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Overview 

• Compact binary coalescences (CBCs): The most promising sources of  GWs. 

•Modelling different stages of  the evolution of  CBCs: Quick overview 

• Putting them together: Description of  the full coalescence process. 

• Implications in detection, parameter estimation and tests of  GR. 
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Coalescing compact binaries

Coalescing binaries of compact objects (black holes or neutron 
stars) are among the most promising sources for the first 

detection of gravitational waves . 

Number of astrophysical channels exist to form such systems. 
Once formed, they “inspiral” and coalesce by GW emission. 
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Coalescing compact binaries: The most promising GW sources

•Highly “efficient” sources ~1−15% of  the 
rest mass is radiated as GWs. Can be observed up 
to large distances. 
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most of the energy is radiated 
over the late-inspiral & 

merger (time scale ~ 1000 M)

LGW ⇠ 0.1Mc2

1000GM/c3
⇠ 1022L�

larger than the total 
luminosity of the 

observable EM universe!



Coalescing compact binaries: The most promising GW sources

•Highly “efficient” sources ~1−15% of  the 
rest mass is radiated as GWs. Can be observed up 
to large distances. 

• Strong observational evidence A dozen 
galactic binary neutron stars have been observed. 
Binary quasars are expected to be supermassive 
black hole binaries. 

5

December 16, 2010 1:9 WSPC/INSTRUCTION FILE gebfest˙jl

4 James M Lattimer and Madappa Prakash

Fig. 1. Measured neutron star masses. References in parenthesis following source numbers are
identified in Table 1.

December 16, 2010 1:9 WSPC/INSTRUCTION FILE gebfest˙jl

4 James M Lattimer and Madappa Prakash

Fig. 1. Measured neutron star masses. References in parenthesis following source numbers are
identified in Table 1.

[Lattimer & Prakash (2010)]



Coalescing compact binaries: The most promising GW sources

•Highly “efficient” sources ~1−15% of  the 
rest mass is radiated as GWs. Can be observed up 
to large distances. 

• Strong observational evidence A dozen 
galactic binary neutron stars have been observed. 
Binary quasars are expected to be supermassive 
black hole binaries. 

•“Clean systems” Expected signals can be 
accurately modelled using GR. Enable us to use the 
most sensitive search techniques. 

Matched filter: cross correlate the data with 
theoretical templates of  the expected signals. 
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Important to have 
accurate models of 
the expected signals!
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Coalescence of binary black holes 
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Binary-black-hole parameter space 

??

slow motions, 
weak fields ultra-relativistic 

motions, strong fields 
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Modeling of compact binaries 

• Post-Newtonian theory Model the dynamics 
and waveforms using perturbative expansions in 
v/c. Suitable for binaries at large separations. 
Breaks down at close separations.   

Currently known up to (v/c)7 order. Spin 
effects up to (v/c)6. 
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Modeling of compact binaries 

• Post-Newtonian theory Model the dynamics 
and waveforms using perturbative expansions in 
v/c. Suitable for binaries at large separations. 
Breaks down at close separations.   

•Numerical relativity Solve Einstein’s equations 
exactly using numerical methods.

Great breakthroughs in recent years. “Binary 
black-hole problem” is solved. The field is 
going through an “explosive” stage. 

Can simulate binaries at arbitrary 
separations. Computational cost prohibitive at 
large separations. 
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and comparisons with PN analytical treatments, longer
wave forms that start many cycles before the merger are
essential.

The Goddard group !Baker, McWilliams, et al., 2007;
Baker, van Meter, et al., 2007" produced the first such
long wave forms for equal-mass nonspinning black holes
starting #7 orbits or #14 gravitational-wave cycles be-
fore the merger. They used improved initial conditions
with low eccentricity e!0.01 and focused on improving
accuracy while the black holes traversed the relatively
long inspiral. They investigated the observability of
black-hole mergers with ground- and space-based
gravitational-wave detectors !Baker, McWilliams, et al.,
2007" !see Sec. VII.A" and successfully applied their
long wave forms to comparisons with PN results, focus-
ing on the wave-form phases !Baker, van Meter, et al.,
2007".4

Shortly thereafter, the Jena group simulated a binary
inspiralling for 9 orbits !18 gravitational-wave cycles" be-
fore the merger !Hannam, Husa, Sperhake, et al., 2008".
With this, they made the first quantitative comparisons
with both the PN phase and amplitude and quantified
the level of error in the quadrupole approximation.
They used higher-order finite differencing !Husa,
Gonzalez, et al., 2008" and initial binary parameters cal-
culated using the PN approximation to reduce the initial
eccentricity significantly !Husa, Hannam, et al., 2008",
enabling a precise measurement of the wave-form
phase.

The Caltech-Cornell group currently holds the record
for the longest and most accurate black-hole binary evo-
lution, starting 16 orbits and 32 gravitational-wave cycles
before the merger !Scheel et al., 2009". Using their spec-
tral code !see Sec. IV.G", they begin with a very small
initial orbital eccentricity e#5"10−5 and evolve with
very high accuracy through a relatively long inspiral,
then merger, and ringdown. The impressive trajectories
of their black holes are shown in Fig. 13 and the accom-
panying gravitational wave forms in Fig. 14.

Comparison of wave forms from different groups re-
mains important in the push for higher accuracy and use
in gravitational-wave data analysis. The Samurai project
!Hannam et al., 2009" sets the current state of the art for
studying the consistency of black-hole binary wave
forms. This effort focuses on comparing wave forms
from equal-mass nonspinning binaries, starting with at
least 6 orbits !or 12 gravitational-wave cycles" before the
merger and continuing through the ringdown. They fo-
cus on comparing the amplitude A!t" and phase #!t" for
the !=2, m=2 mode of r$4, defined as

r$4,22!t" = A!t"e−i#!t". !35"

The gravitational-wave frequency of this mode is then
%!t"= #̇!t". They compare the results from five indepen-
dent numerical codes: the moving puncture codes from
the AEI, Goddard, Jena, and Penn State groups and the
Caltech-Cornell spectral code. Figure 15 compares the
gravitational-wave amplitudes and Fig. 16 the
gravitational-wave phases as a function of frequency for
the five wave forms. Qualitatively, the results appear to
be quite consistent. Quantitatively, they concluded that
these wave forms have sufficient accuracy to be used for
detection with all current and planned ground-based de-
tectors.

C. Mergers of unequal-mass nonspinning black holes

Early in 2006, numerical relativists took the next step
in opening up the parameter space of binary black-hole
mergers by simulating nonspinning binaries with un-
equal masses. This added a new parameter, the mass

4Recall that the PN approximation is an expansion in powers
&=v2 /c2 and applies when the black holes are far enough apart
that the black-hole speeds remain well below the speed of
light. We refer to PN results by the order at which the series is
truncated. For example, “2 PN” means that terms of order &2

=v4 /c4 are retained. See Sec. VI for a deeper discussion of the
PN approximation in the context of numerical relativity.
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FIG. 13. !Color online" Trajectories for the merger of equal-
mass nonspinning black holes computed by the Caltech-
Cornell group using their spectral evolution code !Scheel et al.,
2009". The circles !ellipses" are the initial !final" coordinate
locations of the apparent-horizon surfaces and the peanut-
shaped contour is the common apparent horizon just after it
appeared. The black holes complete 16 orbits before merging.
From H. Pfeiffer.

4100 4200
t/M

-0.05

0

0.05

0 1000 2000 3000 4000
t/M

-0.001

0

0.001

R
e(

rM
Ψ 422

)

FIG. 14. !Color online" Gravitational wave forms from the
Caltech-Cornell merger simulation seen in Fig. 13 showing the
!=2, m=2 component of Re!r$4". The left panel shows a
zoom of the inspiral wave form and the right panel shows a
zoom of the merger and ringdown. From Scheel et al., 2009.
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Modeling of compact binaries 

• Post-Newtonian theory Model the dynamics 
and waveforms using perturbative expansions in 
v/c. Suitable for binaries at large separations. 
Breaks down at close separations.   

•Numerical relativity Solve Einstein’s equations 
exactly using numerical methods.

•Black hole perturbation theory Perturbations 
to black holes die away as exponentially damped 
sinusoids (quasi-normal modes, QNMs). 

Frequencies & damping times of  QNMs 
uniquely determined by BH mass & spin.

Extreme-mass ratio inspirals known to (v/c)28 .
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and comparisons with PN analytical treatments, longer
wave forms that start many cycles before the merger are
essential.

The Goddard group !Baker, McWilliams, et al., 2007;
Baker, van Meter, et al., 2007" produced the first such
long wave forms for equal-mass nonspinning black holes
starting #7 orbits or #14 gravitational-wave cycles be-
fore the merger. They used improved initial conditions
with low eccentricity e!0.01 and focused on improving
accuracy while the black holes traversed the relatively
long inspiral. They investigated the observability of
black-hole mergers with ground- and space-based
gravitational-wave detectors !Baker, McWilliams, et al.,
2007" !see Sec. VII.A" and successfully applied their
long wave forms to comparisons with PN results, focus-
ing on the wave-form phases !Baker, van Meter, et al.,
2007".4

Shortly thereafter, the Jena group simulated a binary
inspiralling for 9 orbits !18 gravitational-wave cycles" be-
fore the merger !Hannam, Husa, Sperhake, et al., 2008".
With this, they made the first quantitative comparisons
with both the PN phase and amplitude and quantified
the level of error in the quadrupole approximation.
They used higher-order finite differencing !Husa,
Gonzalez, et al., 2008" and initial binary parameters cal-
culated using the PN approximation to reduce the initial
eccentricity significantly !Husa, Hannam, et al., 2008",
enabling a precise measurement of the wave-form
phase.

The Caltech-Cornell group currently holds the record
for the longest and most accurate black-hole binary evo-
lution, starting 16 orbits and 32 gravitational-wave cycles
before the merger !Scheel et al., 2009". Using their spec-
tral code !see Sec. IV.G", they begin with a very small
initial orbital eccentricity e#5"10−5 and evolve with
very high accuracy through a relatively long inspiral,
then merger, and ringdown. The impressive trajectories
of their black holes are shown in Fig. 13 and the accom-
panying gravitational wave forms in Fig. 14.

Comparison of wave forms from different groups re-
mains important in the push for higher accuracy and use
in gravitational-wave data analysis. The Samurai project
!Hannam et al., 2009" sets the current state of the art for
studying the consistency of black-hole binary wave
forms. This effort focuses on comparing wave forms
from equal-mass nonspinning binaries, starting with at
least 6 orbits !or 12 gravitational-wave cycles" before the
merger and continuing through the ringdown. They fo-
cus on comparing the amplitude A!t" and phase #!t" for
the !=2, m=2 mode of r$4, defined as

r$4,22!t" = A!t"e−i#!t". !35"

The gravitational-wave frequency of this mode is then
%!t"= #̇!t". They compare the results from five indepen-
dent numerical codes: the moving puncture codes from
the AEI, Goddard, Jena, and Penn State groups and the
Caltech-Cornell spectral code. Figure 15 compares the
gravitational-wave amplitudes and Fig. 16 the
gravitational-wave phases as a function of frequency for
the five wave forms. Qualitatively, the results appear to
be quite consistent. Quantitatively, they concluded that
these wave forms have sufficient accuracy to be used for
detection with all current and planned ground-based de-
tectors.

C. Mergers of unequal-mass nonspinning black holes

Early in 2006, numerical relativists took the next step
in opening up the parameter space of binary black-hole
mergers by simulating nonspinning binaries with un-
equal masses. This added a new parameter, the mass

4Recall that the PN approximation is an expansion in powers
&=v2 /c2 and applies when the black holes are far enough apart
that the black-hole speeds remain well below the speed of
light. We refer to PN results by the order at which the series is
truncated. For example, “2 PN” means that terms of order &2

=v4 /c4 are retained. See Sec. VI for a deeper discussion of the
PN approximation in the context of numerical relativity.
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FIG. 13. !Color online" Trajectories for the merger of equal-
mass nonspinning black holes computed by the Caltech-
Cornell group using their spectral evolution code !Scheel et al.,
2009". The circles !ellipses" are the initial !final" coordinate
locations of the apparent-horizon surfaces and the peanut-
shaped contour is the common apparent horizon just after it
appeared. The black holes complete 16 orbits before merging.
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FIG. 14. !Color online" Gravitational wave forms from the
Caltech-Cornell merger simulation seen in Fig. 13 showing the
!=2, m=2 component of Re!r$4". The left panel shows a
zoom of the inspiral wave form and the right panel shows a
zoom of the merger and ringdown. From Scheel et al., 2009.
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Coherent description of the inspiral, merger and 
ring-down of binary black holes

P. Ajith et al, Class Quantum Grav 24 S689 (2007).
P. Ajith et al, Phys. Rev. D 77 104017 (2008).
P. Ajith, Class. Quantum Grav. 27 114033 (2008).
P. Ajith et al, Phys. Rev. Lett. 106 241101 (2011).
P. Ajith, Phys. Rev. D 84 084037 (2011).

• Produce analytical waveform templates describing the inspiral, merger and ringdown by 
combining analytical- and numerical relativity. 

This seminar



Why analytical templates?

Practically impossible to perform NR simulations over all 
relevant regions in the parameter space

Computational cost scales steeply with orbital separation, 
mass ratio and spin

Currently available simulations are with moderate orbital 
separations, mass ratios and spins 
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Solution: combine NR with perturbative calculations 
to produce analytical waveforms describing the full 

coalescence. 



Matching post-Newtonian and numerical relativity 
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Matching post-Newtonian and numerical relativity 
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PN NR• Construct “hybrid PN-NR waveforms” by matching PN 
and NR in a region where both calculations are 
expected to be valid. 



• Construct “hybrid PN-NR waveforms” by matching PN 
and NR in a region where both calculations are 
expected to be valid. 

Matching post-Newtonian and numerical relativity 

16min�t0,�'0

Z t2

t1

��h(t)PN � h(t)NR
�� dt
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numerical and post-Newtonian waveforms, and is crucial
for comparison and matching.

The initial momenta of the black holes are chosen to
correspond approximately to quasi-circular (low eccen-
tricity) inspiral. For equal-mass evolutions performed
with the CCATIE code, parameters for quasi-circular or-
bit were determined by minimizing an effective potential
for the binary [14, 61, 62]. For the unequal-mass simu-
lations performed with the BAM code [16], initial mo-
menta were specified by the 3PN-accurate quasi-circular
formula given in Section VII of [11]. For the longer
unequal-mass simulations performed with higher-order
spatial finite-difference methods [37] and used for verifi-
cation, the initial momenta were taken from a PN pre-
scription that takes radiation reaction into account to
reduce the initial eccentricity to below e ≈ 10−3 [38].

