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Liquid-gas, Ising & L-J models have same exponents

H. W. J. Blote, E. Luijten, J. R. Heringa.
3D Ising model: Monte Carlo study

J. Phys. A 28, 6289 (1995)

Jan V. Sengers - Joseph G. Shanks

Experimental Critical-Exponent Values for Fluids

J Stat Phys (20009) 137: 837877
y = 1.238 +0.012, (OD—(

Exponent  Expressed in RG exp.  Value

_ l* _‘ o 2—din 0.110 (2)
p=0.629 4 0.003 O—(D—( B {d — i/ n 0.3267 (10)
J‘ T ¥ 2 — d)/ e l'ﬁ f:m
| & d 4. 143
Beta=0.3245 OO0 T ot 0087 &)
W Ly 0.6301 (&)
g =¥i /W 0.52 (4}

H. Watanabe, N. Ito, and C.-K. Hu, Phase diagram and universality of the
Lennard-Jones gas-ligquid system, J. Chem. Phys.,136, 204102 (2012).

g = 0.3285(7). b = 0.63(4).

Yang and Lee, Phys. Rev. 87, 404 (1952) and Lee and Yang, Phys. Rev. 87, 410 (1952):
Lattice gas model and hence Ising model can represent gas-liquid systems.



Biological Polymorphism 4¥2%EH %
Two or more clearly different phenotypes exist in the
same population of a species — in other words, the

occurrence of more than one form or morph.
A. E. Allahverdyan and C.-K. Hu: PRL 102, 058102 (2009).

 —

Examples:sexual dimorphism (A4 £ )
http://en.wikipedia.org/wiki/Sexual _dimorphism

Common Pheasant(’ﬁ%%’&)

Spider () =

Female Triplewart seadevil, an anglerfish, with male attach: &



http://en.wikipedia.org/wiki/Common_Pheasant

Definition of polymorphism: two or more different phenotypes
co-exist in one interbreeding population (FEFEETHEERS)

-- May or may not have a genetic basis

-- Frequently related with varying environment

Example: land snail grove snail (/)\afpkiE4~)Cepaea Nemoralis.
Two morphs brown (B) and yellow (YY) compete for resources.

B (YY) is less visible for predators at spring
(summer and autumn).

Y is resistant to high and low temperatures:
advantage at summer and winter.

B and Y have different advantages under
different environmental conditions.

LM Cook, 1998




Replicator approach: Population consists of several interacting groups

P, = N " [ N  frequency of each group

N E = N k f L ( p) Births-deaths process

T

Fitness = births — deaths + inter-group interactions.

Probability of meeting for two individuals depend on p’s

pr=pil filap) =D pifil

T . . . .
Simplest assumption about interactions
fr(a,p) = E QLD P P

T Interaction parameters: payoffs




twomorphs. i, = iy (1 — 7y )[A - By — Cpy(1 - iy

= 1 ~ " 2 a
a12(7) = a2 (7) Ea[&m (CLQQ — a,n) + @G22 G711 ]

11 > a2 > a2 EH(T‘::I=|!_1H-|-E,[“{[T'). .

Orap(T) = apt(7), ag = 0.

| => Morph # 1 (generalist) dominates for C=0

0 P1 1

e—O0—0 0 |Two new rest-points: Polymorphism for sufficiently positive C

A(1) = ay(t) — axl1),

a1z > 11, A2 B(1) = 2a;,(t) — ay, (1) — axn(),

@ o O _

0 . => Coexistence for C=0 (heterozygote advantage)
P1

® — o - PN No new rest-points: Polymorphism is kept for any C




Allopatric speciation(EIYITEEK) vs.

Sympatric speciation ([EIEZIFE K )

 Allopatric_ speciation, also known as
geographlc speciation, |st e
phenomenon whereby bio o%mal
populations are phy5|call isolated by an
extr|n5|c barrier and evolve |ntr|n5|c
]genetlc reproductlve isolation, such that
| t e barrier breaks down, individuals of
the populations can no longer interbreed.

e Sympatric speciation is the genetic
divergence of various populations (from a
single parent species) inhabiting the same

eo ra;c) ic region, such that those
popu ations become different species.

* Our theory gives positive impact on
sympatric speciation.

