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Liquid-gas, Ising & L-J models have same exponents

Beta=0.3245

H. W. J. Blote, E. Luijten, J. R. Heringa. 

3D Ising model: Monte Carlo study

J. Phys. A 28, 6289 (1995)

H. Watanabe, N. Ito, and C.-K. Hu, Phase diagram and universality of the 

Lennard-Jones gas-liquid system, J. Chem. Phys.,136, 204102 (2012).

Yang and Lee, Phys. Rev. 87, 404 (1952) and Lee and Yang, Phys. Rev. 87, 410 (1952):

Lattice gas model and hence Ising model can represent gas-liquid systems.



Examples:sexual dimorphism (兩性異形) 
http://en.wikipedia.org/wiki/Sexual_dimorphism

Common Pheasant(雉雞)

Spider (蜘蛛)

Biological Polymorphism 生物多形現象
Two or more clearly different phenotypes exist in the 

same population of a species — in other words, the 

occurrence of more than one form or morph. 
A. E. Allahverdyan and C.-K. Hu: PRL 102, 058102 (2009). 

http://en.wikipedia.org/wiki/Common_Pheasant


Definition of polymorphism: two or more different phenotypes 

co-exist in one interbreeding population (雜種繁殖群體)

-- May or may not have a genetic basis

-- Frequently related with varying environment

Example: land snail grove snail (小樹林蝸牛)Cepaea Nemoralis. 

Two morphs brown (B) and yellow (Y) compete for resources.

B (Y) is less visible for predators at spring 

(summer and autumn).

Y is resistant to high and low temperatures:

advantage at summer and winter.

LM Cook, 1998

B and Y have different advantages under

different  environmental conditions.
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Replicator approach: Population consists of several interacting groups 

frequency of each group

Births-deaths process

Fitness = births – deaths + inter-group interactions.

Probability of meeting for two individuals depend on p’s

Replicator equation

Simplest assumption about interactions

Interaction parameters: payoffs



Two morphs.

=> Morph # 1  (generalist) dominates for C=0

0 1

0 1

Two new rest-points: Polymorphism for sufficiently positive C

=> Coexistence for C=0 (heterozygote advantage)

No new rest-points: Polymorphism is kept for any C

1p

1p



Allopatric speciation(異域物種形成) vs.

Sympatric speciation (同域物種形成 )

• Allopatric speciation, also known as 
geographic speciation, is the 
phenomenon whereby biological 
populations are physically isolated by an 
extrinsic barrier and evolve intrinsic 
(genetic) reproductive isolation, such that 
if the barrier breaks down, individuals of 
the populations can no longer interbreed. 

• Sympatric speciation is the genetic 
divergence of various populations (from a 
single parent species) inhabiting the same 
geographic region, such that those 
populations become different species. 

• Our theory gives positive impact on 
sympatric speciation.

http://en.wikipedia.org/wiki/Speciation


Micro and Macro Evolution
http://anthro.palomar.edu/synthetic/synth_9.htm

Throughout most of the 20th century, 
researchers developing the synthetic theory of 
evolution primarily focused on 
microevolution , which is slight genetic change 
over a few generations in a population. Until 
the 1970's, it was generally thought that these 
changes from generation to generation 
indicated that past species evolved gradually 
into other species over millions of years. This 
model of long term gradual change is usually 
referred to as gradualism or phyletic 
gradualism . It is essentially the 19th century 
Darwinian idea that species evolve slowly at a 
more or less steady rate. A natural 
consequence of this sort of macroevolution
would be the slow progressive change of one 
species into the next in a line, as shown by the 
graph on the right

http://anthro.palomar.edu/synthetic/glossary.htm#synthetic_theory_of_evolution
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Beginning in the early 1970's, this model 
was challenged by Stephen J. Gould, 
Niles Eldredge, and a few other leading 
paleontologists . They asserted that 
there is sufficient fossil evidence to show 
that some species remained essentially 
the same for millions of years and then 
underwent short periods of very rapid, 
major change. Gould suggested that a 
more accurate model in such species 
lines would be punctuated equilibrium
(illustrated by the graph on the left).

http://anthro.palomar.edu/synthetic/glossary.htm#paleontology


D. B. Saakian, M. H. Ghazaryan, and Chin-Kun Hu: Punctuated 
equilibrium and shock waves in the molecular model of biological 
evolution, PRE 90, 022712 (2014).

Abstract. We consider the dynamics in infinite population 
evolution models with a general symmetric fitness landscape. 
We find shock waves, i.e. discontinuous transitions in the mean 
fitness, in evolution dynamics even with smooth fitness 
landscapes  which means that the search for the optimal 
evolution trajectory is more complicated. These shock waves 
appear in case of positive epistasis and can be used to represent 
punctuated equilibria in biological evolution during long 
geological time scale. We find exact analytical solutions for 
discontinuous dynamics at the large genome length limit and 
derive optimal mutation rates for fixed fitness landscape to send 
the population from the initial configuration to some final 
configuration in the fastest way.