The Einstein equations are solved numerically with
standard finite-difference techniques. Spatial derivatives
are calculated at fourth- or sixth-order accuracy, and the
time evolution is performed with a fourth-order Runge-
Kutta integration. Mesh refinement is used to achieve
high resolution around the punctures and low resolutions
far from the black holes, allowing the outer boundary to
be placed very far (at least > 300M) from the sources.
Full details of the numerical methods used in the two
codes are given in [11] for BAM and [14] for CCATIE.

In the wave-zone, sufficiently far away from the source,
the spacetime metric can be accurately described as a
perturbation of a flat background metric. Let hab de-
note the metric perturbation where a, b denote space-
time indices, and t be the time coordinate used in the
numerical simulation to foliate the spacetime by spatial
slices. Working in the transverse-traceless (TT) gauge,
all the information about the radiative degrees of free-
dom is contained in the spatial part hij of hab, where i, j
denote spatial indices. Let us use a coordinate system
(x, y, z) on a spatial slice so that the z-axis is parallel
to the total angular momentum of the binary system at
the starting time. Let ι be the inclination angle from the
z-axis, and let φ be the phase angle and r the radial dis-
tance coordinates so that (r, ι, φ) are standard spherical
coordinates in the wave-zone.

The radiative degrees of freedom in hab can be written
in terms of two polarizations h+ and h×:

hij = h+(e+)ij + h×(e×)ij , (2.2)

where e+,× are the basis tensors for transverse-traceless
tensors in the wave frame

(e+)ij = ι̂i ι̂j−φ̂iφ̂j , and (e×)ij = ι̂iφ̂j + ι̂j φ̂i . (2.3)

Here ι̂ and φ̂ are the unit vectors in the ι and φ direc-
tions, respectively, and the wave propagates in the radial
direction.

In our numerical simulations, the gravitational waves
are extracted by two distinct methods. The first one uses
the Newman-Penrose Weyl tensor component Ψ4 [63, 64]
which is a measure of the outgoing transverse gravita-
tional radiation in an asymptotically flat spacetime. In

the wave-zone it can be written in terms of the complex
strain h = h+ − ih× as [65],

h = lim
r→∞

∫ t

0
dt′

∫ t′

0
dt′′Ψ4. (2.4)

An alternative method for wave extraction determines
the waveform via gauge-invariant perturbations of a
background Schwarzschild spacetime, via the Zerilli-
Moncrief formalism (see [66] for a review). In terms of
the even (Q+

!m) and odd (Q×

!m) parity master functions,
the gravitational wave strain amplitude is then given by

h =
1√
2r

∑

!,m

(

Q+
!m − i

∫ t

−∞

Q×

!m(t′)dt′
)

Y −2
!m +O

(

1

r2

)

.

(2.5)
Results from the BAM code have used the Weyl tensor

component Ψ4 and Eq. (2.4), with the implementation
described in [11]. While the CCATIE code computes
waveforms with both methods, the AEI-CCT waveforms
used here were computed using the perturbative extrac-
tion and Eq. (2.5). Beyond an appropriate extraction
radius (that is, in the wave-zone), the two methods for
determining h are found to agree very well for moving-
puncture black-hole evolutions of the type considered
here [20].

It is useful to discuss gravitational radiation fields
in terms of spin-weighted s = −2 spherical harmonics
Y s

!m, which represent symmetric tracefree 2-tensors on a
sphere, and in this paper we will only consider the dom-
inant # = 2, m = ±2 modes (see [28] for the higher #
contribution in the unequal-mass case), with basis func-
tions

Y −2
2−2 ≡

√

5

64π
(1 − cos ι)2 e−2iφ,

Y −2
22 ≡

√

5

64π
(1 + cos ι)2 e2iφ. (2.6)

Our ‘input’ numerical relativity waveforms thus corre-
spond to the projections

h!m ≡ 〈Y −2
!m , h〉 =

∫ 2π

0
dφ

∫ π

0
h Y −2

!m sin θ dθ , (2.7)

of the complex strain h, where the bar denotes complex
conjugation. In the cases considered here, we have equa-
torial symmetry so that h22 = h2−2, and

h(t) =

√

5

64π
e2iφ

(

(1 + cos ι)2 h22(t) + (1 − cos ι)2 h̄22(t)
)

.

(2.8)
In this paper, we assume that the binary is optimally-
oriented, so that ι = 0. Thus

h(t) = 4

√

5

64π
h22(t) ≈ 0.6308 h22(t). (2.9)

,Least square fitting:

hybrid waveforms (which are closer to the actual signals)
to verify our results.

The former family of hybrid waveforms is shown in
Fig. 2. The NR waveforms from three different simulations
(! ¼ 0:25, 0.22, 0.19) done by AEI and Jena groups are
matched with 3.5PN inspiral waveforms over the matching
region "750 # t=M # "550. The hybrid waveforms are
constructed by combining the above as per Eq. (4.10) and
(4.11).

The robustness of the matching procedure can be tested
by computing the overlaps between hybrid waveforms
constructed with different matching regions. If the overlaps
are very high, this can be taken as an indication of the
robustness of the matching procedure. A preliminary illus-
tration of this can be found in Ref. [92], and a more
detailed discussion will be presented in [93].

Figure 3 shows the hybrid waveforms of different mass-
ratios in the Fourier domain. In particular, the panel on the
left shows the amplitude of the waveforms in the Fourier
domain, while the panel on the right shows the phase.
These waveforms are constructed by matching 3.5PN
waveforms with the long NR waveforms produced by the
Jena group. In the next section, we will try to parametrize
these Fourier domain waveforms in terms of a set of
phenomenological parameters.

C. Parametrizing the hybrid waveforms

We propose a phenomenological parametrization to
the hybrid waveforms in the Fourier domain. Template
waveforms in the Fourier domain are of particular
preference because (i) a search employing Fourier do-
main templates is computationally inexpensive compared
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FIG. 2 (color online). NR waveforms (thick lines), the best-matched 3.5PN waveforms (dashed lines), and the hybrid waveforms
(thin lines) from three binary systems. The top panel corresponds to ! ¼ 0:25 NR waveform produced by the AEI-CCT group. The
second, third, and fourth panels, respectively, correspond to ! ¼ 0:25, 0.22, and 0.19 NR waveforms produced by the Jena group. In
each case, the matching region is "750 # t=M # "550 and we plot the real part of the complex strain (the ‘‘ þ’’ polarization).
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• Construct “hybrid PN-NR waveforms” by matching PN 
and NR in a region where both calculations are 
expected to be valid. 

• Such “hybrid” waveforms can be constructed for each 
mass ratio and spin, where NR simulations are 
available. [Ajith et al (2007), Ajith et al (2008), Ajith (2008)]

Matching post-Newtonian and numerical relativity 
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fully rescalable with the total mass of the binary



Reducing the spin parameter space
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Spin precession in compact binaries 

• If  spins are misaligned, spin-orbit, spin-spin interactions (frame dragging by the spins) will 
cause precession of  the spins & the orbital plane.
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where ⌥0 is a certain reference phase.
Thus the phasing formula can be reduced to one di⇤erential

equation describing the evolution of the orbital frequency, and
one explicit expression of the orbital phase:

dv
dt
=

⇤�mE⌃(v)
F (v)

⌅�1

, ⌥(v) = ⌥0 �
1

32v5⌅

⇧
1 + . . .

⌃
. (3.5)

We call this particular way of solving the phasing formula the
“TaylorT5” approximant [93]. The choice of this particular
approximant as the target signal family is motivated by the
following reason: Since the spin-dependent terms in the PN
expansion of the energy and flux functions are available only
up to a rather low 2.5PN order, the di⇤erent approximants give
somewhat di⇤erent results. We want to isolate this issue from
the issue of the e⇤ect of spin-precession in the target signals.
Thus, we construct the target waveforms in such a way that
they are as close to the non-precessing frequency-domain tem-
plate family as possible in the limit of non-precessing spins.
Since the frequency-domain template family used in this pa-
per (“TaylorF2” approximant [22]) is constructed based on a
re-expansion of E⌃(v)/F (v), we choose to construct the time-
domain target waveforms also based on this re-expansion.
Note that the e⇤ectualness of the template family (although
weakly) depends on the particular approximation used in the
construction of the target and template waveforms. This is an
indication of the level of truncation error in the PN expansion,
and points to the need of computing the higher PN order spin
terms. This is being explored in an ongoing work [64]. Also
note that the “TaylorT5” approximant has an additional advan-
tage (over TaylorT1 and TaylorT4) that only one di⇤erential
equation needs to be solved numerically; the orbital phase is
computed as an explicit expansion in v.

If the spin vectors are misaligned with the orbital angular
momentum, the spin-orbit and spin-spin coupling cause the
spins and orbital angular momentum to precess around the
nearly constant direction of the total angular momentum J,
constantly changing the angle between the spins and angular
momentum [9]. The evolution equations for the orbital angu-
lar momentum and spins, including the next-to-leading-order
spin-orbit terms, are given by [27, 53]:
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dSi

dt
= �i ⇤ Si , i = 1, 2, (3.7)

where

�1 =
v5

m

⇧�
3
4
+
⌅

2
� 3⇤

4

⇥
L̂N

+
v

2m2

⌥
�3 (S2 + q S1).L̂N L̂N + S2

�

+ v2
�

9
16
+

5⌅
4
� ⌅

2

24
� 9⇤

16
+

5⇤⌅
8

⇥
L̂N

⌃
,

�2 =
v5

m

⇧�
3
4
+
⌅

2
+

3⇤
4

⇥
L̂N

+
v

2m2

⌥
�3 (S1 + q�1 S2).L̂N L̂N + S1

�

+ v2
�

9
16
+

5⌅
4
� ⌅

2

24
+

9⇤
16
� 5⇤⌅

8

⇥
L̂N

⌃
. (3.8)

Above, q ⌅ m2/m1 is the mass ratio. The instantaneous pre-
cession frequency of the individual spins is ||⇥i||.

The orbital frequency, spins and orbital angular momentum
can be evolved by solving the di⇤erential equations Eqs. (3.5),
(3.6) and (3.7). In order to perform the evolution, we adopt
the coordinate system proposed by Finn and Cherno⇤ [65],
and subsequently used by several authors. The z-axis of this
(fixed) source coordinate system is determined by the initial
total angular momentum vector J ⇧ LN + S1 + S2 and the x-
axis is chosen in such a way that the detector lies in the x � z
plane.

In the absence of precession, the phase evolution of the
(dominant harmonic) GWs is twice the orbital phase ⌥(t). But
the precession of the orbital plane introduces additional mod-
ulation in the orbital phase. If we define �(t) as the orbital
phase with respect to the line of ascending nodes (the point at
which the orbit crosses the x � y plane from below) then the
the phase evolution of the (dominant harmonic) GWs is given
by 2�(t), where �(t) is given by

d�
dt
= ⌃ � d�

dt
cos i, (3.9)

where � and i are the angles describing the evolution of the
orbital angular momentum vector L̂N in the Finn-Cherno⇤ co-
ordinate system:

� ⌅ arctan(L̂Ny/L̂Nx), i ⌅ arccos(L̂Nz). (3.10)

Computation of gravitational waveforms in the detector frame
follows the description of BCV [27] (Section IIC). In the re-
stricted PN approximation, the resulting gravitational wave-
form observed at the detector can be written as:

h(t) = CQ(t) cos 2 [�(t) + �0] + S Q(t) sin 2 [�(t) + �0] ,
(3.11)
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where ⌥0 is a certain reference phase.
Thus the phasing formula can be reduced to one di⇤erential
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We call this particular way of solving the phasing formula the
“TaylorT5” approximant [93]. The choice of this particular
approximant as the target signal family is motivated by the
following reason: Since the spin-dependent terms in the PN
expansion of the energy and flux functions are available only
up to a rather low 2.5PN order, the di⇤erent approximants give
somewhat di⇤erent results. We want to isolate this issue from
the issue of the e⇤ect of spin-precession in the target signals.
Thus, we construct the target waveforms in such a way that
they are as close to the non-precessing frequency-domain tem-
plate family as possible in the limit of non-precessing spins.
Since the frequency-domain template family used in this pa-
per (“TaylorF2” approximant [22]) is constructed based on a
re-expansion of E⌃(v)/F (v), we choose to construct the time-
domain target waveforms also based on this re-expansion.
Note that the e⇤ectualness of the template family (although
weakly) depends on the particular approximation used in the
construction of the target and template waveforms. This is an
indication of the level of truncation error in the PN expansion,
and points to the need of computing the higher PN order spin
terms. This is being explored in an ongoing work [64]. Also
note that the “TaylorT5” approximant has an additional advan-
tage (over TaylorT1 and TaylorT4) that only one di⇤erential
equation needs to be solved numerically; the orbital phase is
computed as an explicit expansion in v.

If the spin vectors are misaligned with the orbital angular
momentum, the spin-orbit and spin-spin coupling cause the
spins and orbital angular momentum to precess around the
nearly constant direction of the total angular momentum J,
constantly changing the angle between the spins and angular
momentum [9]. The evolution equations for the orbital angu-
lar momentum and spins, including the next-to-leading-order
spin-orbit terms, are given by [27, 53]:

||L|| dL̂N

dt
= � d

dt
(S1 + S2), (3.6)

dSi

dt
= �i ⇤ Si , i = 1, 2, (3.7)

where

�1 =
v5

m

⇧�
3
4
+
⌅

2
� 3⇤

4

⇥
L̂N

+
v

2m2

⌥
�3 (S2 + q S1).L̂N L̂N + S2

�

+ v2
�

9
16
+

5⌅
4
� ⌅

2

24
� 9⇤

16
+

5⇤⌅
8

⇥
L̂N

⌃
,

�2 =
v5

m

⇧�
3
4
+
⌅

2
+

3⇤
4

⇥
L̂N

+
v

2m2

⌥
�3 (S1 + q�1 S2).L̂N L̂N + S1

�

+ v2
�

9
16
+

5⌅
4
� ⌅

2

24
+

9⇤
16
� 5⇤⌅

8

⇥
L̂N

⌃
. (3.8)

Above, q ⌅ m2/m1 is the mass ratio. The instantaneous pre-
cession frequency of the individual spins is ||⇥i||.

The orbital frequency, spins and orbital angular momentum
can be evolved by solving the di⇤erential equations Eqs. (3.5),
(3.6) and (3.7). In order to perform the evolution, we adopt
the coordinate system proposed by Finn and Cherno⇤ [65],
and subsequently used by several authors. The z-axis of this
(fixed) source coordinate system is determined by the initial
total angular momentum vector J ⇧ LN + S1 + S2 and the x-
axis is chosen in such a way that the detector lies in the x � z
plane.