Alloparic Peripatric Parapatric Sympatric

o, © @ @ @
populalion
Initial slep of
gpeacialion

Barmi e Mlew nich= few niche Eenelii;
fomrmation enter=d entzred  polyrmomphism
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st @D @
E=olation
Inisd ation Ih i =olab=d I adjacent Within the
niche niche Fopulation

Mew distinc
gpeciesaler
equilbration
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http://en.wikipedia.org/wiki/Speciation

Micro and Macro Evolution
http://anthro.palomar.edu/synthetic/synth 9.htm

Throughout most of the 20th century,

researchers developing the synthetic theory of :
. o Species J
evolution primarily focused on

microevolution, which is slight genetic change
over a few generations in a population. Until
the 1970's, it was generally thought that these
changes from generation to generation
indicated that past species evolved gradually
into other species over millions of years. This
model of long term gradual change is usually
referred to as gradualism or phyletic
gradualism . Itis essentially the 19th century
Darwinian idea that species evolve slowly at a
more or less steady rate. A natural
consequence of this sort of macroevolution
would be the slow progressive change of one
species into the next in a line, as shown by the
graph on the right

species 2

evolution ——

species 1

tirme ——


http://anthro.palomar.edu/synthetic/glossary.htm#synthetic_theory_of_evolution
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Beginning in the early 1970's, this model
was challenged by Stephen J. Gould,
Niles Eldredge, and a few other leading
paleontologists . They asserted that
there is sufficient fossil evidence to show
that some species remained essentially
the same for millions of years and then
underwent short periods of very rapid,
species major change. Gould suggested that a
more accurate model in such species
lines would be punctuated equilibrium
(illustrated by the graph on the left).
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D. B. Saakian, M. H. Ghazaryan, and Chin-Kun Hu: Punctuated

equilibrium and shock waves in the molecular model of biological
evolution, PRE 90, 022712 (2014). g Shockwave

Abstract. We consider the dynamics in infinite population
evolution models with a general symmetric fitness landscape.
We find shock waves, i.e. discontinuous transitions in the mean
fitness, in evolution dynamics even with smooth fitness
landscapes which means that the search for the optimal Time

. . . . Shock wave: (General Physics) a
evolution trajectory is more complicated. These shock waves region across which there is a
appear in case of positive epistasis and can be used to represent rapid pressure, temperature, and
punctuated equilibria in biological evolution during long density rise.
geological time scale. We find exact analytical solutions for ]
discontinuous dynamics at the large genome length limit and
derive optimal mutation rates for fixed fitness landscape to send
the population from the initial configuration to some final Dasitive

configuration in the fastest way.

Expansion
waves

Pressure

>

ative epistasis

fitness

no. of mutations



Models of Asexual Biological Evolution

The genome configuration is specified by a sequence of L spin
values s, = 1, 1 < k < L,
purines: R=G, A — +1, pyrimidines: Y=C, U, T — —1.

There are M = 2% spin states, labeled by 0 <i < M — 1.

We denote the i-th genome configuration by S; = (s, s}, ..., s})
and the probability of the i-th genome at time ¢ is given by
ps. = pi(t) and the fitness r; is the average number of ofi-
springs per unit time. In our language. the chosen fitness r;
is a function f that operates on the genome configuration S;,
i.e., 7, = f(.5;).

For the single-peaked fitness function. we take
f(Sy)=A>>1, and f(S5;) =1 for 7 # 1, (1)
with Sy = (+1,+1,...,+1), which is equivalent to choosing

L
Zr=1 5}

£(5) =1+ (4 - D[

P for p— . (2)




Eigen Model: connected mutation-selection scheme

In the Eigen model, elements of the mutation matrix );;
represent probabilities that an offspring produced by state j
changes to state 7, and the evolution is given by the set of M
coupled equations for M probabilities p; of the i-th genome
configuration (state):

dp; M-I M1 |
pralpy Qijrip; — pil 2 T5p;)). (3)

The mutation matrix is
Qé_j _ qL—cfH.j}(l o q)d[f.j}‘
d(i,j) = (L — =F_, sis])/2 is the Hamming distance between S,
and S, (1 — ¢) is the mutation rate per site, and ();; satisfy
M—1 M—1

> ;=1 and thus > p;=1
i=0 i=0



Error Threshold

The simplest choice of the fitness function [ is the single
peaked function, which corresponds to rp = A and ry = 1 for
i > 0. For this simple model, Eigen used qualitative argu-
ments to find the error threshold without solving the model

analytically:
1 .
A= — = el
q ¥,

Here v = L(1 —¢) =number of mutation per genome per repli-
cation.



