )
xeV

«O> «Fr «=r « = = aq >

v



o Let vy = vP; where Py = e, and let f; = v;/7. Let g; be a
solution to Kantorovich's problem wrt vy and 7 for each t > 0
o First show that
d+
— W, )Z‘:/gt(x)Lft(x)w(x)

v

= _g(gta ft)
@ And then that —&(gy, f;) > ——\/S(ft,logft
«4O> A Fr «=)» « = = o>
~ PmrasAp Temau  Moprmo LSI



e To prove —&(gy, f;) > —%\/E(ft, log f;) requires

a
o
v
N
]
v
N
it
v
a
it
-
[

DA



@ (i) Lipschitz property of gi;

e To prove —&(gy, f;) > ——\/S(ft,logft requires:
(ii) E(ef/?,ef/?) < 1&(ef, £); and

(iii) 32 32, 2(fe(x) + fi(y))d*(x, y)L(x, y)m(x) < 4

(which in turn uses the hypo. that 3, d?(x,y)L(x,y) < 1).
40> «F>r «=)r» « = = o>
~ PmrasAp Temau  Mopwmo LSI
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Then one may proceed as in [O-V]:

d [Dvelw)  3E(f.logh)

dtV o /aD(ver)
1 dt
S _E 8(ft‘a|og ft) S EW(VUT‘-)'
Letting ¢(t) = ¢/ % — W(v¢, ), the above asserts that
dt t
S o(t) < 0. Hence

D(vo||m)

0= Jim 6(8) < 6(0) = ~ W, ) +
= W?(yg, ) < éD(Vo”ﬂ').

«O> «F>r «=)r « =) EJ)Q(\«




Note: Log-Sobolev implies (sub)gaussian tails, but

p(P) < min

er{IOg 7(x) }

and RHS could be arbitrarily small without some assumption on 7

«O> A Fr «=)r «=)» o>



a(P)a®
)

Let P be a reversible Markov generator with respect to w on 2.
Then
7r(f >E.f+ a) < exp(—
forall f : Q — R and all a > 0, where
v(F) = max{ 3 P(, y)[F(y) — FOOR }
XEN
yeQ
<Oy <Fr <=y <Er E DA
~ PmrasAp Temau  Moprmo LSI




o (Standard) Recall that E[ef(f=Ef)] < et implies (by
Chebyshev/Chernoff?) for all a > 0,

m(f > Exf +a) < ecti—at
t =a/(2c), we get

So if we prove the hypothesis above for all t > 0 and choose

m(f > Erf +a) < exp(—ciz>

«O>» «Fr «Zr «E>» = o>



o (Standard) Recall that E[ef(F=Ef)] < e implies (by
Chebyshev/Chernoff?) for all a > 0,

m(f > Exf +a) < ect’—at
t =a/(2c), we get

So if we prove the hypothesis above for all t > 0 and choose

@ So we will derive, for all t > 0,

m(f > Esf +a) < exp(—ciz)

)
E[et(f—]Ef)] < ectz’
with ¢ := v(f)/a(P) to prove the theorem. e
~ PmrasAp Temau  Mopwmo LSI



@ (Herbst, ..., Hermon-Salez) For t € (0,00) and x € Q, let

Ft(X) - et:f(x)—z:t2 ,

where the choice of ¢ > 0 is no longer a secret! By reversibility,
E(Ft, IOg Ft)

= - Z P(x,y) Ft(x) Ft(y))(f(X) —f(y))

xyGQ

= t Z 7(x)P(x,y)F:(x) <1 _ e—f(f(X)—f(y))>[f(X) N
x,y€Q

< Z (X)P(x, y)Fe(X)[f(x) — F(¥)]3 (using 1 — e~ < u)
x,y€Q

< t2v(FE(F).

«O> A Fr «=)r «=)» o>



@ By the definition of a(P), we deduce

Ent(F;) < < v(f)

t*E[F] .
OTOH, for t > 0, by computation
d

WF%HH}_

Ent(F;) — ct®E[F]
t?E[F]

DA
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@ By the definition of a(P), we deduce

Ent(F;) < < v(f)

t’E[F] .
OTOH, for t > 0, by computation
d

log ]E[Ft] Ent(F;) — ct’E[F]
e

t2E[F¢]
@ So the choice of ¢ := v(f)/a(P), ensures that t —
non-increasing on (0, o), yielding:

log E[F]
t
log ]E[Ft]

is
Iog E[Fh]
h—>0

= E[f],
by taking the limit appropriately. Th|s establishes as desired:
E[e*] < e®lfler’. O
«4O> A Fr «=)» « = = o>
~ PmrasAp Temau  Mopwmo LSI
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