In the absence of precession, the phase evolution of the
(dominant harmonic) GWs is twice the orbital phase ⌥(t). But
the precession of the orbital plane introduces additional mod-
ulation in the orbital phase. If we define �(t) as the orbital
phase with respect to the line of ascending nodes (the point at
which the orbit crosses the x � y plane from below) then the
the phase evolution of the (dominant harmonic) GWs is given
by 2�(t), where �(t) is given by

d�
dt
= ⌃ � d�

dt
cos i, (3.9)

where � and i are the angles describing the evolution of the
orbital angular momentum vector L̂N in the Finn-Cherno⇤ co-
ordinate system:

� ⌅ arctan(L̂Ny/L̂Nx), i ⌅ arccos(L̂Nz). (3.10)

Computation of gravitational waveforms in the detector frame
follows the description of BCV [27] (Section IIC). In the re-
stricted PN approximation, the resulting gravitational wave-
form observed at the detector can be written as:

h(t) = CQ(t) cos 2 [�(t) + �0] + S Q(t) sin 2 [�(t) + �0] ,
(3.11)
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Full spin-parameter space of NR simulations is 6-dimensional

But, currently possible NR simulations are restricted to a small 
region in the parameter space

(Large spins require larger resolution in the numerical grid, 
precessing binaries have less symmetries ...)

Possible way out: Several different spin configurations are nearly 
“degenerate” (very similar dynamics and waveforms). Make use of 

this to reduce the dimensionality

�
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Reducing dimensionality: Take motivation from PN theory

4

can be readily implemented for the case of the reduced-spin template family. But we note that a complete characterization of the
e�ectualness of a template family requires detailed studies using actual detector data. This is beyond the scope of this paper.

III. POST-NEWTONIAN WAVEFORMS IN THE ADIABATIC APPROXIMATION

In this discussion, we will only consider binaries in quasi-circular [2] orbits. Indeed, inspiralling compact binaries are expected
to lose their eccentricity before their GW signals reach the sensitive frequency band of ground-based detectors [? ? ]. In the
early stages of the evolution of the binary due to GW emission, the change in orbital frequency is much smaller than the orbital
frequency itself. During this adiabatic inspiral, the loss of the specific orbital binding energy E(v) (binding energy per unit mass)
is related to the energy flux of gravitational radiation F (v) in the following way: m dE(v)/dt = �F (v). This “energy balance”
argument provides the following coupled ordinary di�erential equations from which orbital phase evolution ⌃(t) of the binary
can be computed

d⌃
dt
=
v3

m
,

dv
dt
= � F (v)

m E⌅(v)
. (3.1)

Above, v is a velocity parameter which is related to the orbital frequency ⇧ by v ⇤ (m⇧)1/3 where m ⇤ m1 + m2 is the total mass
of the binary, and E⌅(v) ⇤ dE(v)/dv. The energy and flux functions can be computed as PN expansions in terms of the small
parameter v. Currently the energy function has been computed up to 3PN order (v6) [? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ] and flux
function up to 3.5PN order (v7) [? ? ? ? ? ? ? ]; but the spin e�ects have been computed only up to 2PN and 2.5PN orders,
respectively [3].

The energy balance equation can be solved in a number of di�erent ways (see [? ] for a recent overview) which are pertur-
batively equivalent at the corresponding PN order. But, since the PN expansion of the energy and flux functions is known up to
only a limited PN order, the actual results of these di�erent methods can be somewhat di�erent. In this paper, we construct a
new approximant to the GW phasing computed by re-expanding the rational function E⌅(v)/F (v) and truncating it at 3.5PN order
(spin terms are considered only up to 2.5PN):
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Above, ⇤ ⇤ m1m2/m2 is the symmetric mass ratio, ⇥ ⇤ (m1 � m2)/m the asymmetric mass ratio, �E the Euler’s constant, and L̂N
the unit vector along the Newtonian orbital angular momentum LN ⇤ m2⇤/v L̂N . The spin variables �s and �a are related to the
(dimensionless) spin vectors of the binary as:

�s = (�1 + �2)/2, �a = (�1 � �2)/2, (3.3)

where �i ⇤ Si/m2
i , Si being the spin angular momentum of the ith compact object.

Equation (3.2) can be plugged back to Eq. (3.1) to get an explicit expression of the orbital phase in terms of v:
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can be readily implemented for the case of the reduced-spin template family. But we note that a complete characterization of the
e�ectualness of a template family requires detailed studies using actual detector data. This is beyond the scope of this paper.

III. POST-NEWTONIAN WAVEFORMS IN THE ADIABATIC APPROXIMATION

In this discussion, we will only consider binaries in quasi-circular [2] orbits. Indeed, inspiralling compact binaries are expected
to lose their eccentricity before their GW signals reach the sensitive frequency band of ground-based detectors [? ? ]. In the
early stages of the evolution of the binary due to GW emission, the change in orbital frequency is much smaller than the orbital
frequency itself. During this adiabatic inspiral, the loss of the specific orbital binding energy E(v) (binding energy per unit mass)
is related to the energy flux of gravitational radiation F (v) in the following way: m dE(v)/dt = �F (v). This “energy balance”
argument provides the following coupled ordinary di�erential equations from which orbital phase evolution ⌃(t) of the binary
can be computed

d⌃
dt
=
v3

m
,

dv
dt
= � F (v)

m E⌅(v)
. (3.1)

Above, v is a velocity parameter which is related to the orbital frequency ⇧ by v ⇤ (m⇧)1/3 where m ⇤ m1 + m2 is the total mass
of the binary, and E⌅(v) ⇤ dE(v)/dv. The energy and flux functions can be computed as PN expansions in terms of the small
parameter v. Currently the energy function has been computed up to 3PN order (v6) [? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ] and flux
function up to 3.5PN order (v7) [? ? ? ? ? ? ? ]; but the spin e�ects have been computed only up to 2PN and 2.5PN orders,
respectively [3].

The energy balance equation can be solved in a number of di�erent ways (see [? ] for a recent overview) which are pertur-
batively equivalent at the corresponding PN order. But, since the PN expansion of the energy and flux functions is known up to
only a limited PN order, the actual results of these di�erent methods can be somewhat di�erent. In this paper, we construct a
new approximant to the GW phasing computed by re-expanding the rational function E⌅(v)/F (v) and truncating it at 3.5PN order
(spin terms are considered only up to 2.5PN):
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Above, ⇤ ⇤ m1m2/m2 is the symmetric mass ratio, ⇥ ⇤ (m1 � m2)/m the asymmetric mass ratio, �E the Euler’s constant, and L̂N
the unit vector along the Newtonian orbital angular momentum LN ⇤ m2⇤/v L̂N . The spin variables �s and �a are related to the
(dimensionless) spin vectors of the binary as:

�s = (�1 + �2)/2, �a = (�1 � �2)/2, (3.3)

where �i ⇤ Si/m2
i , Si being the spin angular momentum of the ith compact object.

Equation (3.2) can be plugged back to Eq. (3.1) to get an explicit expression of the orbital phase in terms of v:
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parameter v. Currently the energy function has been computed up to 3PN order (v6) [? ? ? ? ? ? ? ] and flux function up to
3.5PN order (v7) [? ? ? ? ? ? ? ]; but the spin e�ects have been computed only up to 2PN and 2.5PN orders, respectively [2].

The energy balance equation can be solved in a number of di�erent ways (see [? ] for a recent overview) which are pertur-
batively equivalent at the corresponding PN order. But, since the PN expansion of the energy and flux functions is known up to
only a particular PN order, the actual results of these di�erent methods can be somewhat di�erent. In this paper, we construct
a new approximant to the GW phasing computed by re-expanding the rational function E⌅(v)/F (v) and truncating it at 3.5PN
order (spin terms are considered only up to 2.5PN):
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Above, ⇤ ⇤ m1m2/m2 is the symmetric mass ratio, ⇥ ⇤ (m1 � m2)/m the asymmetric mass ratio, � the Euler’s constant, and L̂N
the unit vector along the Newtonian orbital angular momentum LN ⇤ m2⇤/v L̂N . The spin variables �s and �a are related to the
(dimensionless) spin vectors of the binary as:

�s = (�1 + �2)/2, �a = (�1 � �2)/2, (2.3)

where �i ⇤ Si/m2
i , Si being the spin angular momentum of the ith compact object.

Equation (2.2) can be plugged back to Eq. (2.1) to get an explicit expression of the orbital phase in terms of v:
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where v0 ⇤ (m⌃0)1/3 is the value of v corresponding to certain reference frequency ⌃0 and ⌥0 a reference phase.
Thus the phasing formula can be reduced to one di�erential equation describing the evolution of the orbital frequency, and

one explicit expression of the orbital phase:

dv
dt
=

⇧�mE⌅(v)
F (v)

⌃�1

(2.6)

We call this particular way of solving the phasing formula the “TaylorT5” approximant. The choice of this particular approximant
as the target signal family is motivated by the following reason: Since the spin-dependent terms in the PN expansion of the energy
and flux functions are available only up to a rather low 2.5PN order, the di�erent approximants give somewhat di�erent results.
We want to isolate this issue from the issue of the e�ect of spin-precession in the target signals. Thus, we construct the target
waveforms in such a way that they are as close to the frequency-domain template family as possible in the limit of non-precessing
spins. Since the frequency-domain template family used in this paper (“TaylorF2” approximant [? ]) is constructed based on
a re-expansion of E⌅(v)/F (v), we choose to construct the time-domain target waveforms also based on this re-expansion. Note
that the e�ectualness of the template family (although weakly) depends on the particular approximation used in the construction
of the target and template waveforms. This is an indication of the level of truncation error in the PN expansion, and points to
the need of computing the higher PN order spin terms. This is being explored in an ongoing work [? ]. Also note that the
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4

can be readily implemented for the case of the reduced-spin template family. But we note that a complete characterization of the
e�ectualness of a template family requires detailed studies using actual detector data. This is beyond the scope of this paper.

III. POST-NEWTONIAN WAVEFORMS IN THE ADIABATIC APPROXIMATION

In this discussion, we will only consider binaries in quasi-circular [2] orbits. Indeed, inspiralling compact binaries are expected
to lose their eccentricity before their GW signals reach the sensitive frequency band of ground-based detectors [? ? ]. In the
early stages of the evolution of the binary due to GW emission, the change in orbital frequency is much smaller than the orbital
frequency itself. During this adiabatic inspiral, the loss of the specific orbital binding energy E(v) (binding energy per unit mass)
is related to the energy flux of gravitational radiation F (v) in the following way: m dE(v)/dt = �F (v). This “energy balance”
argument provides the following coupled ordinary di�erential equations from which orbital phase evolution ⌃(t) of the binary
can be computed

d⌃
dt
=
v3

m
,

dv
dt
= � F (v)

m E⌅(v)
. (3.1)

Above, v is a velocity parameter which is related to the orbital frequency ⇧ by v ⇤ (m⇧)1/3 where m ⇤ m1 + m2 is the total mass
of the binary, and E⌅(v) ⇤ dE(v)/dv. The energy and flux functions can be computed as PN expansions in terms of the small
parameter v. Currently the energy function has been computed up to 3PN order (v6) [? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ] and flux
function up to 3.5PN order (v7) [? ? ? ? ? ? ? ]; but the spin e�ects have been computed only up to 2PN and 2.5PN orders,
respectively [3].

The energy balance equation can be solved in a number of di�erent ways (see [? ] for a recent overview) which are pertur-
batively equivalent at the corresponding PN order. But, since the PN expansion of the energy and flux functions is known up to
only a limited PN order, the actual results of these di�erent methods can be somewhat di�erent. In this paper, we construct a
new approximant to the GW phasing computed by re-expanding the rational function E⌅(v)/F (v) and truncating it at 3.5PN order
(spin terms are considered only up to 2.5PN):
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Above, ⇤ ⇤ m1m2/m2 is the symmetric mass ratio, ⇥ ⇤ (m1 � m2)/m the asymmetric mass ratio, �E the Euler’s constant, and L̂N
the unit vector along the Newtonian orbital angular momentum LN ⇤ m2⇤/v L̂N . The spin variables �s and �a are related to the
(dimensionless) spin vectors of the binary as:

�s = (�1 + �2)/2, �a = (�1 � �2)/2, (3.3)

where �i ⇤ Si/m2
i , Si being the spin angular momentum of the ith compact object.

Equation (3.2) can be plugged back to Eq. (3.1) to get an explicit expression of the orbital phase in terms of v:
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leading order spin-orbit coupling term
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parameter v. Currently the energy function has been computed up to 3PN order (v6) [? ? ? ? ? ? ? ] and flux function up to
3.5PN order (v7) [? ? ? ? ? ? ? ]; but the spin e�ects have been computed only up to 2PN and 2.5PN orders, respectively [2].

The energy balance equation can be solved in a number of di�erent ways (see [? ] for a recent overview) which are pertur-
batively equivalent at the corresponding PN order. But, since the PN expansion of the energy and flux functions is known up to
only a particular PN order, the actual results of these di�erent methods can be somewhat di�erent. In this paper, we construct
a new approximant to the GW phasing computed by re-expanding the rational function E⌅(v)/F (v) and truncating it at 3.5PN
order (spin terms are considered only up to 2.5PN):
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Above, ⇤ ⇤ m1m2/m2 is the symmetric mass ratio, ⇥ ⇤ (m1 � m2)/m the asymmetric mass ratio, � the Euler’s constant, and L̂N
the unit vector along the Newtonian orbital angular momentum LN ⇤ m2⇤/v L̂N . The spin variables �s and �a are related to the
(dimensionless) spin vectors of the binary as:

�s = (�1 + �2)/2, �a = (�1 � �2)/2, (2.3)

where �i ⇤ Si/m2
i , Si being the spin angular momentum of the ith compact object.

Equation (2.2) can be plugged back to Eq. (2.1) to get an explicit expression of the orbital phase in terms of v:
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where v0 ⇤ (m⌃0)1/3 is the value of v corresponding to certain reference frequency ⌃0 and ⌥0 a reference phase.
Thus the phasing formula can be reduced to one di�erential equation describing the evolution of the orbital frequency, and

one explicit expression of the orbital phase:

dv
dt
=

⇧�mE⌅(v)
F (v)

⌃�1

(2.6)

We call this particular way of solving the phasing formula the “TaylorT5” approximant. The choice of this particular approximant
as the target signal family is motivated by the following reason: Since the spin-dependent terms in the PN expansion of the energy
and flux functions are available only up to a rather low 2.5PN order, the di�erent approximants give somewhat di�erent results.
We want to isolate this issue from the issue of the e�ect of spin-precession in the target signals. Thus, we construct the target
waveforms in such a way that they are as close to the frequency-domain template family as possible in the limit of non-precessing
spins. Since the frequency-domain template family used in this paper (“TaylorF2” approximant [? ]) is constructed based on
a re-expansion of E⌅(v)/F (v), we choose to construct the time-domain target waveforms also based on this re-expansion. Note
that the e�ectualness of the template family (although weakly) depends on the particular approximation used in the construction
of the target and template waveforms. This is an indication of the level of truncation error in the PN expansion, and points to
the need of computing the higher PN order spin terms. This is being explored in an ongoing work [? ]. Also note that the

∝ {
χ
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4

can be readily implemented for the case of the reduced-spin template family. But we note that a complete characterization of the
e�ectualness of a template family requires detailed studies using actual detector data. This is beyond the scope of this paper.