Crow-Kimura Model: parallel mutation-selection scheme

One can subtract a

dp; constant from fitness
At ?mf.ﬁpi TTiPi — Pi ?pfri"-‘ function without

changing equation.

2 Aijpj — Pi 2 PiTjy
J J
Ai}' = ﬁfj'?'j' + ;. 'I:-”

Here m;; 1s the mutation rate from state S5; to state S;, and
r; 1s the fitness of state 5;. State 5; state 5; have a Hamming
distance d;; = (L -5 stf;]ﬁ We choose a mutation rate m;; =
~vr when dyy > djg, my; = 9 when dy < dj, and my; = —dioy —
(L — dip)ys. When d;; = 1 m;; = 40t and when d;; > 1, m;; = 0
E. Baake, et al., PRL 78, 559 (1997)]. We can write the
fitness r;, the re-scaled mean fitness H. and the mean overlap
r*, respectively, as

ri = Lf(s1....,s1).
LR =3 piri,
rr=1-— ZZpidiD/L.



Crow-Kimura model with asymmetric mutations

In the case that all the sequences with the same [ num-
ber of © — 17 alleles have the same probability, it is possible
to write the following system of equations for relative class
probabilities F} = ¥ pid(l,dip), 0 < n < L:

dF;

—= = BILf () = (L = 1)yy = Iy

1 “'r‘J,rlIL—f—Fljﬂ_l‘Ff}"bH‘l‘l}PfH! (5)

where m; = 1 — 2I/L, and F, are relative probabilities at the
Hamming distance [ (I mutations); f(x) is a fitness func-
tion; and 7, and 7, are the forward and backward mutation
rates, respectively. The forward means the the mutation in-
creases the Hamming distance from the reference sequence.
and backward mutation decreases the Hamming distance to
the reference sequence. In Eq.(5), for [ =0 and [ = L we omit

P_l and Pj‘}].



Hamilton-Jacobi equation (HJE)

At discrete values of overlap z = 1 —2I/L we use the ansatz:
Fi(t) = P(x,t) ~ exp[Lu(z, t)],

then Eq. (5) can be written as the HJE for u=In P(z.{)/L:

du ,
a—I—H(I,u}—U,

g (6)

Here p = ' = 0u/dz, the domain of = is —1 < z < 1, and
the initial distribution is u(z,0) = yy(z). Let us denote the
location for the maximum of distribution P(z,t) as z*(f). Thus
at z*(t), we have p = v’ = 0. The differentiation of Eq.(6) with
respect to x at p =10 gives

dz* _ [f'(z*(t))]

i W, R e "

where v” = 0°u/(0z)’. We see that the dynamics of the max-

imum depends on the mutation rates, the fitness and the
curvature of the distribution.



Minimizing —H(z,p) via p, we obtain the expression of the
evolution potential,

l+x l—=x

Ula) = f(&) + VI = 2 =yt = s (8)

The evolution behavior is defined by the evolution potential.
The mean fitness K and the surplus s are defined as

R = maz[U(z)||,, f(s)=R. (9)

In [D. B. Saakian, et al., Phys. Rev. E 78, 041908 (2008)],
Eq.(6) was solved for v; = 7, = 7 case by a method of charac-
teristics. For the characteristics line z(t) we have a Hamilton
equation dz/dt = dH(z,p)/dp. Using the identity

| % _ .
Vg€ W€

= £k — (1 — 22), (10)

and the Hamilton equation with the Hamiltonian H given
by Eq. (6), we obtain:

& = £2/k2 —ypp(l — 22),
l—=x N l+=x

~

2 "

where g = du(z,t)/9t is constant along the characteristics, like
the particle energy in classical mechanics. At every point we
have two characteristics, moving to the right and left.

E = g+ — flz). (11)



We consider the dynamics of the population, initially hav-
ing a fixed overlap xy with the reference (master) sequence.
Let us look at the manner of change in the mean overlap of
the population z7(t*) = »; P;(1—2d,p/L) at the moment in time
t*. As time progresses. the overlap distribution spreads out
and we therefore focus on the time evolution of the overlap
r" which yields the maximum of this distribution.