Shock wave: (General Physics) a 
region across which there is a 
rapid pressure, temperature, and 
density rise.

positive

Negative epistasis









One can subtract a 
constant from fitness 
function without 
changing equation.













Top curve: gamma/c=0.05=1/20, c=20
2nd curve: gamma/c=0.10=1/10, c=10

C=1/0.7=1.42…,       x*-1-0.7=0.30
C=1/0.75=1.333….,  x* 1-0.75=0.25.
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L=2000
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Region of 
discontinuous 
transition



Mutator gene, e.g. p53

Medical Dictionary: mutator gene 

Evolutionary biology:

A gene which, under severe physiologic stress, spreads through 

populations of pathogens (病原體) or tumour cells.

Molecular biology:

A gene that increases the mutation frequency of other genes; DNA 

repair genes typically have a mutator phenotype.

Merriam Webster Online: a gene that increases the rate of mutation 

of one or more other genes—called also mutator .



FIG. 1: Schematic phase diagram of the quasispecies model with 

mutation rate modifier. With probability f, the nonmutators

(mutation probability μ) change to mutators (mutation probability 

nu ). The pure nonmutator phase occurs when f = 0 and pure mutator

phase for f >= fc. The system is in the mixed phase for 0 < f < fc.

A. Nagar, K. Jain: Exact phase diagram of 
quasispecies model with a mutator rate modifier, 
Phys. Rev. Lett.  102, 038101 (2009).  



Scientific Reports 6, 34840 (2016)



Assume a smooth distribution, we obtain







Single-peak fitness 

function

f(x=1)=g(x=1)=J

f(x<1)=g(x<1)=0

Phase structure of a mutator model 癌增變模型的相圖

A. Nagar, K. Jain PRL  2009  







Single peak





Science 322, 
442 (2008)

TMG: inducer 
concentration



PRL 114, 078101 
(2015)



Figure 2. In the intermediate region of gene state 
switching, the full CME can be simplified to a 
fluctuating-rate model (a), the steady-state 
distribution of which corresponds to a normalized 
landscape function ˜Φ0(x) (b). In the case if the gene 
state switching is extremely rapid, a reduced CME (c) 
and a different landscape function ˜Φ1(x) (d) can also 
be derived. The insets in (b) and (d) are the zoom in of 
the functions near x=0 . The parameters in (b) and (d) 
are the same as those in Fig. 1 with Keq=1/5.5 .

(a)

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.114.078101#f1














Summary and further works

• Statistical physics can be useful for understanding biological evolution 
or process  in different time scales.

• It is of interest to have a coherent and consistent picture of biological 
evolution from very small time scales to very large time scales.





Summary
We solved  Ge, Qian, and Xie (GQX) model [Phys. Rev. Lett. 
{\bf 114}, 078101 (2015)] for the molecular process in a 
single cell accurately  by Hamilton-Jacobi equation (HJE) 
method with finite size corrections, and it is verified by 
numerics.  For the large parameters, our method works 
more accurately than the method by GQX, while for 
intermediate parameters our formulas are close to the 
numerics in a high accuracy and very different from their 
results, yields more accurate landscape functions. Our HJE 
approach can explain physically the phenotypic transitions 
of lac operon in  E. coli. [P. J. Choi, et al., Science 322, 442 
(2008)] and can have wide applications. 







Hao Ge, Hong Qian, and X. Sunney Xie: Stochastic Phenotype Transition of a Single Cell in an Intermediate 
Region of Gene State Switching, Phys. Rev. Lett. 114, 078101 (2015).

Figure 1
(a) A minimal gene network with positive feedback and two different gene states. (b) The diagram of the full chemical 
master equation [see Eq. (1)]. (c) Deterministic mean-field model [Eq. (2)] with bistability induced by positive feedback, in 
which k1=10  min−1 , k2=0.1  min−1 , and γ=0.02  min−1 .
Figure 2
In the intermediate region of gene state switching, the full CME can be simplified to a fluctuating-rate model (a), the 
steady-state distribution of which corresponds to a normalized landscape function ˜Φ0(x) (b). In the case if the gene state 
switching is extremely rapid, a reduced CME (c) and a different landscape function ˜Φ1(x) (d) can also be derived. The 
insets in (b) and (d) are the zoom in of the functions near x=0 . The parameters in (b) and (d) are the same as those in 
Fig. 1 with Keq=1/5.5 .

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.114.078101#d1
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.114.078101#d2
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.114.078101#f1


Analytic Solution of a Phenotype Transition Model for a 
Single Cell
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