III. POST-NEWTONIAN WAVEFORMS IN THE ADIABATIC APPROXIMATION

In this discussion, we will only consider binaries in quasi-circular [2] orbits. Indeed, inspiralling compact binaries are expected
to lose their eccentricity before their GW signals reach the sensitive frequency band of ground-based detectors [? ? ]. In the
early stages of the evolution of the binary due to GW emission, the change in orbital frequency is much smaller than the orbital
frequency itself. During this adiabatic inspiral, the loss of the specific orbital binding energy E(v) (binding energy per unit mass)
is related to the energy flux of gravitational radiation F (v) in the following way: m dE(v)/dt = �F (v). This “energy balance”
argument provides the following coupled ordinary di�erential equations from which orbital phase evolution ⌃(t) of the binary
can be computed

d⌃
dt
=
v3

m
,

dv
dt
= � F (v)

m E⌅(v)
. (3.1)

Above, v is a velocity parameter which is related to the orbital frequency ⇧ by v ⇤ (m⇧)1/3 where m ⇤ m1 + m2 is the total mass
of the binary, and E⌅(v) ⇤ dE(v)/dv. The energy and flux functions can be computed as PN expansions in terms of the small
parameter v. Currently the energy function has been computed up to 3PN order (v6) [? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ] and flux
function up to 3.5PN order (v7) [? ? ? ? ? ? ? ]; but the spin e�ects have been computed only up to 2PN and 2.5PN orders,
respectively [3].

The energy balance equation can be solved in a number of di�erent ways (see [? ] for a recent overview) which are pertur-
batively equivalent at the corresponding PN order. But, since the PN expansion of the energy and flux functions is known up to
only a limited PN order, the actual results of these di�erent methods can be somewhat di�erent. In this paper, we construct a
new approximant to the GW phasing computed by re-expanding the rational function E⌅(v)/F (v) and truncating it at 3.5PN order
(spin terms are considered only up to 2.5PN):

E⌅(v)
F (v)

=
�5

32v9⇤

⌥
1 + v2

⇧
11⇤
4
+

743
336

⌃
+ v3
⇧
113
12

⇤�
1 � 76⇤

113

⇥
�s · L̂N + ⇥�a · L̂N

⌅
� 4⌅
⌃

+ v4
⇧
(�a · L̂N)2

⇤
30⇤ � 719

96

⌅
� 719�a · L̂N �s · L̂N⇥

48
+ �2

a

⇤
233
96
� 10⇤

⌅
+

233�s · �a⇥

48

+(�s · L̂N)2
⇤
� ⇤

24
� 719

96

⌅
+ �2

s

⇤
7⇤
24
+

233
96

⌅
+

617⇤2

144
+

5429⇤
1008

+
3058673
1016064

⌃

+ v5
⇧
�a · L̂N⇥

⇤
7⇤
2
+

146597
2016

⌅
+ �s · L̂N

⇤
�17⇤2

2
� 1213⇤

18
+

146597
2016

⌅
+

13⌅⇤
8
� 7729⌅

672

⌃

+ v6
⇧
1712�E

105
+

25565⇤3

5184
� 15211⇤2

6912
� 451⌅2⇤

48
+

3147553127⇤
12192768

+
32⌅2

3
� 10817850546611

93884313600
+

1712 ln(4v)
105

⌃

+v7
⇧
14809⌅⇤2

3024
� 75703⌅⇤

6048
� 15419335⌅

1016064

⌃�
. (3.2)

Above, ⇤ ⇤ m1m2/m2 is the symmetric mass ratio, ⇥ ⇤ (m1 � m2)/m the asymmetric mass ratio, �E the Euler’s constant, and L̂N
the unit vector along the Newtonian orbital angular momentum LN ⇤ m2⇤/v L̂N . The spin variables �s and �a are related to the
(dimensionless) spin vectors of the binary as:

�s = (�1 + �2)/2, �a = (�1 � �2)/2, (3.3)

where �i ⇤ Si/m2
i , Si being the spin angular momentum of the ith compact object.

Equation (3.2) can be plugged back to Eq. (3.1) to get an explicit expression of the orbital phase in terms of v:
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leading order spin-orbit coupling term

∝ χ (“reduced spin”)
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• χ is a slowly oscillating quantity:                           (while                          ).

• χ is constant (leading order) in several regions in the parameter space: 
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where d⇧/dt ⇤ O(v6) while dS/dt ⇤ O(v5)
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This gives the indication that the dominant spin e⇤ects in the waveform could be captured by just using the reduced spin
parameter ⇧. A template family solely described by the reduced spin parameter ⇧, apart from m and ⇤, can be constructed by
settingA1 = A2 = A3 = P1 = P2 = P3 = 0 in Eqs. (4.8) and (4.10). i.e.,

h̃( f ; ⇧) = h̃( f ; ⇧1, ⇧2), withAi = Pi = 0. (4.12)

It is possible to get a rough idea of the e⇤ect of the neglected spin terms Pi at di⇤erent regions in the parameter space by looking
at their contribution to the Fourier domain phase at a certain frequency, say, the ISCO frequency:
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This gives the indication that the dominant spin e⇤ects in the waveform could be captured by just using the reduced spin
parameter ⇧. A template family solely described by the reduced spin parameter ⇧, apart from m and ⇤, can be constructed by
settingA1 = A2 = A3 = P1 = P2 = P3 = 0 in Eqs. (4.8) and (4.10). i.e.,

h̃( f ; ⇧) = h̃( f ; ⇧1, ⇧2), withAi = Pi = 0. (4.12)

It is possible to get a rough idea of the e⇤ect of the neglected spin terms Pi at di⇤erent regions in the parameter space by looking
at their contribution to the Fourier domain phase at a certain frequency, say, the ISCO frequency:
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precessing binary described by one “reduced-spin” parameter.

4

can be readily implemented for the case of the reduced-spin template family. But we note that a complete characterization of the
e�ectualness of a template family requires detailed studies using actual detector data. This is beyond the scope of this paper.

III. POST-NEWTONIAN WAVEFORMS IN THE ADIABATIC APPROXIMATION

In this discussion, we will only consider binaries in quasi-circular [2] orbits. Indeed, inspiralling compact binaries are expected
to lose their eccentricity before their GW signals reach the sensitive frequency band of ground-based detectors [? ? ]. In the
early stages of the evolution of the binary due to GW emission, the change in orbital frequency is much smaller than the orbital
frequency itself. During this adiabatic inspiral, the loss of the specific orbital binding energy E(v) (binding energy per unit mass)
is related to the energy flux of gravitational radiation F (v) in the following way: m dE(v)/dt = �F (v). This “energy balance”
argument provides the following coupled ordinary di�erential equations from which orbital phase evolution ⌃(t) of the binary
can be computed

d⌃
dt
=
v3

m
,

dv
dt
= � F (v)

m E⌅(v)
. (3.1)

Above, v is a velocity parameter which is related to the orbital frequency ⇧ by v ⇤ (m⇧)1/3 where m ⇤ m1 + m2 is the total mass
of the binary, and E⌅(v) ⇤ dE(v)/dv. The energy and flux functions can be computed as PN expansions in terms of the small
parameter v. Currently the energy function has been computed up to 3PN order (v6) [? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ] and flux
function up to 3.5PN order (v7) [? ? ? ? ? ? ? ]; but the spin e�ects have been computed only up to 2PN and 2.5PN orders,
respectively [3].

The energy balance equation can be solved in a number of di�erent ways (see [? ] for a recent overview) which are pertur-
batively equivalent at the corresponding PN order. But, since the PN expansion of the energy and flux functions is known up to
only a limited PN order, the actual results of these di�erent methods can be somewhat di�erent. In this paper, we construct a
new approximant to the GW phasing computed by re-expanding the rational function E⌅(v)/F (v) and truncating it at 3.5PN order
(spin terms are considered only up to 2.5PN):

E⌅(v)
F (v)

=
�5

32v9⇤

⌥
1 + v2

⇧
11⇤
4
+

743
336

⌃
+ v3
⇧
113
12

⇤�
1 � 76⇤

113

⇥
�s · L̂N + ⇥�a · L̂N

⌅
� 4⌅
⌃

+ v4
⇧
(�a · L̂N)2

⇤
30⇤ � 719

96

⌅
� 719�a · L̂N �s · L̂N⇥

48
+ �2

a

⇤
233
96
� 10⇤

⌅
+

233�s · �a⇥

48

+(�s · L̂N)2
⇤
� ⇤

24
� 719

96

⌅
+ �2

s

⇤
7⇤
24
+

233
96

⌅
+

617⇤2

144
+

5429⇤
1008

+
3058673
1016064

⌃

+ v5
⇧
�a · L̂N⇥

⇤
7⇤
2
+

146597
2016

⌅
+ �s · L̂N

⇤
�17⇤2

2
� 1213⇤

18
+

146597
2016

⌅
+

13⌅⇤
8
� 7729⌅

672

⌃

+ v6
⇧
1712�E

105
+

25565⇤3

5184
� 15211⇤2

6912
� 451⌅2⇤

48
+

3147553127⇤
12192768

+
32⌅2

3
� 10817850546611

93884313600
+

1712 ln(4v)
105

⌃

+v7
⇧
14809⌅⇤2

3024
� 75703⌅⇤

6048
� 15419335⌅

1016064

⌃�
. (3.2)

Above, ⇤ ⇤ m1m2/m2 is the symmetric mass ratio, ⇥ ⇤ (m1 � m2)/m the asymmetric mass ratio, �E the Euler’s constant, and L̂N
the unit vector along the Newtonian orbital angular momentum LN ⇤ m2⇤/v L̂N . The spin variables �s and �a are related to the
(dimensionless) spin vectors of the binary as:

�s = (�1 + �2)/2, �a = (�1 � �2)/2, (3.3)

where �i ⇤ Si/m2
i , Si being the spin angular momentum of the ith compact object.

Equation (3.2) can be plugged back to Eq. (3.1) to get an explicit expression of the orbital phase in terms of v:

⌃(v) = � 1
32v5⇤

⌥
1 + v2 [1PN] + v3 [1.5PN + SO] + v4 [2PN + SS] + . . .

�

(3.4)

' f (�)= f (�) ' f (�)

[P. Ajith (2011)]
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FIG. 1: The real (! = 2, m = 2) component of rψ4 in the
Quasi-Kinnersley tetrad at r = 10M for the - - 0.757 case.
The lower inset shows the differences rψ4(M/25)−rψ4(M/30)
(solid line) and rψ4(M/30)−rψ4(M/35) (dotted line), the lat-
ter rescaled by 2.33 to demonstrate fourth-order convergence.
The lack of convergence for t < 10M is due to roundoff effects
in the initial data solver. The upper inset shows the real part
of the phase-corrected (! = 2, m = 2) mode of ψ4 at the same
radius. Note the near-perfect agreement after t = 45M .

the near zone). However, as shown below, we obtained
highly accurate estimates for the radiation be examin-
ing the remnant horizon. In order to obtain accurate
measurements for the radiated energy and angular mo-
mentum from the waveform, one needs to use a weaker
fisheye deresolution in the outer region, and carefully ad-
just the gauge so that the waveform is highly accurate at
large radii (r ∼ 50M).

The relatively large phase errors in this spinning case
compared with our zero-spin simulations [11] are due to
the fact that the effective resolution in the spinning case
is smaller due to the smaller value of mp as well as the
lower order differentiability of the spinning data com-
pared to zero-spin. A likely explanation is that numer-
ical dissipation (which more strongly affects this higher
frequency data) causes the merger to happen sooner than
expected. This dissipation decreases with resolution.

We used Jonathan Thornburg’s AHFinderDirect
thorn [35] to calculate the apparent horizons. We find
that the common horizon is first detected at t = 105.5M
and has a mass of MH = 0.978 ± .001M and rotation
parameter of a/MH = 0.443 ± 0.001. During the merger
(2.2 ± 0.1)% of the mass and (26 ± 2)% of the angular
momentum are converted into radiation.

MH and a/MH were obtained from the asymptotic val-
ues of the horizon surface area and the ratio of the polar
to equatorial circumferences (see Refs [9, 35, 36]). The
ranges given for these quantities arise from the uncer-
tainties in obtaining these values at finite time, and are

−4 −2 0 2 4
x/M
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−2

0

2

4

y/
M

FIG. 2: The puncture trajectories on the xy plane for the
‘- -’ case with resolution M/35. The spirals are the puncture
trajectories with ticks every 10M of evolution. The dot-dash
‘peanut shaped’ figure is the first detected common horizon at
105.5M . The (extrapolated) period of the last orbit is around
120M .

independent of resolution. Thus, these horizon parame-
ters give an accurate and robust measurement (even in
the unresolved h = M/25 case) for the radiated mass and
angular momentum.

Figure 2 shows the trajectories of the punctures for the
- - 0.757 configuration as well as the projection of the first
common horizon on the xy plane. It is evident from the
waveform and the track that the binary undergoes ∼ 0.9
orbits before merging.

We evolved the ‘++’ configuration with a grid size of
3842 × 768 and resolution of M/30. We used multiple
transition fisheye to push the boundaries to 159M . In
Fig. 3 we show the (! = 2, m = 2) mode of rψ4 in the
Quasi-Kinnersley frame for the ‘++0.757’ case, again ex-
tracted at r = 10M . Note the ‘plunge’ waveform is de-
layed by ∼ 120M compared to the ‘- - 0.757’ case. The
waveform shows approximately six periods of orbital ra-
diation prior to the plunge waveform, indicating that the
binary completed approximately three orbits.

We repeated the ‘++0.757’ case with a gridsize of
4482 × 896 and resolution of M/30 to force the bound-
aries to 266M . This new configuration allows us to ac-
curately obtain the horizon parameters (since they are
not contaminated by the boundary), but is too coarse in
the far-field region to produce accurate waveforms. The
first common horizon was detected at t = 232.5M . In
this case the final horizon had a mass of 0.933 ± .001M
and spin of 0.890 ± .002 (indicating that (6.7 ± 0.2%) of
the mass and (34 ± 1)% of the angular momentum are
radiated away). Table II gives a summary of these re-
sults. Note that the above values for the radiated energy
are in rough agreement with those estimated using the
effective one body approximation for maximally spinning
holes [37].

Figure 4 shows the track for the ‘++0.757’ configura-
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FIG. 3: The real part of the (! = 2, m = 2) mode of rψ4 in
the Quasi-Kinnersley frame at r = 10M from the ‘+ + 0.757’
configuration. (The small circles are the early-time waveform
from conformal Kerr data.) The top inset shows a magnified
view of the early orbital motion. Note that the ‘++0.757’
waveform has 6 wavelengths of orbital motion prior to the
plunge waveform (at t ∼ 232.5M), indicating that the bi-
nary orbited approximately three times before merging. The
bottom inset shows the real (solid) and imaginary (dotted)
components of the (2,2) component of the strain h calculated
at r = 10M .

tion. Note that the spiral is much tighter than in the
‘- - 0.757’ configuration, and that the binary completes
roughly 3 orbits before the common horizon forms. Note
also that the first common horizon is much smaller in this
case (in these coordinates) than in the ‘- - 0.757’ case.