Integrating dt = (dt/dx)dz, we obtain for the large initial z;

A
t' =l [dE [F(y,2", 6", (12)
I
where we have the following expression for F:
. 1 —I—éf 1 —
F(v,2%8) = |[f@)+1—+0 —f[£}
— Vi (1 - 5‘) - (13)

Equation (12) corresponds to the motion along one charac-
teristics.



For the small r; we should consider the motion along two
characteristics: after the point x; we should take the charac-
teristics with sign — in Eq. (12). We get:

1T de 17 de
2/

t* = —

(14)

and ri 1s the solution of
F v,z x1) = 0. (15)

For a symmetric mutation scheme vy =, =, I' 1s replaced
by with Fi:

F,(v,2",8)=[f(a)+7 - FEF - (1-€). (16)



1 - - - ; Top curve: gamma/c=0.05=1/20, c=20
2"d curve: gamma/c=0.10=1/10, c=10

‘ 7

X

flx)=

b | ™

C=1/0.7=1.42..., x*-=1-0.7=0.30
C=1/0.75=1.333...., x*-> 1-0.75=0.25.

1 1.2 1.4 1.6 1.8 2
ot
FIG. 1. The dynamics of x*(t*) (mean overlap with the reference
sequence) as function of time r*) by Eqgs. (12) and (14) for the
symmetric case ¥y = ¥, = ¥ = 1 and (top to bottom at ct* = 2)
y/c=0.050.1, ...,0.7,0.75. The initial population has overlap
xp = 0.01 with the reference sequence. For t* — o0, we find x* =

1 —y/c.
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FIG. 2: The dynamics of =*(t*) by Eq. (1) for xzq = 0.01,
«/e = 0.05 and (dashed vertical lines from left to right) L =
2000, 4000, ...,12000. For L. — oc the jump in ™ takes place
at cf* = oty = 1.939 and has size Az™ = 0.755.
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FIG. 3: The critical line ~. /¢ vs. xp at which Az™ = 0. The
critical ¢ is defined from the system of equations dz* /dt* =
0,d*z* /d*t* = 0. For the + values below this curve, the most

probable overlap ¥ undergoes a discontinuous transition at
t* = t% (see Fig. 2).



Mutator gene, e.g. p53

Medical Dictionary: mutator gene

Evolutionary biology:

A gene which, under severe physiologic stress, spreads through
populations of pathogens (5 #S) or tumour cells.

Molecular biology:
A gene that increases the mutation frequency of other genes; DNA
repair genes typically have a mutator phenotype.

Merriam Webster Online: a gene that increases the rate of mutation
of one or more other genes—called also mutator .



— A. Nagar, K. Jain: Exact phase diagram of

x"ﬁ guasispecies model with a mutator rate modifier,
M Phys. Rev. Lett. 102, 038101 (2009).
I'M_l_l_f"
P=1 P-Q = 0 Q: l
L -
0 f| 1
[ -

FIG. 1: Schematic phase diagram of the quasispecies model with
mutation rate modifier. With probability f, the nonmutators
(mutation probability w) change to mutators (mutation probability

nu ). The pure nonmutator phase occurs when f = 0 and pure mutator
phase for f >= fc. The system is in the mixed phase for 0 < f < fc.



The rich phase structure of a
mutator model Scientific Reports 6, 34840 (2016)

David B. Saakian'?, Tatiana Yakushkina® & Chin-Kun Hu*>

H M
F e [ —1 o — [ .‘—_"" I+ 1 \

dP,(1) N . L—Il41 a 141]
L:ii = Q + Pf (x) — (u, + o)) + '“][P-'—] I + P.I+IT1 — PR(t),
dQ (¢ [ : A L—1l4+1 =~ 141 i
L{:}:ir] = P+ Qlglx) — (1 + ;) + '“31{3!4 I + + Qi _II: l — QR (1),

R(t) = S(P0f (x) + Qt)g(x)),

x;, = 1—2/L, 0 << L.



