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No analytic 
solution to 

date, even at 
critical point



• Quantum field theory methods typically 
need us to deal with UV divergences at the 
critical point.

• I will describe a new approach that enables 
us to extract physical quantities (in 
agreement with the QFT methods and 
yielding new results) in a manifestly finite 
manner.



hO(0)O(x)i / 1

(x2)�

hO(0)O(x)O(y)i / OPE � coefficient

� ! Conformal � dimension

“interaction 
strength”

Correlation 
fall-off

6

So
m

e 
ba

si
c 

de
fs



7

specific� heat / ⌧�↵

�� =
⌘ + 1

2
��2 = 3

↵� 1

↵� 2

h (0) (r)i / r�1�⌘

Critical exponents and 
conformal dimensions

2d



0.5

0.52

0.54

0.56

0.58

0.6

0.62

20 40 60 80 100

G
4

l

G4((0, 0), (1, 0), (1, l), (0, l)) l kBT = 2.2692

L = 20
L = 40
L = 60
L = 80
L = 90
L = 100

0.2

0.21

0.22

0.23

0.24

0.25

0.26

0 20 40 60 80 100 120

C
2 σ
σ
ε

L

C2
σσε L× L

OPE determination from 
lattice?

P. Hegde,  A. Sharma in progress

2d



One of the many legacies of Ken Wilson 
(Nobel prize 1982)





• Wilson-Fisher fixed point.

• 3d Ising model (critical point of water)

• 2d Ising model 

• XY model 

Epsilon expansion
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Numerical results are from bootstrap based on methods pioneered by Rattazzi, 
Rychkov, Vichi and Tonni [2008] and used by El Showk et al [2012, 2014]. Often 
quoted as most accurate numerical estimates for the 3d Ising model at 
criticality.
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• Regularize, renormalize: remove infinities.

• Locate fixed point of beta function so that 
we have scale invariance. This is a special 
value of the coupling in terms of epsilon.

• Use Callan-Symanzik to determine scaling 
dimensions.

• Bottom line: quite technical and tedious 
although framework is well understood.

15



• State of the art is 5-loops (recent 6 
loops) for scalar operators, 4-loops for 
“double field” operators �,�2





18

cf: Critical properties of phi4 
theories by Kleinert et al. 539 
pages.

hep-th/9503230



• Virtually no results for OPE coeffs. 

• Needs lots of diagrams. Possibility of 
mistakes. Even 3 loops requires ~10 
diagrams,

• Any way the series is asymptotic.

• QUESTION: Can the 3d Ising model at 
the critical point yield an analytic 
solution?



• For this question the Feynman diagram 
approach is inefficient.

• Needs regularization, renormalization.

• Does not make use of the conformal 
symmetry at the fixed point.

• Hard to justify epsilon=1, get OPE 
coefficients, higher order spectrum …….
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CFT

• In addition to Lorentz generators (d(d-1)/2) and 
Translations (d), we have Special Conformal 
Transformations (d) and Dilatations.

• Conformal dimension is eigen-value of Dilatation. 
By spin, we will refer to the spin of the symmetric 
traceless operator entering the OPE.

23





Grad 
student’s 
reaction at 
being told 
to verify 
this !!



• The technique that makes use of the full 
conformal symmetry is called the 
conformal bootstrap. 

• This is an old idea that originated in the 
1970s.

• However very few results in d>2 were 
obtained using this approach until the work 
of Rattazzi, Rychkov, Tonni and Vichi in 
2008.



• No Lagrangian

• No Feynman diagrams

• No regularization, RG etc.

• Only conformal symmetry, crossing 
symmetry and OPE.

• Algebraic equations: steps can be made 
manifestly finite.