To demonstrate consistency with the General Relativ-
ity field equations, we calculated the Hamiltonian con-
strain violation. The constraint converges to fourth-order
outside a small region surrounding the puncture (the con-
straint violation on the nearest neighboring points to the
puncture is roughly independent of resolution, but this
non-converging error does not propagate outside the in-
dividual horizons). Figure 5 shows the Hamiltonian con-
straint violations for the ‘- -’ configuration along the x-
axes at t = 45M and along the y-axis at t = 80M (at the
time when the punctures cross the x-axis and 5M after
the punctures cross the y-axis for the second time) for
the M/30 and M/35 runs. The constraint is convergent
everywhere except points contaminated by boundary er-
rors (these points have been removed from the plot) and
at the points closest to the puncture.

We complete our initial study with the corresponding
spinless case as a reference point. For details on the accu-
racy and evolution of the spinless case see Ref. [11]. We
evolved the zero-spin case with a resolution of M/22.5
and gridsize of 3202 × 640 (the outer boundary was lo-
cated at 216M). The first common horizon formed at
t = 161M with mass (0.965 ± .001)% and spin a/M =
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FIG. 4: The puncture trajectories on the xy plane for ‘++’
configuration with resolution M/30. The spirals are the punc-
ture trajectories with ticks every 10M of evolution. The dot-
dash ‘peanut shaped’ figure is the first detected common hori-
zon at t = 232.5M . The period of the last orbit is around
36M . The last orbit begins when the punctures are located
at 1.4M from the origin (in these coordinates).
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FIG. 5: The Hamiltonian constraint violation at t = 45M
along the x-axis (top plot) and at t = 80M along the y-
axis (bottom plot) for the M/30 and M/35 runs (the latter
rescaled by (35/30)4) for the ‘- -’ configuration. The punc-
tures crossed the x-axis at t = 45M and crossed the y-axis
for the second time at t = 75M . Note the reasonable fourth-
order convergence (except at the puncture). Points contami-
nated by boundary errors have been excluded from the plot.
The high frequency violations near the numerical coordinate
y/M = ±9 are due to the extreme fisheye deresolution near
the boundary, and converge with resolution.

(0.688±.001). This corresponds to a radiated energy and
angular momentum of (3.5± 0.1)% and (26.9± 0.1)% re-
spectively.
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Interpolating the parameter space 

• Interpolate the non-precessing-spin hybrid 
waveforms over the parameter space. 

... Using appropriate interpolation 
functions, motivated from perturbative 
approaches. 

• Test the interpolated (analytical) waveform 
family against a different set of  NR 
simulations (covering more regions in the 
parameter space).

... a measure of  the validity of  the 
approximations used. 
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to one using time-domain templates, and (ii) param-
etrization of the hybrid waveforms is easier in the
Fourier domain.

We take our motivation from the restricted post-
Newtonian approximation to model the amplitude of the
inspiral stage of the hybrid waveform, i.e., the amplitude is
approximated to leading order as a power law f!7=6 in
terms of the Fourier frequency f (as follows straight from
adding leading order radiation reaction to Newtonian dy-
namics). The amplitude of the merger stage is empirically
approximated as a power law f!2=3 (consistent with the
observation of [27]), while the amplitude of the ring-down
stage is known to be a Lorentzian function around the
quasinormal mode ring-down frequency. Similarly, we
take our motivation from the stationary-phase approxima-
tion (see, for example, [94]) of the inspiral waveform to
write the Fourier domain phase of the hybrid waveform as

a series expansion in powers of f. As we shall see later, this
provides an excellent approximation of the phase of the
hybrid waveform.

1. Phenomenological waveforms

We write our phenomenological waveform in the
Fourier domain as

uðfÞ $ AeffðfÞei!eff ðfÞ; (4.12)

where AeffðfÞ is the amplitude of the waveform in the
frequency domain, which we choose to write in terms of
a set of ‘‘amplitude parameters’’ ! ¼ ffmerg; fring;!; fcutg
as

AeffðfÞ $ C

8
><
>:

ðf=fmergÞ!7=6 if f<fmerg

ðf=fmergÞ!2=3 if fmerg & f<fring
wLðf;fring;!Þ if fring & f<fcut;

(4.13)

where fcut is the cutoff frequency of the template and fmerg

is the frequency at which the power-law changes from
f!7=6 to f!2=3 (as noted previously in [27] for the equal-
mass case). C is a numerical constant whose value depends
on the relative orientations of the interferometer and the
binary orbit as well as the physical parameters of the binary
(see below). Also, in the above expression,

L ðf; fring;!Þ $
!
1

2"

"
!

ðf! fringÞ2 þ !2=4
; (4.14)

represents a Lorentzian function of width ! centered
around fring. The normalization constant w is chosen in
such a way that AeffðfÞ is continuous across the ‘‘transi-
tion’’ frequency fring, i.e.,

w $ "!

2

!
fring
fmerg

"!2=3
: (4.15)

Taking our motivation from the stationary-phase ap-
proximation of the gravitational-wave phase, we write
the effective phase!effðfÞ as an expansion in powers of f,

!effðfÞ ¼ 2"ft0 þ ’0 þ
X7

k¼0

 kf
ðk!5Þ=3; (4.16)

where t0 is the time of arrival, ’0 is the frequency-domain
phase offset, and  ¼ f 0;  2;  3;  4;  6;  7g are the
‘‘phase parameters,’’ that is the set of phenomenological
parameters describing the phase of the waveform.
The numerical constant C in Eq. (4.13) can be deter-

mined by comparing the amplitude of the phenomenologi-
cal waveforms with that of the restricted post-Newtonian
waveforms in the frequency domain.
In the restricted post-Newtonian approximation, the

Fourier transform of the gravitational signal from an opti-
mally oriented binary located at an effective distance d can
be written as in Eq. (B1). We expect that in the inspiral
stage (f < fmerg) of our phenomenological waveforms the
amplitude will be equal to that of the post-Newtonian
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FIG. 3 (color online). Fourier domain magnitude (top) and
phase (bottom) of the (normalized) hybrid waveforms. The
constant phase term and the term linear in time (and frequency)
have already been subtracted from the phase. Symmetric mass
ratio # of each waveform is shown in the legends. These
waveforms are constructed by matching 3.5PN waveforms
with the long NR waveforms produced by the Jena group.
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(0.15, 0, 0), (0, 0, 0). (7) Precessing q = 3 binary with spins
(0.75, 0, 0), (0, 0, 0) [24]. Simulation sets (1)–(4) and (7) were
performed with BAM, set (5) with CCATIE, and set (6) with
LLAMA. The analytical waveform family is constructed em-
ploying only the equal-spin simulation sets (1)–(3); sets (4)–
(7) were used to test the e⇤cacy of our model against more
general spin/mass configurations. Two additional waveforms
were used in these tests: the Caltech-Cornell equal-mass, non-
spinning simulation [25], and the RIT q = 1.25 precessing
binary simulation with |�1| = 0.6, |�2| = 0.4 [26].

Constructing hybrid waveforms.— We produce a set of
“hybrid waveforms” [5] by matching PN and numerical-
relativity (NR) waveforms in an overlapping time interval
[t1, t2]. These hybrids are assumed to be the target signals
that we want to detect. For the PN waveforms we choose the
“TaylorT1” waveforms at 3.5PN [27] phase accuracy, with
spin terms up to 2.5PN [28, 29]. This is motivated by PN-
NR comparisons of equal-mass spinning binaries, in which
the accuracy of the TaylorT1 approximant was found to be
the most robust [22, 23]. We include the 3PN amplitude cor-
rections to the dominant quadrupole mode [30] and the 2PN
spin-dependent corrections [29], which greatly improved the
agreement between PN and NR waveforms. For precessing
waveforms, spin and angular momenta are evolved according
to [28, 31].

We match the PN and NR waveforms by doing a least-
square fit over time- and phase shifts between the waveforms,
and a scale factor a that reduces the PN-NR amplitude di⇥er-
ence [5]. The NR waveforms are combined with the “best-
matched” PN waveforms in the following way: hhyb(t) ⌅
a⌥(t) hNR(t) + (1 � ⌥(t)) hPN(t), where h(t) = h+(t) � ih⇥(t)
and ⌥ ranges linearly from zero to one for t � [t1, t2].

Waveform templates for non-precessing binaries.— The
analytical waveforms that we construct are written in the
Fourier domain as h( f ) ⌅ A( f ) e�i�( f ), where

A( f ) ⌅ C f �7/6
1

⇤⌃⌃⌃⇧
⌃⌃⌃⌅

f ⌥�7/6 (1 +
⌥3

i=2 �i vi) if f < f1
wm f ⌥�2/3 (1 +

⌥2
i=1 ⇥i vi) if f1 ⇧ f < f2

wr L( f , f2,⌃) if f2 ⇧ f < f3,

�( f ) ⌅ 2⇧ f t0 + ⌦0 +
3

128 ⇤ v5
�
1 +

7�

k=2

vk  k
⇥
. (1)

Above, f ⌥ ⌅ f / f1, v ⌅ (⇧M f )1/3, ⇥1 = 1.4547 �� 1.8897, ⇥2 =
�1.8153 �+1.6557 (estimated from hybrid waveforms), C is a
numerical constant whose value depends on the sky-location,
orientation and the masses, �2 = �323/224 + 451 ⇤/168 and
�3 = (27/8 � 11 ⇤/6)� are the PN corrections to the Fourier
domain amplitude of the (⇣ = 2,m = ±2 mode) PN wave-
form [29], t0 is the time of arrival of the signal at the detec-
tor and ⌦0 the corresponding phase, L( f , f2,⌃) a Lorentzian
function with width ⌃ centered around the frequency f2, wm
and wr are normalization constants chosen so as to make A( f )
continuous across the “transition” frequencies f2 and f1, and
f3 is a convenient cuto⇥ frequency such that the signal power
above f3 is negligible. The phenomenological parameters  k
and µk ⌅ { f1, f2,⌃, f3} are written in terms of the physical

parameters of the binary as:

 k =  
0
k +

3⌥
i=1

N⌥
j=0

x(i j)
k ⇤i� j, ⇧Mµk = µ

0
k +

3⌥
i=1

N⌥
j=0
y(i j)

k ⇤i� j , (2)

where N ⌅ min(3 � i, 2) while x(i j)
k and y(i j)

k are tabulated in
Table I.

We match these waveforms to 2PN accurate adiabatic in-
spiral waveforms in the test-mass (⇤ ⌃ 0) limit, where the
phenomenological parameters reduce to:

f1 ⌃ f 0
LSO, f2 ⌃ f 0

QNM, ⌃⌃ f 0
QNM/Q

0,  k ⌃  0
k . (3)

Above, f 0
LSO and f 0

QNM are the frequencies of the last stable
orbit [32] and the dominant quasi-normal mode, and Q0 is the
ring-down quality factor [33] of a Kerr BH with mass M and
spin �, while  0

k are the (2PN) Fourier domain phasing coe⇤-
cients of a test-particle inspiralling into the Kerr BH [29].

The test-mass-limit waveforms su⇥er from two limitations:
1) we assume that the evolution of the GW phase at the merger
and ringdown is a continuation of the adiabatic inspiral phase,
and 2) in the absence of a reliable plunge model, we approx-
imate the amplitude of the plunge with f ⌥�2/3 (1 +

⌥2
i=1 ⇥i vi).

Nevertheless, in the test-mass limit, the signal is expected to
be dominated by the inspiral, which is guaranteed to be well-
modelled by our waveforms. More importantly, the imposi-
tion of the appropriate test-mass limit in our fitting procedure
ensures that the waveforms are well behaved even outside the
parameter range where current NR data are available. Because
of this, and the inclusion of the PN amplitude corrections,
these waveforms are expected to be closer to the actual sig-
nals than the templates proposed in [1, 6] in the non-spinning
limit. However, since the parameter space covered by the NR
simulations is limited, we recommend that these waveforms
be used only in the regime q � 10 and �0.85 � � � 0.85.
Also, these are meant to model only the late-inspiral, merger
and ring down (M fGW > 10�3), i.e., binaries in the mass-
range where merger-ringdown also contribute to the SNR,
apart from inspiral.

We have examined the “faithfulness” [34] of the new tem-
plates in reproducing the hybrid waveforms by computing the
match (noise-weighted inner product) with the hybrids. Loss
of the SNR due to the “mismatch” between the template and
the true signal is determined by the match maximized over
the whole template bank – called fitting factor (FF). The stan-
dard criteria for templates used in searches is that FF > 0.965,
which corresponds to a loss of no more than 10% of signals.

Match and FF of the analytical waveforms with the equal-
(unequal-) spin hybrid waveforms are plotted in Fig. 1 (Fig. 2),
using the Initial LIGO design noise spectrum [35]. Note that
the analytical waveform family is constructed employing only
the equal-spin hybrid waveforms (Fig. 1). The PN–NR match-
ing region used to construct the unequal-spin hybrids (Fig. 2)
are also di⇥erent from that used for equal-spin hybrids. These
figures demonstrate the e⇤cacy of the analytical templates
in reproducing the target waveforms – templates are “faith-
ful” (match > 0.965) either when the masses or the spins are

inspiral amplitude 
with PN corrections

Lorentzian (amplitude 
of the dominant QNM)

2

(0.15, 0, 0), (0, 0, 0). (7) Precessing q = 3 binary with spins
(0.75, 0, 0), (0, 0, 0) [24]. Simulation sets (1)–(4) and (7) were
performed with BAM, set (5) with CCATIE, and set (6) with
LLAMA. The analytical waveform family is constructed em-
ploying only the equal-spin simulation sets (1)–(3); sets (4)–
(7) were used to test the e�cacy of our model against more
general spin/mass configurations. Two additional waveforms
were used in these tests: the Caltech-Cornell equal-mass, non-
spinning simulation [25], and the RIT q = 1.25 precessing
binary simulation with |�1| = 0.6, |�2| = 0.4 [26].

Constructing hybrid waveforms.— We produce a set of
“hybrid waveforms” [5] by matching PN and numerical-
relativity (NR) waveforms in an overlapping time interval
[t1, t2]. These hybrids are assumed to be the target signals
that we want to detect. For the PN waveforms we choose the
“TaylorT1” waveforms at 3.5PN [27] phase accuracy, with
spin terms up to 2.5PN [28, 29]. This is motivated by PN-
NR comparisons of equal-mass spinning binaries, in which
the accuracy of the TaylorT1 approximant was found to be
the most robust [22, 23]. We include the 3PN amplitude cor-
rections to the dominant quadrupole mode [30] and the 2PN
spin-dependent corrections [29], which greatly improved the
agreement between PN and NR waveforms. For precessing
waveforms, spin and angular momenta are evolved according
to [28, 31].