P, ~ Q

3 Q - =
S(P+Q) T NP +Q) (2)

."‘Pll:

It is easy to show that P;and (), are the solutions of the following system of linear equations:

dP(t _
L:i{fj = oQ + Pylf (x) — (g, + o)) + #1[Pr_1L—m + Pr+|j - l]’
dQ,(1) L-—1+1 I+ 1

InEgs(1)and (2), 15,. and {"}, are the probabilities under the normalization constraint, while P;and Q, of Eq. (3)

are not normalized.
In this paper, we focus on the following characteristics of the model in a steady state: the mean fitness R,

the total surplus s (the expected value of x;), the surplus for the wild-type part of the population s, and for the
mutator-type part s,, and the fraction of the mutator sub-population g:

R— E;{ng{x} + Q;S{E”’S _ P+ DJ:I-::,'}
>+ Q) (P + Q)
_xP o nQx o 2

= ) »
P TNQ 2P+ Q)

5

Assume a smooth distribution, we obtain

R =qg(s,) + (1 — g)f (s)).



The case of forward and backward transitions of

the mutator gene.
Consider Eq.(1) without nonlinear terms. We assume

the following ansatz [24, 26, 29
Pi(t) = vi(2. eV =0; Qy(t) = vo(w, )N =, (4)

Our system of equation is mapped into the HJE and in

the Methods we obtain the following expression for the
mean fitness R using the potential function [26]:

flz)+g(r) 1+p o+ a
2 2

2
1 1
+ %y’ 1 —z2 £ E\/ﬂ_{:ﬂ]g + da1aa (D)

where we used g1 =1, po = p, and A(z) = f(z) — a1 +
g —g(x)+(1—p) (/T — 22 —1). The numerics in support
well our analytical results, see Methods.

Vilz) =




TABLE I: The comparison of the results for f (r) = glx) =
3..1'.'"].("2,;_-[[ = 1,z = p, 07 = xo = 1, N = 400. R,um 15 the
numerical result and H;y 15 given by Eq.(5).

7 3.5 3. 2.5 2. 1.5 1. 0.5
Fyum |0.1907 10.25140.32405 |0.4127 |0.5240]0.6684 | 0.8626
Fep (01811 (0.2436] 0.3180 |0.408410.5212]0.6666|0.8615

TABLE II: The results for f(r) = g(z) = kxr,pu; = 1, u-
ooy =, p =00 K = f::::p[_-"'-."[_ll';“"} u'(z) — N q; )
15 a numerical result.

N | 1000 | 1000 | 1000 | 1000
k 0.3 0.3 0.3 1

a | 0.0001 | 0.001 | 0.01 0.3
R, | 0.0439 [0.0430]0.0340]0.1142
R | 0.0439 [0.0430]0.034010.1142
q | 0.9945 |0.9460] 0.530 | 6/107
K |1-4/10°10.9994] 0.930 | 1/10°
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Figure 1. The phase structure of the mutator model with single peak landscape with zero value for any
argument except [=0: flx=1)=g(x=1) =]. The parameters of the model are &, =a, o,=0, ;= 1, and

jt;= jt. There are three phases: mixed phase with 0 <s< 1,0 < g < 1, non-selective phase withs=0,0<g<1
and mutator phase with 0 <'s, §= 1. The border between non-selective and mutator phases is given by =],

the border between non-selective and mixed phases is given by a= ] — 1, between mixed and mutator phases is
given by a+ 1= p line. From the bio-medical perspectives we distinguish the mutator I and mutator II, mixed I
and mixed I subphases. From the mutator I, the system transforms to the non-selective phase simply increasing
the 4. From the mixed II the system transformers to the non-selective phase simply increasing the a=a,. From
the mutator 1T and mixed I subphases we need change both a and ¢ to transform the system to the non-selective
phase. We have the same picture in case of Eigen model with a fitness A for the peak sequence and fitness 1 for
other sequences. We have for the mixed phase R=e~"+7)A, for the mutator phase R=¢*'A and for the non-
selective phase R = 1. The border between non-selective and mutator phases is given by py = InA, the border
between non-selective and mixed phases is given by h=InA — 7, between mixed and mutator phases is given by
h={(p— 1)7line.
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Figure 1. The phase structure of the mutator model with single peak landscape with zero value for any
argument except I=0: flx=1)=g(x= 1) =]. The parameters of the model are o, =a, ®, =0, ;= 1, and

