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Finding the correct partition set containing given vector of
distributions

» Q is a collection of vectors v = (v1,. .., k) where each v; is
a probability distribution. Can sample independently from
each arm v;.

» O =UY | A; where the A; are disjoint

» Given a v € Q need a J- correct algorithm that finds the A; it
belongs to.




Classical Monte Carlo: Finding a distribution or best arm
- arm with the largest mean

v = (v1,v2,13) . Need to find arm with the largest mean
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Typically, @ comprises two sets: A U A€. We consider finding if vector of means

lies in a convex set (e.g., a polytope), or its complement

Mean of arm 2

AC
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Agenda

> Develop methodology for computing lower bounds on computational
effort for § - correct algorithms.

» This involves exploiting the geometry of the problem structure; use
of duality or minimax theorem.

» Develop §-correct algorithms with matching computational bounds
in general settings including the half space problem, the convex and
the complement of convex set.

» The results are first discussed for single parameter exponential
family of distributions. Later we discuss generalizations to

L2 {rePR): Exunf(X]) < B)
where f is non-negative, non-decreasing, convex and @ — 00 as
x = 00. e.g., f(x) = |x|'*¢, e > 0.
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» Statistics: Bechhofer et. al. (1968) Uniform sampling, Paulson
(1964) - elimination based. Earlier Chernoff (1959), Albert
(1961)

» Simulation: Bechhofer, Goldsman, Nelson and others 90's, 2000’s,
Ho et. al. (1990), Dai (1996), Chen et al (2000), Glynn and J
(2004)

» Computer Science - Evan-Dar et. al. (2006), Bubeck, Audibert
(2010), Kaufmann, Cappe, Garivier (2016), Garivier, Kaufmann
(2016), Russo (2016)

> Regret minimization - Lai and Robbins (85), Bubeck, Auer, Audibert
.... , Cappe, Garivier, Maillard, Munos, Stoltz (2013), Agarwal and Goyal
(2011, 2012), Honda and Takemura (2010), Magureanu, Combes,
Proutiere (2014)
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We develop optimal d-correct algorithms for the partition
identification problem

> Given a vector of K arms or probability distributions, an algorithm
specifies
» an adaptive sampling strategy
» a stopping time 7, and finally

» a recommendation (a subset from the partition)

> An algorithm is said to be d-correct,

» if for any set of distributions v = (p1, o, - - ., i),

» it announces in finite time 7, that u belongs to some set A;
with the probability of error bounded above by 9, for all § > 0
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Lower bound relies on a key Inequality

> Relies on change of measure arguments that go back at least to Lai
and Robbins 1985.

> Under d-correct algorithm (Kauffman, Cappe, Garivier 2016), for

p=(p, p2, -, ) € Ai

and
v=(v1,1,...,vk) € A

where each arm i is pulled N; times,

> we have the ‘distribution separation’ inequality

K
> " EuNi x KL(pil|vi) > log (%)

i=1
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Rationale for the inequality

> If X =(X;j:i<K,j<N;) denotes the adaptively generated
samples by d-correct algorithm,

P, (X— Aj)>1-0 and, forve Af

K N,
P.(X > A)=E.ep | -3 Y log %(XQJ) I(X = A) <
a

a=1 j=1

» This leads to the inequality

“ 1
> EuNi x KL(pil|v7) > log (5> :

i=1




Max-Min problem for lower bounds

> Lower bound L(p) x log(1/0) on such algorithms, for u € A;,
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Max-Min problem for lower bounds

> Lower bound L(p) x log(1/0) on such algorithms, for u € A;,

K K
min Z t s.t. yig,]:c t; X KL(ui||lvi) > 1.
i=1 =1

-

K K

. . tj
Re-express constraint as E tj X |n/|: e X KL(pillvi) > 1
vEAS .
Pim1 2uj=1 b

Jj=1

» Equivalent Max-Min problem

K
L(p)™ = max inf Z w; KL(pil|vi)
i=1

K, wi=1,w;>0 VEAS




Some restrictions necessary on
distributions of underlying arms



Restriction on underlying distributions for fast algorithms.
Selecting the best arm Glynn and J 2015