We match the PN and NR waveforms by doing a least-
square fit over time- and phase shifts between the waveforms,
and a scale factor a that reduces the PN-NR amplitude di↵er-
ence [5]. The NR waveforms are combined with the “best-
matched” PN waveforms in the following way: hhyb(t) ⌘
a⌧(t) hNR(t) + (1 � ⌧(t)) hPN(t), where h(t) = h+(t) � ih⇥(t)
and ⌧ ranges linearly from zero to one for t 2 [t1, t2].

Waveform templates for non-precessing binaries.— The
analytical waveforms that we construct are written in the
Fourier domain as h( f ) ⌘ A( f ) e�i ( f ), where

A( f ) /

8>>>>>>>><
>>>>>>>>:

f 0�7/6 (1 +
P3

i=2 ↵i vi) if f < fmerg

wm f 0�2/3 (1 +
P2

i=1 ✏i vi) if fmerg  f < fring

wr L( f , fring,�) if f � fring

 ( f ) ⌘ 2⇡ f t0 + '0 +
3

128 ⌘ v5
�
1 +

7X

k=2

vk  k
�
.(1)

Above, f 0 ⌘ f / fmerg, v ⌘ (⇡M f )1/3, ✏1 = 1.4547 � �
1.8897, ✏2 = �1.8153 �+1.6557 (estimated from hybrid wave-
forms), C is a numerical constant whose value depends on the
sky-location, orientation and the masses, ↵2 = �323/224 +
451 ⌘/168 and ↵3 = (27/8 � 11 ⌘/6)� are the PN corrections
to the Fourier domain amplitude of the (` = 2,m = ±2 mode)
PN waveform [29], t0 is the time of arrival of the signal at
the detector and '0 the corresponding phase, L( f , fring,�) a
Lorentzian function with width � centered around the fre-
quency fring, wm and wr are normalization constants chosen so
as to make A( f ) continuous across the “transition” frequen-
cies fring and fmerg, and fcut is a convenient cuto↵ frequency

such that the signal power above fcut is negligible. The phe-
nomenological parameters  k and µk ⌘ { fmerg, fring,�, fcut} are
written in terms of the physical parameters of the binary as:

 k =  
0
k +

3P
i=1

NP
j=0

x(i j)
k ⌘i� j, ⇡Mµk = µ

0
k +

3P
i=1

NP
j=0
y(i j)

k ⌘i� j , (2)

where N ⌘ min(3 � i, 2) while x(i j)
k and y(i j)

k are tabulated in
Table I.

We match these waveforms to 2PN accurate adiabatic in-
spiral waveforms in the test-mass (⌘ ! 0) limit, where the
phenomenological parameters reduce to:

fmerg ! f 0
LSO, fring ! f 0

QNM, �! f 0
QNM/Q

0,  k !  0
k .
(3)

Above, f 0
LSO and f 0

QNM are the frequencies of the last stable
orbit [32] and the dominant quasi-normal mode, and Q0 is the
ring-down quality factor [33] of a Kerr BH with mass M and
spin �, while  0

k are the (2PN) Fourier domain phasing coe�-
cients of a test-particle inspiralling into the Kerr BH [29].

The test-mass-limit waveforms su↵er from two limitations:
1) we assume that the evolution of the GW phase at the merger
and ringdown is a continuation of the adiabatic inspiral phase,
and 2) in the absence of a reliable plunge model, we approx-
imate the amplitude of the plunge with f 0�2/3 (1 +

P2
i=1 ✏i vi).

Nevertheless, in the test-mass limit, the signal is expected to
be dominated by the inspiral, which is guaranteed to be well-
modelled by our waveforms. More importantly, the imposi-
tion of the appropriate test-mass limit in our fitting procedure
ensures that the waveforms are well behaved even outside the
parameter range where current NR data are available. Because
of this, and the inclusion of the PN amplitude corrections,
these waveforms are expected to be closer to the actual sig-
nals than the templates proposed in [1, 6] in the non-spinning
limit. However, since the parameter space covered by the NR
simulations is limited, we recommend that these waveforms
be used only in the regime q . 10 and �0.85 . � . 0.85.
Also, these are meant to model only the late-inspiral, merger
and ring down (M fGW > 10�3), i.e., binaries in the mass-
range where merger-ringdown also contribute to the SNR,
apart from inspiral.

We have examined the “faithfulness” [34] of the new tem-
plates in reproducing the hybrid waveforms by computing the
match (noise-weighted inner product) with the hybrids. Loss
of the SNR due to the “mismatch” between the template and
the true signal is determined by the match maximized over
the whole template bank – called fitting factor (FF). The stan-
dard criteria for templates used in searches is that FF > 0.965,
which corresponds to a loss of no more than 10% of signals.

Match and FF of the analytical waveforms with the equal-
(unequal-) spin hybrid waveforms are plotted in Fig. 1 (Fig. 2),
using the Initial LIGO design noise spectrum [35]. Note that
the analytical waveform family is constructed employing only
the equal-spin hybrid waveforms (Fig. 1). The PN–NR match-
ing region used to construct the unequal-spin hybrids (Fig. 2)
are also di↵erent from that used for equal-spin hybrids. These
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Newtonian phasing 
(Quadrupole formula) PN-like series. Coefficients 

determined from the hybrid 
waveforms 

to one using time-domain templates, and (ii) param-
etrization of the hybrid waveforms is easier in the
Fourier domain.

We take our motivation from the restricted post-
Newtonian approximation to model the amplitude of the
inspiral stage of the hybrid waveform, i.e., the amplitude is
approximated to leading order as a power law f!7=6 in
terms of the Fourier frequency f (as follows straight from
adding leading order radiation reaction to Newtonian dy-
namics). The amplitude of the merger stage is empirically
approximated as a power law f!2=3 (consistent with the
observation of [27]), while the amplitude of the ring-down
stage is known to be a Lorentzian function around the
quasinormal mode ring-down frequency. Similarly, we
take our motivation from the stationary-phase approxima-
tion (see, for example, [94]) of the inspiral waveform to
write the Fourier domain phase of the hybrid waveform as

a series expansion in powers of f. As we shall see later, this
provides an excellent approximation of the phase of the
hybrid waveform.

1. Phenomenological waveforms

We write our phenomenological waveform in the
Fourier domain as

uðfÞ $ AeffðfÞei!eff ðfÞ; (4.12)

where AeffðfÞ is the amplitude of the waveform in the
frequency domain, which we choose to write in terms of
a set of ‘‘amplitude parameters’’ ! ¼ ffmerg; fring;!; fcutg
as

AeffðfÞ $ C

8
><
>:

ðf=fmergÞ!7=6 if f<fmerg

ðf=fmergÞ!2=3 if fmerg & f<fring
wLðf;fring;!Þ if fring & f<fcut;

(4.13)

where fcut is the cutoff frequency of the template and fmerg

is the frequency at which the power-law changes from
f!7=6 to f!2=3 (as noted previously in [27] for the equal-
mass case). C is a numerical constant whose value depends
on the relative orientations of the interferometer and the
binary orbit as well as the physical parameters of the binary
(see below). Also, in the above expression,

L ðf; fring;!Þ $
!
1

2"

"
!

ðf! fringÞ2 þ !2=4
; (4.14)

represents a Lorentzian function of width ! centered
around fring. The normalization constant w is chosen in
such a way that AeffðfÞ is continuous across the ‘‘transi-
tion’’ frequency fring, i.e.,

w $ "!

2

!
fring
fmerg

"!2=3
: (4.15)

Taking our motivation from the stationary-phase ap-
proximation of the gravitational-wave phase, we write
the effective phase!effðfÞ as an expansion in powers of f,

!effðfÞ ¼ 2"ft0 þ ’0 þ
X7

k¼0

 kf
ðk!5Þ=3; (4.16)

where t0 is the time of arrival, ’0 is the frequency-domain
phase offset, and  ¼ f 0;  2;  3;  4;  6;  7g are the
‘‘phase parameters,’’ that is the set of phenomenological
parameters describing the phase of the waveform.
The numerical constant C in Eq. (4.13) can be deter-

mined by comparing the amplitude of the phenomenologi-
cal waveforms with that of the restricted post-Newtonian
waveforms in the frequency domain.
In the restricted post-Newtonian approximation, the

Fourier transform of the gravitational signal from an opti-
mally oriented binary located at an effective distance d can
be written as in Eq. (B1). We expect that in the inspiral
stage (f < fmerg) of our phenomenological waveforms the
amplitude will be equal to that of the post-Newtonian
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FIG. 3 (color online). Fourier domain magnitude (top) and
phase (bottom) of the (normalized) hybrid waveforms. The
constant phase term and the term linear in time (and frequency)
have already been subtracted from the phase. Symmetric mass
ratio # of each waveform is shown in the legends. These
waveforms are constructed by matching 3.5PN waveforms
with the long NR waveforms produced by the Jena group.
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(0.15, 0, 0), (0, 0, 0). (7) Precessing q = 3 binary with spins
(0.75, 0, 0), (0, 0, 0) [24]. Simulation sets (1)–(4) and (7) were
performed with BAM, set (5) with CCATIE, and set (6) with
LLAMA. The analytical waveform family is constructed em-
ploying only the equal-spin simulation sets (1)–(3); sets (4)–
(7) were used to test the e⇤cacy of our model against more
general spin/mass configurations. Two additional waveforms
were used in these tests: the Caltech-Cornell equal-mass, non-
spinning simulation [25], and the RIT q = 1.25 precessing
binary simulation with |�1| = 0.6, |�2| = 0.4 [26].

Constructing hybrid waveforms.— We produce a set of
“hybrid waveforms” [5] by matching PN and numerical-
relativity (NR) waveforms in an overlapping time interval
[t1, t2]. These hybrids are assumed to be the target signals
that we want to detect. For the PN waveforms we choose the
“TaylorT1” waveforms at 3.5PN [27] phase accuracy, with
spin terms up to 2.5PN [28, 29]. This is motivated by PN-
NR comparisons of equal-mass spinning binaries, in which
the accuracy of the TaylorT1 approximant was found to be
the most robust [22, 23]. We include the 3PN amplitude cor-
rections to the dominant quadrupole mode [30] and the 2PN
spin-dependent corrections [29], which greatly improved the
agreement between PN and NR waveforms. For precessing
waveforms, spin and angular momenta are evolved according
to [28, 31].

We match the PN and NR waveforms by doing a least-
square fit over time- and phase shifts between the waveforms,
and a scale factor a that reduces the PN-NR amplitude di⇥er-
ence [5]. The NR waveforms are combined with the “best-
matched” PN waveforms in the following way: hhyb(t) ⌅
a⌥(t) hNR(t) + (1 � ⌥(t)) hPN(t), where h(t) = h+(t) � ih⇥(t)
and ⌥ ranges linearly from zero to one for t � [t1, t2].

Waveform templates for non-precessing binaries.— The
analytical waveforms that we construct are written in the
Fourier domain as h( f ) ⌅ A( f ) e�i�( f ), where

A( f ) ⌅ C f �7/6
1

⇤⌃⌃⌃⇧
⌃⌃⌃⌅

f ⌥�7/6 (1 +
⌥3

i=2 �i vi) if f < f1
wm f ⌥�2/3 (1 +

⌥2
i=1 ⇥i vi) if f1 ⇧ f < f2

wr L( f , f2,⌃) if f2 ⇧ f < f3,

�( f ) ⌅ 2⇧ f t0 + ⌦0 +
3

128 ⇤ v5
�
1 +

7�

k=2

vk  k
⇥
. (1)

Above, f ⌥ ⌅ f / f1, v ⌅ (⇧M f )1/3, ⇥1 = 1.4547 �� 1.8897, ⇥2 =
�1.8153 �+1.6557 (estimated from hybrid waveforms), C is a
numerical constant whose value depends on the sky-location,
orientation and the masses, �2 = �323/224 + 451 ⇤/168 and
�3 = (27/8 � 11 ⇤/6)� are the PN corrections to the Fourier
domain amplitude of the (⇣ = 2,m = ±2 mode) PN wave-
form [29], t0 is the time of arrival of the signal at the detec-
tor and ⌦0 the corresponding phase, L( f , f2,⌃) a Lorentzian
function with width ⌃ centered around the frequency f2, wm
and wr are normalization constants chosen so as to make A( f )
continuous across the “transition” frequencies f2 and f1, and
f3 is a convenient cuto⇥ frequency such that the signal power
above f3 is negligible. The phenomenological parameters  k
and µk ⌅ { f1, f2,⌃, f3} are written in terms of the physical

parameters of the binary as:

 k =  
0
k +

3⌥
i=1

N⌥
j=0

x(i j)
k ⇤i� j, ⇧Mµk = µ

0
k +

3⌥
i=1

N⌥
j=0
y(i j)

k ⇤i� j , (2)

where N ⌅ min(3 � i, 2) while x(i j)
k and y(i j)

k are tabulated in
Table I.

We match these waveforms to 2PN accurate adiabatic in-
spiral waveforms in the test-mass (⇤ ⌃ 0) limit, where the
phenomenological parameters reduce to:

f1 ⌃ f 0
LSO, f2 ⌃ f 0

QNM, ⌃⌃ f 0
QNM/Q

0,  k ⌃  0
k . (3)

Above, f 0
LSO and f 0

QNM are the frequencies of the last stable
orbit [32] and the dominant quasi-normal mode, and Q0 is the
ring-down quality factor [33] of a Kerr BH with mass M and
spin �, while  0

k are the (2PN) Fourier domain phasing coe⇤-
cients of a test-particle inspiralling into the Kerr BH [29].

The test-mass-limit waveforms su⇥er from two limitations:
1) we assume that the evolution of the GW phase at the merger
and ringdown is a continuation of the adiabatic inspiral phase,
and 2) in the absence of a reliable plunge model, we approx-
imate the amplitude of the plunge with f ⌥�2/3 (1 +

⌥2
i=1 ⇥i vi).

Nevertheless, in the test-mass limit, the signal is expected to
be dominated by the inspiral, which is guaranteed to be well-
modelled by our waveforms. More importantly, the imposi-
tion of the appropriate test-mass limit in our fitting procedure
ensures that the waveforms are well behaved even outside the
parameter range where current NR data are available. Because
of this, and the inclusion of the PN amplitude corrections,
these waveforms are expected to be closer to the actual sig-
nals than the templates proposed in [1, 6] in the non-spinning
limit. However, since the parameter space covered by the NR
simulations is limited, we recommend that these waveforms
be used only in the regime q � 10 and �0.85 � � � 0.85.
Also, these are meant to model only the late-inspiral, merger
and ring down (M fGW > 10�3), i.e., binaries in the mass-
range where merger-ringdown also contribute to the SNR,
apart from inspiral.