1, = . There are three phases: mixed phase with 0 <5< 1,0 < g < 1, non-selective phase withs=0,0<g<1
and mutator phase with 0 < s, g= 1. The border between non-selective and mutator phases is given by =],

the border between non-selective and mixed phases is given by a=J— 1, between mixed and mutator phases is
given by a + 1= line. From the bio-medical perspectives we distinguish the mutator I and mutator II, mixed I
and mixed II subphases. From the mutator I, the system transforms to the non-selective phase simply increasing
the j¢. From the mixed II the system transformers to the non-selective phase simply increasing the a=a,. From
the mutator IT and mixed I subphases we need change both a and ;: to transform the system to the non-selective
phase. We have the same picture in case of Eigen model with a fitness A for the peak sequence and fitness 1 for
other sequences. We have for the mixed phase R=¢~"*7A, for the mutator phase R=e#'A and for the non-
selective phase R=1. The border between non-selective and mutator phases is given by p1v=InA, the border
between non-selective and mixed phases is given by h=InA —~, between mixed and mutator phases is given by
h={(p— 1)7line.
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Figure 3. The mean fitness R versus k of the model with linear fitness landscape fix) =kx, g, =1, p, = 10,
f:lc1 =0, at; =0.02. There are two phases in the model for the general values of parameters: mixed phase with

K 4+1 — a; — 1and mutator phase withR = \{kl — (#3}1 — Py q=1 The border between two
phases is given by equatmn.:r, p,— 1+ «.,ch ﬁikz + {,u, ). In our case k,_~0.212.
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Figure 4. The dependence of the mutator probability q on the genome length L. The the single peak fitness

model (smooth line) with J=1.05, 1, =1, pt,= 10, a=, =0.001. For the L= 5000 the single peak models
numerical result coincides with the analytical result for L= oc with the relative accuracy about 0.1%.
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Figure 5. The dependence of the mutator probability q on the genome length L for the linear fitness model:
fix)=kx,k=1,p,=1, u,=10, @, =0, a= cx;=0.3. The smooth line corresponds to the numerics, the solid
dots correspond to our analytical result.
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Fig. 1. The expression of lactose permease in E A c Bimodal distributions TMG: inducer
coli. (A) The repressor Lacl and permease LacY form Cell membrane .
a positive feedback loop. Expression of permease 0.50 - B 0uMTMG concentration
increases the intracellular concentration of the Lacl oo ’ = 30 uMTMG

. . L = — . TMG B 40 uM TMG

inducer TMG, which causes dissociation of Lacl from . = 0.40 o 50 uM TMG

the promoter, leading to even more expression of T S 0,30 o100 uM TMG

permeases. Cells with a suffident number of per- Plac ___, t S, 3 0.20 4

meases will quickly reach a state of full indudion, a_‘:’— .

whereas cells with too few permeases will stay 0,10 +

uninduced. (B) After 24 hours in M9 medium 0.00 A

containing 30 puM TMG, strain SX700 expressing a ..,

LacY-YFP fusion exhibits all-or-none fluorescence in

a fluorescence-phase contrast overlay (bottom, im- Log fluorescence (e{.u.}

age dimensions 31 um % 31 um). Fluorescence im- B D

aging with high sensitivity reveals single molecules

of permease in the uninduced cells (top, image | |

dimensions 8 um x 13 um). (C) After 1 day of con- Copy number distribution

tinuous growth in medium containing 0 to 50 uM 07 of uninduced cells

TMG, the resulting bimodal fluorescence distribu- )

tions show that a fraction of the population exists -, 0.6 m 0uMTMG

either in an uninduced or induced state, with the = 05 m 30 M TMG

relative fractions depending on the TMG concentra- T 04 = 40 uM TMG

tion. (D) The distributions of LacY-YFP molecules in ]

the uninduced fraction of the bimodal population at o

different TMG concentrations, measured with single-
molecule sensitivity, indicate that one permease
molecule is not enough to induce the lac operon, as
previously hypothesized (12). More than 100 cells
were analyzed at each concentration. Error bars are
SE determined by bootstrapping.
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FIG. 1 (color online). (a) A mmimal gene network with positive
feedback and two different gene states. (b) The diagram of the full
chemical master equation [see Eq. (1)]. (¢) Deterministic mean-
field model [Eq. (2)] with bistability induced by positive feedback,

in which k; = 10 min™", k, = 0.1 min™', and ¥ = 0.02 min™".
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Figure 2. In the intermediate region of gene state
switching, the full CME can be simplified to a

