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FOX = Lo(orl"n%S are he\afeo[ To homomorpl/ﬁsms -From
the Lundoamental group of +the double branched cover of S3

bmwched Oveyr l(noTS To v

{Fox P - wolorings for K '§ épﬁl" {T\'k(z)/('x.-‘) —> Zp  hom }
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§ Pre liminaries

A quandle s o set X (¥4) with oo binary operation X
8. Ts

(1) Yoe X

(I) Ya.pbex , 3lceX st. a=cxb
(M) Yo.b.ceX, (0kb)*xC = (0xC) x (b¥C)

L okO= O

The Symmetry of ae X @

3a: X — X , T x¥0 =: (x)3a

Note

Sa s & quandle automorphism
(T) w bijective
(M) homomorphic (x_*tj)\?,q = (jc)gq* (‘&)%o\



The inner automorphism group of X @

Inn(X) = { symmetries of X §

X 15 Connected I@ Inn(X) acts ’\'mnsrﬁve\y on X




ExamP(GS

(') Twvial quandle ¢

S+ o set
A*¥ b =(Q
(2) Dihedral quandle of order p (z23) .
A*b= 2b-a
g ]
O
! q



Alexander quandle :

{M: Z[tt1] - module

0kb=toa+ (1-t)b

Linear Aléxandey QUGV\O((Q_
M= Zp [t t?] /(t-M)

Pe N
MeLr, 2, p-1} st. g.c.d.(p, M)=|

Note
e« M=P-1 = T+ 7s Rp (O\*‘b= 2b-0)
e M=1 D Tt 15 o 4rivial quandle (axb=a)



Lem (Nelson)
Zp[t.t7] /(t-M)  Connected

5 g.cd (p,1-M) =1

l“') In this -ra(k, W e sTuxd)/ Tn the case that

Zp[’cft"l/(t—ﬁ\) Is connected.

i€, gced(p.i-M)=1



X a quandle

D: an ori. knot o\ta%mm

An X—Lo\oﬁn% for D ¢ C:darcs of Dy — X st

O\ b
¢
Rem

Fox P- oloring = Rp - oloring

Q b
\/ a+C= 2b & 2b-a=C & axb=C
AN 1
C opevation of R
* 2/pz be P



DI
S {xX-wlerings for D} o 3 X- tolorings for D'}

= 2 b a_b abc  abc
DeP® O @-
2 4 X3 = xb)xc

C b¥C (axe)x(brc) ©

D

np

{X-— Lolorings for K } = {X- Lo[OrfngS for D} for some D



K: a knot
D: a diagram of K  (oriented)

The knot group TE) s

<Il,...,%3\ r"..., rn-|>

b
@G relatione obtained
-From Cmss‘m%S

Wirtin ger presentation

LR
X
"
|7, g lE
/ Y
| o 2,
A\
= Xe X T A

\R3



(S)

Mg’ @ the fundamental group of the S-fold cyclic cover

of $3-K

ker T\—\(<S)

e

(s) .
e /(x8) ¢ the fundamental group of the s-fold cyclic cover
of S* branched over K



% A property %r Fox (,o(Or(ngs

P: on odd prime number

{ Fox p- tolorings for K | 4—9—‘9 LT/ (xp) & Zp hom

° {FOX pP- w(or?ngs} (—-l—:'L%{T\"S} e DQ_P " hom 3
%’CT g a%e\c(ecﬁon



e Each @c (= Fox p-toloring) |ifts to a homomorphism

v

e : T s Zp st Tr 30

|



. ¢S
A'ny hom. ¢ -T‘_K)-ﬁZ/P st. ¥ o Ts o a lift of

QXa(ﬁ‘(y P howm.S (Fox F'Lo(ovrfwﬂs) ¢ - e — D2p
W
% — o reflection

l v Yerd i

_n_g) ieXOCHy P ¢C o N DZP

| i

) Z3




A . N
{Fox - Lolortngs fr K é—P—% P& —— Zp  hom st X l—?Oj

[

U/ 22) = Zp thom )