Conformal bootstrap: philosophy



dictionary meaning

28



dictionary meaning

28



29
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OPE

Operator Product Expansion

�(0)�(x) ⇠
X

c�,`(x
2)�O/2����`/2xa1 · · ·xa`Oa1···a`

(0)

• Convergent power series expansion. 
• Radius of convergence set by closest 

operator insertion.
• Operator relation. 1

2
3
4



OPE

Operator Product Expansion

�(0)�(x) ⇠
X

c�,`(x
2)�O/2����`/2xa1 · · ·xa`Oa1···a`

(0)

• Convergent power series expansion. 
• Radius of convergence set by closest 

operator insertion.
• Operator relation. 1

2
3
4

unknowns



Quick review of modern bootstrap

“direct-
channel”

“crossed-
channel”

Crossing

h�(x1)�(x2)�(x3)�(x4)i = h�(x1)�(x4)�(x3)�(x2)i

Early work: Ferrara, Gatto, Grillo; Polyakov; Modern revival: Rattazzi, Rychkov, Tonni, Vichi; Many, many others
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Quick review of modern bootstrap

“direct-
channel”

“crossed-
channel”

even spin

Crossing

h�(x1)�(x2)�(x3)�(x4)i = h�(x1)�(x4)�(x3)�(x2)i

Early work: Ferrara, Gatto, Grillo; Polyakov; Modern revival: Rattazzi, Rychkov, Tonni, Vichi; Many, many others



• Modern numerical methods can numerically 
extract anomalous dimensions of certain 
operators by exploiting a “kink”.

• Difficult to do analytically, get information 
for general operators, get OPE 
coefficients…..large spin approx/
resummation methods needed.

Alday-Zhiboedov; Komargodski-Zhiboedov; Fitzpatrick et al;
Sen, Kaviraj, AS; Alday et al.



1309.5089, El-Showk, Paulos, Poland, 
Rychkov, Simmons-Duffin, Vichi

Numerical bounds in fractional 
dimensions



New approach



• 1510.07770, JPhysA (w K. Sen)

• 1609.00572, Phys. Rev. Lett. (w R. 
Gopakumar, A. Kaviraj and K. Sen), longer 
version 1611.08407

• 1612.05032 (w A. Kaviraj and P. Dey)

• 17xx.xxxx (w R. Gopakumar)

• …….. (a few others which are preliminary)



• Partly motivated by the 1974 seminal paper 
by Polyakov.

• New ingredients are Mellin space and 
connection with Witten diagrams.

Convenient Kinematical Basis



• Witten diagrams are building blocks in the 
AdS/CFT correspondence which was 
postulated in 1997!



How did Polyakov know about 
Witten diagrams in 1974?



How did Polyakov know about 
Witten diagrams in 1974?

I will come back to this in the end.
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• In the traditional approach we expand in 
terms of partial waves which are consistent 
with OPE.

• Impose crossing symmetry as constraint.
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ap



• In the new approach we expand in terms of 
crossing symmetric partial waves.

•  Impose OPE consistency as constraint.

New approach: key point



• New partial wave basis: Tree level Witten 
diagrams (better to call Witten blocks).

• Use this to sum over all physical states 
(including double trace operators)—a bit 
different from AdS/CFT at infinite N.

• Has in-built crossing symmetry.
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M(s, t) : Mellin amplitude

Z
dsdt

(2⇡i)2
�(�t)2�(s+ t)2�(�� � s)2M(s, t)usvt

“Cross-
ratios”

A(u, v) =



Hjalmar Mellin (Finnish 
mathematician)

f(x) =

Z c+i1

c�i1
f̃(s)x�s ds
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X
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Mellin amplitudes should 
factorize on physical poles.
m: descendant label, l: spin
Q: polynomials in t

X

m
…..

Modern Mellin amplitude literature: Mack; Penedones;   
Paulos;……….
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X

�,`

c�,` ++ +

Q�
`,m(t)

s� ��`
2 �m

+ regular

Mellin amplitudes should 
factorize on physical poles.
m: descendant label, l: spin
Q: polynomials in t

X

m
…..

Residue fixed by conformal 
invariance; Mack polynomials

Modern Mellin amplitude literature: Mack; Penedones;   
Paulos;……….



…..



Difference between usual conformal block 
expansion and Witten diagram expansion lies in the 
…. pieces. The regular piece for usual conformal 
block is exponential at infinity while for the Witten 
block it is polynomial.