Consider instance = (u,, ;) with means

(mgym,) my>m,
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» Under §-correct algorithm lower bound on expected number of
samples given to arm 2 under P

1
EHNQ X KL(,UQHVQ) > Iog <5> .

» Then,

1 1
E N > . |O =
e e o KL(2lv2) 8 <6>

» Glynn and J. show that if distributions are unbounded,
KL(p12||v2) can be made arbitrarily small, hence finite
expected time algorithms not feasible without further
restrictions



Two dist. - Mean arbitrarily far, KL arbitrarily close
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We first restrict to one parameter exponential families

» Examples include Binomial, Poisson, Gaussian with known
variance, Gamma distribution with known shape parameter.

» This allows us to think of Kullbach Leibler divergence as a
function of the means of the distributions.

> In the remaining talk, Q is a collection of vector of parameters
o pK
in R,



Characterizing the solution to
lower bound

Sets A and A°¢ are half spaces



A, a half-space

» Given
K

/LeAé{yeQ:Za,-u,-<b}
i=1

what restrictions do v € A impose on E, N, for each arm a
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A geometric view when A is a half-space

Recall AL . Jnf_(wy KL(pllv1) + wa KL(pz2l[v2))

For inner optimization problem, look for smallest level set that
intersects with A°.

ot

AC
o U}]KL,(/L]HV])+7U2KL<H2HV2) =C

(Nhuz) = (070)

.....
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Solving the lower bound optimization problem

» Recall the lower bound problem

K

max inf Zwa KL(1a||va)
YK wa=lw,>0 VEAT

> Using minimax theorem

K
inf max Z W,y KL(1a||va)

VEAS 5:1 wa=1,w,>0 a=1

» This equals

inf max KL(ual|va).
VEAC  a



Solving inf,cac max, KL(pal|va)

> Set (Nl;/@) = (070)

» Gaussian distribution with variance 1, so KL(u;||v;) = v?/2.

) £
£

>

(11> H2)=(0,0)




» More generally, the optimal (w*,v*) corresponds to

KL(uillvf) = KL(ullv) Vi,



» More generally, the optimal (w*,v*) corresponds to

KL(pillvi') = KL(pa|lvr) Vi,

» The slope matching condition

wi . wy .
— KL/(/MHV,') =-1 KL/(M1HV1)-
aj al

1



» More generally, the optimal (w*,v*) corresponds to

KL(uillvf) = KL(ullv) Vi,

» The slope matching condition

wi . wy .
*’, KL (uillv}) = -+ KL (pa||v7).
a al

1

» And lower bound on expected generated samples

- 1
KL(pal 7)™  log(5)



0-correct algorithm that
matches lower bounds
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The tracking algorithm

» Decisions: Which arm to sample and when to stop

» Closely follows Garivier and Kaufmann (2016) that was
proposed in the best arm setting

» At sampling step n, ensure that at least about /n samples
allocated to each arm.

» This ensures that with high probability /i, approximates 1 and
thus w*(fi,) approximates w* ().

» Choose an arm to match proportions w*(fi,) .



Stopping rule motivated by Generalized Likelihood Ratio Method (Chernoff)

> After iteration n, suppose fi(n) € A (either A or A°)

» Compute logarithm of

max,, . ; Likelihood value (1)
Likelihood value (v)’

rnaxueﬂc

» This equals

inf Z x KL(fin||vi)

veAe
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> If )
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inf Z X KL(finl|vi) > —B(n, )
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Stopping rule

» Let the separation function

B(n, 8) = log (C(S”)

for well chosen c.

v

After iteration n, suppose fi(n) € A (either A or A°)

> If )
inf x KL(fin||vi) > =pB(n,o
,,GACZ (nll) = ~5(n.0)
> then declare p € A

v

Else, sample again



Result

Theorem

The algorithm is 0-correct. If 7(9) denotes the stopping time, then

: E,7(0) -
lim sup —& = KL vi)~L
RSP iog(1/a) — )



Characterizing the solution to lower bound
when A or A is convex



When A€ is convex

> Recall the min-max lower bound problem

K
max inf ZW KL(pal|va)
ZK wa=1,w,>0 vEAC — a a a

a=1



When A€ is convex

> Recall the min-max lower bound problem

K
max inf Z wa KL(1a]|va)
ZK Wa:]-aWaZO vEAS a=1

a=1

» Theorem: Let (w*,*) denote an optimal solution.