G kin) fluctuating-rate model (a), the steady-state
< L SEr n— n+l . distribution of which corresponds to a normalized

landscape function “®0(x) (b). In the case if the gene
state switching is extremely rapid, a reduced CME (c)
and a different landscape function "®1(x) (d) can also
be derived. The insets in (b) and (d) are the zoom in of
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For the condition (A): N =ki/y > 1, k; > k» with pa-
rameters h = N?*h,hn(n — 1) = hx(x — 1/N),andx = n/N;
GQX announced that the model has been solved in the two
cases [34], I: ky > h,f and II: k; < h,f. In case I, Eq. (1)
can be simplified as the fluctuating rate model described by

(a)
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FIG. 1. Reaction scheme of GQX's model of gene regulation
network, where Dy and I; are the DNA at the gene state 1 and 2,
respectively, and Pr is the protein.
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— hn(n —1)pa(n.t) + fpi(n,t).
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ot

where k; and ks are the protein-production rates for gene states 1 and 2, v is the decay rate
of copy-number of proteins due to the cell division, and f and hn(n — 1) are the switching
rates between the two gene states. Equation for p;(n,t) listed above was obtained from Eq.

(1) in Supplementary Material of [11] by taking = 2 for dimer formation.



For the condition (A): N = k;/y > 1, k; > ky with parameters h = N%h, hn(n — 1) =
hz(z — 1/N), and x = n/N, GQX [11] announced that the model in intermediate regime of

parameters has been solved in the two cases: I k> h, f, IL: ky < h, f
p1(n,t) = v1eNED py(n,t) = v T,
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FIG. 2. P(x) figures for parameters: k; = 10, k» = 0.8108. y =
0.02, h = 30k, b =30, c = 0.0811, (a) f = h/3.2 and a = 9.38,
and (b) f=h/3.68 and a = 8.15. The green solid lines are
constructed by setting v, + v, = 1 without finite-size corrections:
P(x)=exp(Nu,(x)) with u,(x) given by Eq. (14), the blue solid
lines are predicted by Eq. (25). and the blue dash lines are predicted

with u; given by Eq. (18). The unit of P(x) is 10~ and the inset of
(b) is as a guide to the eve.
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FIG. 4. (a) P(x) as a function of x for different values of a; other
parameters used here are the same as those in Fig. 3. The data for
curves are calculated from Eq. (25) and the unit of P(x) is 107°.
(b) The corresponding generalized energy landscapes of (a) by
®(x) = —In P(x) and the unit of ®(x) is 10",



Summary and further works

e Statistical physics can be useful for understanding biological evolution
or process in different time scales.

* It is of interest to have a coherent and consistent picture of biological
evolution from very small time scales to very large time scales.






Ssummary

We solved Ge, Qian, and Xie (GQX) model [Phys. Rev. Lett.
{\bf 114}, 078101 (2015)] for the molecular process in a
single cell accurately by Hamilton-Jacobi equation (HJE)
method with finite size corrections, and it is verified by
numerics. For the large parameters, our method works
more accurately than the method by GQX, while for
intermediate parameters our formulas are close to the
numerics in a high accuracy and very different from their
results, yields more accurate landscape functions. Our HJE
approach can explain physically the phenotypic transitions
of lac operon in E. coli. [P. J. Choi, et al., Science 322, 442
(2008)] and can have wide applications.
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Figure 1

(a) A minimal gene network with positive feedback and two different gene states. (b) The diagram of the full chemical
master equation [see Eq. (1)]. (c) Deterministic mean-field model [Eq. (2)] with bistability induced by positive feedback, in
which k1=10 min-1, k2=0.1 min-1, and y=0.02 min-1.

Figure 2

In the intermediate region of gene state switching, the full CME can be simplified to a fluctuating-rate model (a), the
steady-state distribution of which corresponds to a normalized landscape function “®0(x) (b). In the case if the gene state
switching is extremely rapid, a reduced CME (c) and a different landscape function "®1(x) (d) can also be derived. The
insets in (b) and (d) are the zoom in of the functions near x=0 . The parameters in (b) and (d) are the same as those in

Fig. 1 with Keq=1/5.5.
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