We have examined the “faithfulness” [34] of the new tem-
plates in reproducing the hybrid waveforms by computing the
match (noise-weighted inner product) with the hybrids. Loss
of the SNR due to the “mismatch” between the template and
the true signal is determined by the match maximized over
the whole template bank – called fitting factor (FF). The stan-
dard criteria for templates used in searches is that FF > 0.965,
which corresponds to a loss of no more than 10% of signals.

Match and FF of the analytical waveforms with the equal-
(unequal-) spin hybrid waveforms are plotted in Fig. 1 (Fig. 2),
using the Initial LIGO design noise spectrum [35]. Note that
the analytical waveform family is constructed employing only
the equal-spin hybrid waveforms (Fig. 1). The PN–NR match-
ing region used to construct the unequal-spin hybrids (Fig. 2)
are also di⇥erent from that used for equal-spin hybrids. These
figures demonstrate the e⇤cacy of the analytical templates
in reproducing the target waveforms – templates are “faith-
ful” (match > 0.965) either when the masses or the spins are

Inspiral-merger-ringdown waveform 
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(0.15, 0, 0), (0, 0, 0). (7) Precessing q = 3 binary with spins
(0.75, 0, 0), (0, 0, 0) [24]. Simulation sets (1)–(4) and (7) were
performed with BAM, set (5) with CCATIE, and set (6) with
LLAMA. The analytical waveform family is constructed em-
ploying only the equal-spin simulation sets (1)–(3); sets (4)–
(7) were used to test the e�cacy of our model against more
general spin/mass configurations. Two additional waveforms
were used in these tests: the Caltech-Cornell equal-mass, non-
spinning simulation [25], and the RIT q = 1.25 precessing
binary simulation with |�1| = 0.6, |�2| = 0.4 [26].

Constructing hybrid waveforms.— We produce a set of
“hybrid waveforms” [5] by matching PN and numerical-
relativity (NR) waveforms in an overlapping time interval
[t1, t2]. These hybrids are assumed to be the target signals
that we want to detect. For the PN waveforms we choose the
“TaylorT1” waveforms at 3.5PN [27] phase accuracy, with
spin terms up to 2.5PN [28, 29]. This is motivated by PN-
NR comparisons of equal-mass spinning binaries, in which
the accuracy of the TaylorT1 approximant was found to be
the most robust [22, 23]. We include the 3PN amplitude cor-
rections to the dominant quadrupole mode [30] and the 2PN
spin-dependent corrections [29], which greatly improved the
agreement between PN and NR waveforms. For precessing
waveforms, spin and angular momenta are evolved according
to [28, 31].

We match the PN and NR waveforms by doing a least-
square fit over time- and phase shifts between the waveforms,
and a scale factor a that reduces the PN-NR amplitude di↵er-
ence [5]. The NR waveforms are combined with the “best-
matched” PN waveforms in the following way: hhyb(t) ⌘
a⌧(t) hNR(t) + (1 � ⌧(t)) hPN(t), where h(t) = h+(t) � ih⇥(t)
and ⌧ ranges linearly from zero to one for t 2 [t1, t2].

Waveform templates for non-precessing binaries.— The
analytical waveforms that we construct are written in the
Fourier domain as h( f ) ⌘ A( f ) e�i ( f ), where

A( f ) ⌘ C f �7/6
merg

8>>><
>>>:

f 0�7/6 (1 +
P3

i=2 ↵i vi) if f < fmerg
wm f 0�2/3 (1 +

P2
i=1 ✏i vi) if fmerg  f < fring

wr L( f , fring,�) if fring  f < fcut,

 ( f ) ⌘ 3
128 ⌘ v5

�
1 +

8X

k=2

vk  k
�
. (1)

Above, f 0 ⌘ f / fmerg, v ⌘ (⇡M f )1/3, ✏1 = 1.4547 � �
1.8897, ✏2 = �1.8153 �+1.6557 (estimated from hybrid wave-
forms), C is a numerical constant whose value depends on the
sky-location, orientation and the masses, ↵2 = �323/224 +
451 ⌘/168 and ↵3 = (27/8 � 11 ⌘/6)� are the PN corrections
to the Fourier domain amplitude of the (` = 2,m = ±2 mode)
PN waveform [29], t0 is the time of arrival of the signal at
the detector and '0 the corresponding phase, L( f , fring,�) a
Lorentzian function with width � centered around the fre-
quency fring, wm and wr are normalization constants chosen so
as to make A( f ) continuous across the “transition” frequen-
cies fring and fmerg, and fcut is a convenient cuto↵ frequency
such that the signal power above fcut is negligible. The phe-
nomenological parameters  k and µk ⌘ { fmerg, fring,�, fcut} are

written in terms of the physical parameters of the binary as:

 k =  
0
k +

3P
i=1

NP
j=0

x(i j)
k ⌘i� j, ⇡Mµk = µ

0
k +

3P
i=1

NP
j=0
y(i j)

k ⌘i� j , (2)

where N ⌘ min(3 � i, 2) while x(i j)
k and y(i j)

k are tabulated in
Table I.

We match these waveforms to 2PN accurate adiabatic in-
spiral waveforms in the test-mass (⌘ ! 0) limit, where the
phenomenological parameters reduce to:

fmerg ! f 0
LSO, fring ! f 0

QNM, �! f 0
QNM/Q

0,  k !  0
k .
(3)

Above, f 0
LSO and f 0

QNM are the frequencies of the last stable
orbit [32] and the dominant quasi-normal mode, and Q0 is the
ring-down quality factor [33] of a Kerr BH with mass M and
spin �, while  0

k are the (2PN) Fourier domain phasing coe�-
cients of a test-particle inspiralling into the Kerr BH [29].

The test-mass-limit waveforms su↵er from two limitations:
1) we assume that the evolution of the GW phase at the merger
and ringdown is a continuation of the adiabatic inspiral phase,
and 2) in the absence of a reliable plunge model, we approx-
imate the amplitude of the plunge with f 0�2/3 (1 +

P2
i=1 ✏i vi).

Nevertheless, in the test-mass limit, the signal is expected to
be dominated by the inspiral, which is guaranteed to be well-
modelled by our waveforms. More importantly, the imposi-
tion of the appropriate test-mass limit in our fitting procedure
ensures that the waveforms are well behaved even outside the
parameter range where current NR data are available. Because
of this, and the inclusion of the PN amplitude corrections,
these waveforms are expected to be closer to the actual sig-
nals than the templates proposed in [1, 6] in the non-spinning
limit. However, since the parameter space covered by the NR
simulations is limited, we recommend that these waveforms
be used only in the regime q . 10 and �0.85 . � . 0.85.
Also, these are meant to model only the late-inspiral, merger
and ring down (M fGW > 10�3), i.e., binaries in the mass-
range where merger-ringdown also contribute to the SNR,
apart from inspiral.

We have examined the “faithfulness” [34] of the new tem-
plates in reproducing the hybrid waveforms by computing the
match (noise-weighted inner product) with the hybrids. Loss
of the SNR due to the “mismatch” between the template and
the true signal is determined by the match maximized over
the whole template bank – called fitting factor (FF). The stan-
dard criteria for templates used in searches is that FF > 0.965,
which corresponds to a loss of no more than 10% of signals.

Match and FF of the analytical waveforms with the equal-
(unequal-) spin hybrid waveforms are plotted in Fig. 1 (Fig. 2),
using the Initial LIGO design noise spectrum [35]. Note that
the analytical waveform family is constructed employing only
the equal-spin hybrid waveforms (Fig. 1). The PN–NR match-
ing region used to construct the unequal-spin hybrids (Fig. 2)
are also di↵erent from that used for equal-spin hybrids. These
figures demonstrate the e�cacy of the analytical templates
in reproducing the target waveforms – templates are “faith-
ful” (match > 0.965) either when the masses or the spins are
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(0.15, 0, 0), (0, 0, 0). (7) Precessing q = 3 binary with spins
(0.75, 0, 0), (0, 0, 0) [24]. Simulation sets (1)–(4) and (7) were
performed with BAM, set (5) with CCATIE, and set (6) with
LLAMA. The analytical waveform family is constructed em-
ploying only the equal-spin simulation sets (1)–(3); sets (4)–
(7) were used to test the e�cacy of our model against more
general spin/mass configurations. Two additional waveforms
were used in these tests: the Caltech-Cornell equal-mass, non-
spinning simulation [25], and the RIT q = 1.25 precessing
binary simulation with |�1| = 0.6, |�2| = 0.4 [26].

Constructing hybrid waveforms.— We produce a set of
“hybrid waveforms” [5] by matching PN and numerical-
relativity (NR) waveforms in an overlapping time interval
[t1, t2]. These hybrids are assumed to be the target signals
that we want to detect. For the PN waveforms we choose the
“TaylorT1” waveforms at 3.5PN [27] phase accuracy, with
spin terms up to 2.5PN [28, 29]. This is motivated by PN-
NR comparisons of equal-mass spinning binaries, in which
the accuracy of the TaylorT1 approximant was found to be
the most robust [22, 23]. We include the 3PN amplitude cor-
rections to the dominant quadrupole mode [30] and the 2PN
spin-dependent corrections [29], which greatly improved the
agreement between PN and NR waveforms. For precessing
waveforms, spin and angular momenta are evolved according
to [28, 31].

We match the PN and NR waveforms by doing a least-
square fit over time- and phase shifts between the waveforms,
and a scale factor a that reduces the PN-NR amplitude di↵er-
ence [5]. The NR waveforms are combined with the “best-
matched” PN waveforms in the following way: hhyb(t) ⌘
a⌧(t) hNR(t) + (1 � ⌧(t)) hPN(t), where h(t) = h+(t) � ih⇥(t)
and ⌧ ranges linearly from zero to one for t 2 [t1, t2].

Waveform templates for non-precessing binaries.— The
analytical waveforms that we construct are written in the
Fourier domain as h( f ) ⌘ A( f ) e�i ( f ), where

A( f ) ⌘ C f �7/6
merg
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wr L( f , fring,�) if fring  f < fcut,
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Above, f 0 ⌘ f / fmerg, v ⌘ (⇡M f )1/3, ✏1 = 1.4547 � �
1.8897, ✏2 = �1.8153 �+1.6557 (estimated from hybrid wave-
forms), C is a numerical constant whose value depends on the
sky-location, orientation and the masses, ↵2 = �323/224 +
451 ⌘/168 and ↵3 = (27/8 � 11 ⌘/6)� are the PN corrections
to the Fourier domain amplitude of the (` = 2,m = ±2 mode)
PN waveform [29], t0 is the time of arrival of the signal at
the detector and '0 the corresponding phase, L( f , fring,�) a
Lorentzian function with width � centered around the fre-
quency fring, wm and wr are normalization constants chosen so
as to make A( f ) continuous across the “transition” frequen-
cies fring and fmerg, and fcut is a convenient cuto↵ frequency
such that the signal power above fcut is negligible. The phe-
nomenological parameters  k and µk ⌘ { fmerg, fring,�, fcut} are

written in terms of the physical parameters of the binary as:

 k =  
0
k +

3P
i=1

NP
j=0

x(i j)
k ⌘i� j, ⇡Mµk = µ

0
k +

3P
i=1

NP
j=0
y(i j)

k ⌘i� j , (2)

where N ⌘ min(3 � i, 2) while x(i j)
k and y(i j)

k are tabulated in
Table I.

We match these waveforms to 2PN accurate adiabatic in-
spiral waveforms in the test-mass (⌘ ! 0) limit, where the
phenomenological parameters reduce to:

fmerg ! f 0
ISCO, fring ! f 0

QNM, �! ⌧0,  k !  0
k . (3)

fmerg, fring,�, k

Above, f 0
LSO and f 0

QNM are the frequencies of the last stable
orbit [32] and the dominant quasi-normal mode, and Q0 is the
ring-down quality factor [33] of a Kerr BH with mass M and
spin �, while  0

k are the (2PN) Fourier domain phasing coe�-
cients of a test-particle inspiralling into the Kerr BH [29].

The test-mass-limit waveforms su↵er from two limitations:
1) we assume that the evolution of the GW phase at the merger
and ringdown is a continuation of the adiabatic inspiral phase,
and 2) in the absence of a reliable plunge model, we approx-
imate the amplitude of the plunge with f 0�2/3 (1 +

P2
i=1 ✏i vi).

Nevertheless, in the test-mass limit, the signal is expected to
be dominated by the inspiral, which is guaranteed to be well-
modelled by our waveforms. More importantly, the imposi-
tion of the appropriate test-mass limit in our fitting procedure
ensures that the waveforms are well behaved even outside the
parameter range where current NR data are available. Because
of this, and the inclusion of the PN amplitude corrections,
these waveforms are expected to be closer to the actual sig-
nals than the templates proposed in [1, 6] in the non-spinning
limit. However, since the parameter space covered by the NR
simulations is limited, we recommend that these waveforms
be used only in the regime q . 10 and �0.85 . � . 0.85.
Also, these are meant to model only the late-inspiral, merger
and ring down (M fGW > 10�3), i.e., binaries in the mass-
range where merger-ringdown also contribute to the SNR,
apart from inspiral.

We have examined the “faithfulness” [34] of the new tem-
plates in reproducing the hybrid waveforms by computing the
match (noise-weighted inner product) with the hybrids. Loss
of the SNR due to the “mismatch” between the template and
the true signal is determined by the match maximized over
the whole template bank – called fitting factor (FF). The stan-
dard criteria for templates used in searches is that FF > 0.965,
which corresponds to a loss of no more than 10% of signals.

Match and FF of the analytical waveforms with the equal-
(unequal-) spin hybrid waveforms are plotted in Fig. 1 (Fig. 2),
using the Initial LIGO design noise spectrum [35]. Note that
the analytical waveform family is constructed employing only
the equal-spin hybrid waveforms (Fig. 1). The PN–NR match-
ing region used to construct the unequal-spin hybrids (Fig. 2)

2

(0.15, 0, 0), (0, 0, 0). (7) Precessing q = 3 binary with spins
(0.75, 0, 0), (0, 0, 0) [24]. Simulation sets (1)–(4) and (7) were
performed with BAM, set (5) with CCATIE, and set (6) with
LLAMA. The analytical waveform family is constructed em-
ploying only the equal-spin simulation sets (1)–(3); sets (4)–
(7) were used to test the e�cacy of our model against more
general spin/mass configurations. Two additional waveforms
were used in these tests: the Caltech-Cornell equal-mass, non-
spinning simulation [25], and the RIT q = 1.25 precessing
binary simulation with |�1| = 0.6, |�2| = 0.4 [26].