When A€ is convex

> Recall the min-max lower bound problem

K
max inf Z wa KL(1a]|va)
ZK Wa:LWazo vEAS a=1

a=1

» Theorem: Let (w*,*) denote an optimal solution.

» v* is unique. It solves: min,cac max; Ki(pilv;)



When A€ is convex

> Recall the min-max lower bound problem

K
max inf Z wa KL(1a]|va)
ZK Wa:LWaZO vEAS a=1

a=1

» Theorem: Let (w*,*) denote an optimal solution.

» v* is unique. It solves: min,cac max; Ki(pilv;)

» There exists a maximal Z C {1,2,..., K} such that w/ >0
for i € Z, w* = 0 for rest of i,



When A€ is convex

> Recall the min-max lower bound problem

K
max inf Z wa KL(1a]|va)
ZK Wa:LWazO vEAS a=1

a=1

» Theorem: Let (w*,*) denote an optimal solution.

» v* is unique. It solves: min,cac max; Ki(pilv;)

» There exists a maximal Z C {1,2,..., K} such that w/ >0
for i € Z, w* = 0 for rest of i,

KL(ui||vj') = Const. for i € T,

KL(pilv}) < Const for i € Z¢.



The algorithm and the optimal point

(/1/1’#2) = (an 2




Algorithm when A€ is a union of half-spaces
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K

max inf Z w, KL(1al||va)
a=1
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Algorithm

» Recall the min-max lower bound problem

K
max inf Z w, KL(1al||va)
a=1

K w,=1,w,>0 VEAS

a=1

» For given (w, : a < K) solve
K
g wa L)
by finding the nearest hyperplane.

» Update (w, : a < K) using steepest descent. Repeat



General Distributions

L={neP®R):Ex.,(f(|X])) < B}



Recall lower bound Prob max,cs, infoea 335, wa KL(jal|vs)

» We consider sets A of the form
{V: (l/la"'ayK) LV 6[,7(m(l/1),m(V2)7...,m(I/K)) €EBC §RK}

where m(v;) denotes the mean under v;.

» Max-min problem may be re-expressed as

K

max inf E Wi KLinf (pis Xi)-
wEX Kk xeBC i—1
=

> where, for x € R, KL;ur(n, x) is defined as the solution to

min.ecr KL(n, K); s.t. / ydr(y) = x
yeR
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KL/nf(U; X)

» Similar definition KL;,¢(n,x) for bounded random variables
was used by Burnetas and Katehakis 1996, and Honda and
Takemura 2015 in regret minimization setting

» Result: KL;,r(n,x) is convex and twice differentiable in x and
continuous in 1 in the Wasserstein distance

» QOur analysis of lower bounds is identical to earlier one
with KL;,f(u;,x) replacing the earlier KL(u;|v;) in SPEF
settings.



Dual characterization of KLiu¢(7, X)

KLing(n,x) = \max By (log (1 — (X = x)A1 — (B — f(X))A2)),

where S = {0, (f(B) - X)_l} x [O’ (B - f(X))_l}
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New concentration inequalities needed in our analysis

v

#(n) denotes the empirical distribution corresponding to n
samples from distribution

v

m(r) denotes the mean under x, u > 0, and a constant D
depends on «

Then,

v

P (KLin(R(n), m(r)) > u) < 4D(1 + n)?e™™

Furthermore, for n€ N, and ' > K + 1, and a constant 5,

v

(Z Na(n) KLin (fta(Na(n)), m(pa)) = F)

K
< eK+1D< (1+n);r2|ogn)) T
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Conclusions

» We consider pure exploration multi-armed bandit problems in a
general unifying framework. This involves finding the correct
partition for a vector of distributions from a superset of such
collections.

> We developed geometric and duality based methodology for
computing lower bounds on computational effort for § - correct
algorithms.

> Using these, we develop algorithms with matching computational
bounds.

> Extended to general distributions