…..
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(Swedish mathematician)

Thm: Existence of meromorphic 
functions with prescribed poles
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M(s, t) =
X

�,`

c�,` ++ +

should not have (s��� � r)0, (s��� � r)1 terms

8r 2 Z+

This should hold for all t.

Lots of conditions!!
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• One extra ingredient we will make use of. 

• It turns out m=0 case          orthogonal 
polynomials in t called the continuous Hahn 
polynomials which play a role in 
integrability.

• We will expand the t dependence in terms 
of these polynomials.

(but I have not lost it….yet)



H⌧
` (t) = 2`

(⌧)2`
(2⌧ + `� 1)`

3F2[�`, 2⌧ + `� 1, ⌧ + t; ⌧, ⌧ ; 1]

Continuous Hahn polynomials

(a)n =
�(a+ n)

�(a)

Play a key role in repackaging the equations. 
Without this we would need to take clever 
linear combinations to recover our results.
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R.Gopakumar, AS; to appear
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• Demanding consistency we recover a 
whole bunch of known results upto 3-loop 
order in the epsilon expansion quite easily. 
We also recover large spin results quite 
easily and more transparently.

• We also get new results for OPE which 
have never been computed using the 
Feynman diagram approach.



• Helps to have an expansion parameter

• Epsilon expansion/large N expansion

• Or focus on large spin exchange and use 1/
spin as the expansion parameter

• Mild assumptions like being close to a free 
theory which places mild constraints on OPE

• Assume a stress tensor

Strategy for solving equations



• Typically a particular spin exchange 
dominates in the direct channel upto some 
order in the expansion parameter

• The crossed channel in the examples we 
consider has the first composite scalar that 
dominates upto some order

• Enough to fix the first few orders for 
anomalous dimensions of all higher spin 
operators quadratic in the fields



Sampling of (new) results

O�,` ⇠ �@µ1 · · · @µ`�

�` = d� 2 + `+

✓
1� 6

`(`+ 1)

◆
✏2

54
+

373`2 � 384`� 324 + 109`3(`+ 2)� 432`(`+ 1)H`

5832`2(`+ 1)2
✏3

[agrees with Derkachov, Gracey, Manashov’s 3-loop Feynman diagram calc!!]

[new]



Sampling of new results

numeri
cs

us

old

stress tensor OPE
2nd order was known earlier



Global symmetry: N scalars 
1612.05032; P.Dey, A.Kaviraj, AS



Sampling of new results

Conductivity superfluid-insulator quantum 
critical point O(2)

�(1)

�Q
= 0.36

�(1)

�Q
=

⇡

8
(1� 3

100
✏2 � 9

200
✏3) = 0.363

Witzcak-Krempa, Sorensen, Sachdev—Nature Physics 
2013

P. Dey, A. Kaviraj, A.S.—1612.05032
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• Can we understand why the first few terms 
give good agreement?

• Is it guaranteed that we will get the Feynman 
diagram results order by order?

• I think the answer is no. In the epsilon 
expansion, there are new operators called 
evanescent operators in fractional 
dimensions and affect Feynman diagrams.

• These spoil unitarity. [Hogervorst, Rychkov, van Rees]

Epsilon expansion questions



• In the bootstrap formalism, in principle we 
can demand unitarity order by order. 

• There are two possibilities: We get a 
consistent expansion which will not agree 
with the diagrammatic approach from some 
order; Or we see evidence of these 
evanescent operators. [RG, AS, in progress]



• Various generalizations are in progress eg 
N=4 SYM, external operators etc. 

• Hints at a different way to systematize 
perturbative expansions rather than 
Feynman diagrams (at least for critical 
phenomena)……………



How did Polyakov know about 
Witten diagrams in 1974?
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1

4⇡i�(�� � s)2

Z i1

�i1
d⌫q[⌫]q[�⌫]=

q[⌫] =
�(h+⌫

2 � s)�2( 2���h+⌫
2 )

(�� h) + ⌫

M(⌫) = q[⌫]q[�⌫]
Spectral function. Polyakov gave a 
different physical argument for the 
double poles. Exactly the same form!! 
Momentum/position space are not 
ideal to see the simplification we saw 
in Mellin space.

Reverse argument



Thank you