Constructing hybrid waveforms.— We produce a set of
“hybrid waveforms” [5] by matching PN and numerical-
relativity (NR) waveforms in an overlapping time interval
[t1, t2]. These hybrids are assumed to be the target signals
that we want to detect. For the PN waveforms we choose the
“TaylorT1” waveforms at 3.5PN [27] phase accuracy, with
spin terms up to 2.5PN [28, 29]. This is motivated by PN-
NR comparisons of equal-mass spinning binaries, in which
the accuracy of the TaylorT1 approximant was found to be
the most robust [22, 23]. We include the 3PN amplitude cor-
rections to the dominant quadrupole mode [30] and the 2PN
spin-dependent corrections [29], which greatly improved the
agreement between PN and NR waveforms. For precessing
waveforms, spin and angular momenta are evolved according
to [28, 31].

We match the PN and NR waveforms by doing a least-
square fit over time- and phase shifts between the waveforms,
and a scale factor a that reduces the PN-NR amplitude di↵er-
ence [5]. The NR waveforms are combined with the “best-
matched” PN waveforms in the following way: hhyb(t) ⌘
a⌧(t) hNR(t) + (1 � ⌧(t)) hPN(t), where h(t) = h+(t) � ih⇥(t)
and ⌧ ranges linearly from zero to one for t 2 [t1, t2].

Waveform templates for non-precessing binaries.— The
analytical waveforms that we construct are written in the
Fourier domain as h( f ) ⌘ A( f ) e�i ( f ), where

A( f ) ⌘ C f �7/6
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Above, f 0 ⌘ f / fmerg, v ⌘ (⇡M f )1/3, ✏1 = 1.4547 � �
1.8897, ✏2 = �1.8153 �+1.6557 (estimated from hybrid wave-
forms), C is a numerical constant whose value depends on the
sky-location, orientation and the masses, ↵2 = �323/224 +
451 ⌘/168 and ↵3 = (27/8 � 11 ⌘/6)� are the PN corrections
to the Fourier domain amplitude of the (` = 2,m = ±2 mode)
PN waveform [29], t0 is the time of arrival of the signal at
the detector and '0 the corresponding phase, L( f , fring,�) a
Lorentzian function with width � centered around the fre-
quency fring, wm and wr are normalization constants chosen so
as to make A( f ) continuous across the “transition” frequen-
cies fring and fmerg, and fcut is a convenient cuto↵ frequency
such that the signal power above fcut is negligible. The phe-
nomenological parameters  k and µk ⌘ { fmerg, fring,�, fcut} are

written in terms of the physical parameters of the binary as:

 k =  
0
k +

3
P

i=1

N
P

j=0
x(i j)

k ⌘i� j, ⇡Mµk = µ
0
k +

3
P

i=1

N
P

j=0
y(i j)

k ⌘i� j , (2)

where N ⌘ min(3 � i, 2) while x(i j)
k and y(i j)

k are tabulated in
Table I.

We match these waveforms to 2PN accurate adiabatic in-
spiral waveforms in the test-mass (⌘ ! 0) limit, where the
phenomenological parameters reduce to:

fmerg ! f 0
ISCO, fring ! f 0

QNM, �! ⌧0,  k !  0
k . (3)

n

fmerg, fring,�, k

o

= f (m, ⌘,�)

Above, f 0
LSO and f 0

QNM are the frequencies of the last stable
orbit [32] and the dominant quasi-normal mode, and Q0 is the
ring-down quality factor [33] of a Kerr BH with mass M and
spin �, while  0

k are the (2PN) Fourier domain phasing coe�-
cients of a test-particle inspiralling into the Kerr BH [29].

The test-mass-limit waveforms su↵er from two limitations:
1) we assume that the evolution of the GW phase at the merger
and ringdown is a continuation of the adiabatic inspiral phase,
and 2) in the absence of a reliable plunge model, we approx-
imate the amplitude of the plunge with f 0�2/3 (1 +

P2
i=1 ✏i vi).

Nevertheless, in the test-mass limit, the signal is expected to
be dominated by the inspiral, which is guaranteed to be well-
modelled by our waveforms. More importantly, the imposi-
tion of the appropriate test-mass limit in our fitting procedure
ensures that the waveforms are well behaved even outside the
parameter range where current NR data are available. Because
of this, and the inclusion of the PN amplitude corrections,
these waveforms are expected to be closer to the actual sig-
nals than the templates proposed in [1, 6] in the non-spinning
limit. However, since the parameter space covered by the NR
simulations is limited, we recommend that these waveforms
be used only in the regime q . 10 and �0.85 . � . 0.85.
Also, these are meant to model only the late-inspiral, merger
and ring down (M fGW > 10�3), i.e., binaries in the mass-
range where merger-ringdown also contribute to the SNR,
apart from inspiral.

We have examined the “faithfulness” [34] of the new tem-
plates in reproducing the hybrid waveforms by computing the
match (noise-weighted inner product) with the hybrids. Loss
of the SNR due to the “mismatch” between the template and
the true signal is determined by the match maximized over
the whole template bank – called fitting factor (FF). The stan-
dard criteria for templates used in searches is that FF > 0.965,
which corresponds to a loss of no more than 10% of signals.

Match and FF of the analytical waveforms with the equal-
(unequal-) spin hybrid waveforms are plotted in Fig. 1 (Fig. 2),
using the Initial LIGO design noise spectrum [35]. Note that
the analytical waveform family is constructed employing only

total mass

symm. mass ratio

reduced spin

2






FIG. 1: Phenomenological parameters ⌦2 and f2 computed from
equal-spin hybrid waveforms (dots), and analytical fits given by
Eq. (2) (surfaces). Test-mass limit is indicated by black traces. ⌅
is the symmetric mass ratio, ⇥ the spin parameter, and M the total
mass.

{2,2.5,3} and ⇥i = {±0.5,0.75}. (3) Nonspinning bi-
naries with q = {1,1.5,2,2.5,3,3.5,4}. (4) Unequal-
mass, unequal-spin binaries with q = {2,3} and (⇥1,⇥2) =
(�0.75,0.75). (5) Equal-mass, unequal-spin binaries
with ⇥i = ±{0.2,0.3,0.4,0.6}. (6) Equal-mass, precess-
ing binaries with spin vectors (0.42,0,0.42),(0,0,0) and
(0.15,0,0),(0,0,0). (7) Precessing binary with q = 3 and
spins (0.75,0,0),(0,0,0). The simulation sets (1)–(4) and (7)
were performed with the BAM code, set (5) with the CCATIE
code, and set (6) with the LLAMA code. The analytical wave-
form family is constructed only employing the equal-spin sim-
ulation sets (1)–(3), while sets (4)–(7) were used to test the
efficacy of the template family to model the expected signals
from more general spin/mass configurations. Two additional
waveforms were used to test the template family: the equal-
mass, non-spinning simulation performed by the Caltech-
Cornell group [26], and the q = 1.25 precessing binary sim-
ulation with spins (�0.09,0.48,0.35),(�0.2,�0.14,0.32) by
the RIT group [27].

Constructing hybrid waveforms.— Following [1, 5], we
produce a set of “hybrid waveforms” by matching PN and
numerical-relativity (NR) waveforms in an overlapping time
interval [t1, t2]. These hybrids are assumed to be the target sig-
nals that we want to detect. For the PN inspiral waveforms
we choose the “TaylorT1” waveforms at 3.5PN [28] phase ac-
curacy, considering spin terms up to 2.5PN [29, 30]. This
is motivated by PN-NR comparisons of equal-mass spinning
binaries, in which the accuracy of the TaylorT1 approximant
was found to be the most robust [24, 25]. We include the 3PN
amplitude corrections to the dominant quadrupole mode [31]
and the 2PN spin-dependent corrections [14], which greatly
improved the agreement between PN and NR waveforms.
For precessing waveforms, the spin and angular momenta are
evolved according to [30, 32].

If h(t) = h+(t)� ih⇥(t) denotes the time-domain wave-
form from a binary, we match the PN and NR waveforms
by doing a least-square fit over time- and phase shifts be-
tween the waveforms, and a scale factor a that reduces the
PN-NR amplitude difference. The NR waveforms are com-
bined with the “best-matched” PN waveforms in the follow-
ing way: hhyb(t) ⌅ a (t)hNR(t)+ (1�  (t))hPN(t), where  
ranges linearly from zero to one for t � [t1, t2].

Waveform templates for non-precessing binaries.— The
analytical waveforms that we construct can be written in the
Fourier domain as h( f )⌅ A( f )e�i�( f ), where

A( f ) ⌅ C f�7/6
1

⇤
⇧

⌅

f ⌥�7/6 (1+⇥3
i=2 �i vi) if f < f1

wm f ⌥�2/3 (1+⇥2
i=1 ⇤i vi) if f1 ⇧ f < f2

wr L ( f , f2,�) if f2 ⇧ f < f3,

�( f ) ⌅ 2⌥ f t0 +⇧0 +
3

128⌅v5

�
1+

7

⇥
k=2

vk ⌦k
⇥
. (1)

In the above expressions, f ⌥ ⌅ f / f1, v ⌅ (⌥M f )1/3, ⇤1 =
1.4547⇥�1.8897,⇤2 =�1.8153⇥ +1.6557 (estimated from
hybrid waveforms), C is a numerical constant whose value
depends on the sky-location, orientation and the masses, �2 =
�323/224 + 451⌅/168 and �3 = (27/8� 11⌅/6)⇥ are the
PN corrections to the Fourier domain amplitude of the (⇧ =
2,m = ±2 mode) PN waveform [14], t0 is the time of ar-
rival of the signal at the detector and ⇧0 the corresponding
phase, L ( f , f2,�) a Lorentzian function with width � cen-
tered around the frequency f2, wm and wr are normalization
constants chosen so as to make A( f ) continuous across the
“transition” frequencies f2 and f1, and f3 is a convenient cut-
off frequency such that the power of the signal above this fre-
quency is negligible. The phenomenological parameters ⌦k
and µk ⌅ { f1, f2,� , f3} are written in terms of the physical
parameters of the binary as:

⌦k =
3

⇥
i=1

N

⇥
j=0

x(i j)
k ⌅ i⇥ j +⌦0

k , µk =
3

⇥
i=1

N

⇥
j=0

y(i j)
k ⌅ i⇥ j + µ0

k
⌥M

,

(2)
where N ⌅ min(3� i,2) while x(i j)

k and y(i j)
k are tabulated

in Table I. Figure 1 plots an example of this map from the
phenomenological- to physical- parameter space.

We match these waveforms to 2PN accurate adiabatic in-
spiral waveforms in the test-mass limit. In the ⌅ ⌃ 0 limit,
the phenomenological parameters reduce to the following:

f1 ⌃ f 0
LSO, f2 ⌃ f 0

QNM, � ⌃ f 0
QNM/Q0, ⌦k ⌃ ⌦0

k , (3)

where f 0
LSO and f 0

QNM are the frequencies of the last stable or-
bit [33] and the dominant quasi-normal mode, and Q0 is the
ring-down quality factor [34] of a Kerr BH with mass M and
spin ⇥ , while ⌦0

k are the (2PN) Fourier domain phasing coef-
ficients of a test-particle inspiralling into the Kerr BH, com-
puted using the stationary-phase approximation [14].

The test-particle-limit waveforms suffer from two limita-
tions: 1) we assume that the evolution of the GW phase at
the merger and ringdown stages is a continuation of the adia-
batic inspiral phase, and 2) in the absence of a reliable plunge
model, we approximate the amplitude of the plunge with
f ⌥�2/3 (1 + ⇥2

i=1 ⇤i vi). Nevertheless, in the test-mass limit, it
is expected that the signal will be dominated by the long inspi-
ral stage (followed by a quick plunge and ringdown), and the
inspiral is guaranteed to be well-modelled by our waveforms.
More importantly, the imposition of the appropriate test-mass
limit in our fitting procedure ensures that the waveforms are
well behaved even outside the parameter range where current
NR data are available. Because of this, and the inclusion of

⇡
m

f ri
ng

χ

extreme mass ratio limit

NR+PN



Summary

Analytical description of the GWs from inspiral-merger-ringdown 
of binary black holes. 

Combines NR, PN and BH perturbation. 

38[P. Ajith et al (2011)]
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Coherent description of the inspiral, merger and ring-down

Implications in GW astronomy



IMPLICATIONS Improved distance reach for massive BH binaries

40

SNR = 8 in Adv LIGO

[P. Ajith et al (2008)]
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IMPLICATIONS Improved parameter estimation
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[Ajith & Bose (2009)]

Sky localization errors in Adv LIGO - Adv Virgo Network. 
Binary at 1 Gpc

41

Helps to disentangle the 
correlation between different 

parameters of the binary 

(e.g. two component masses)

Improved parameter 
estimation
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0.3 pc

0.03 pc
solar system bound

IMR

Inspiral only

• Constraining graviton mass 
Massive graviton will propagate 
with (frequency-dependent) speed 
< c, producing an observable 
signature in the GW signal.  

IMPLICATIONS Tests of General Relativity

[Keppel & Ajith (2010)]

42

Expected bounds on the graviton mass (Advanced LIGO). 
Binary at 1 Gpc



•Un-accounted loss of energy & angular 
momentum from BBHs Accurate 
understanding of  the energy & angular 
momentum radiated during the coalescence 
(from NR) ➝ Can predict the final state of  the 
system if  the initial mass & spins known. 

• Estimate the initial masses & spins just using the 
PN inspiral ➝ prediction of  the final mass & spin. 

• Final mass & spin from the ring-down. 

IMPLICATIONS Tests of General Relativity

43
Two estimates has to agree if GR is 

correct (analogous to binary pulsar tests). 

[Ajith, Nichols, Chen (in progress)]
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Future work 

• Inclusion of  the effect of  higher multipoles & spin 
precession: Breaks the degeneracy between the 
luminosity distance and inclination angle: 
implication in cosmology using BBH “standard 
sirens”.

•  Binaries involving neutron stars: include the 
effect of  equation of  state. Implication in 
estimating the EoS using GW observations. 

44
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FIG. 5: Fitting factor of the phenomenological waveform with the “full” NR waveform. The horizontal axis reports the phase angle ϕ0 and the
vertical axis reports the inclination angle ι. The total mass of the binary is 200M! and the symmetric mass ratio of the binary is 0.25 (left plot)
and 0.16 (right plot). The overlaps are computed using Advanced LIGO noise spectrum.
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angle ι. The binary parameters are M = 200M! and η = 0.25, and the overlaps are computed using Advanced LIGO noise spectrum.
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Future work 

45

Require thousands of NR simulations + analytical work
Consortium of numerical relativists & analytical relativists formed to 

address the grand challenge. 

Different approaches for combining NR & AR (e.g. EOB)
Enables cross-checking, validation

https://ninja-project.org/nr-ar

https://ninja-project.org/nr-ar
https://ninja-project.org/nr-ar


Summary

• Great recent breakthroughs in numerical relativity (NR) and analytical relativity (AR) in modeling 
compact binaries. 

• NR+AR enable us to model the coalescence of  compact binaries accurately. Important impacts 
in the detection rates and parameter estimation accuracies, tests of  GR.

• NR has a number of  applications in non GW-science: understanding black holes, accreting 
compact objects etc. through EM astronomy, EM transients, high-energy physics. 
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