T‘-l(cl) ¢C > Zp

| T
! @c%

! 2 5 Dap




: |
{FDX P—Lolor'fngs -ﬁ;r [( } 4P_7\, )L-n-\gl)______> ZP hom st I;ZHOJ

[

{7 12y = Zp  hom |

TTS-) qsc > ZP
J/ l: |5 L
_n__él) P Gcs N D’?-P o Inn(Rp)
w LU
l T r———/—/\tz 3o
Za Z\,z;, = RP bo(orfn%

b-2b-0)
the type of Rp (axb-2b-0)




% A %enemhzaﬁon -FOr \Tnear A(exavxder quawd(e (,o(orintgs

pe N
MeE L1, p-t st. gcd (P, [-m)= |

X = Zp[f-t"']/(t-M)

(.') {X" LO(OrTv’\gS ‘FOY K 5 @-l‘—,—% { ’(Tél’ s} Inv\()() : hom
st. Xi b a symme“‘)’}
X

<N /\@ -5

Sa



(2) Each X- L,oloﬁn% e s umque(y +0 o hom

(s) (s)

c Mg — Zp

st. (1) XS = 0 (Y% : meridian genem‘ror)
GT) x?'w L: WM 0 (Vx;, Vorr € TS

wheve s=mm iseN | M>=1 mod P §

Rem  S= +type X

= W\Tn{ ne N \Va‘bex, O*b*"'*b"a}

-

N



Tk 5 Tnn(X)
Ls = &

(T) ,x'_s 4l & (v X:: e Yiolfcm %ev\erato\r)

() xwx wHhiso (Y, Ywe T



3) YoW ) — Zp st

(i) X+ 0 |
Gi) W L w™ = 0

s o lift of exactly p X-tolorings

(s)
L2

: |7t l
|

e
T exactly p Q¢ S T (X)

l l

Zs = s

S
e




{ X-w(oYTngS ‘For K} é'-L-l—> { TTéS) — ZP : hom. s.t. (T),(J.l‘.)}

Tt

(T (15) — Zp + hom st.07) |

Theorem

pelN
MELL, v, Pt} St. ged.(p,(-m) =1

X = Z/P[.t-t"]/(t-)u)
We have

{_X' (,olorrngs Lor K} é__P_-I—> 2(—[“((9)/(7&3) —2 Zp :hom S.T.
xTmwx WM >0




@

— Can we remove +the condition (i) 2

wd Tn the case of Fox wlorings | we don't need it.

X= Zs [t,t“]/(t,z)

wb  S= typeX=4  (2%=1 wod5)

~y # oot X-tolorings
= 52

NS



e S ok
74
L @’)U—\
‘ T i

r% hf s~ Ve

m:= ')C4
) ] are geneyators of T
Mij = 70 o
o= xg X8 xs = 0u ) (s )7 (ot et x) (ot T XX

= Mo Msd Moy Msy



Case 1  condition (i) (ii)

(1) mtePo
X = wm
o M Miz My W
i 1 > 0

DEESENE SV
T W% +—> o0

# 4l — ~
¢ > Zs hom. st.G)G) f =5



Case 2 Condition (1)

(i) mt o0

(4)
ﬂ'%“k — 45 : howm S.‘t.(I)¥> 5

WS We  canlt eliminate the condition (i)



§ An Tnterpretation Lrom the view pont ot H(\s) —> Xy

(s) . —(3)
(bc C T — 2y goes ‘\'h\rough the abelianization of T

|
(s)

|
(
—WK"):<X|’ -,&'\\Y\l, ’r‘n_\>
!
{ g A
T = (xS, xI(xx)ad |0, e, el Y
(T=I,"'1n_‘ )
:J_: O,l'-,S—l
I ()0 > 0, x> O
aobel / abel



(
JF]‘)!T\'\:S]——? Zp : hom S-’C.G)Gi)}

- & )l HES) _{5 ZP thow St () GT), }

(7’
™M
B e )

y“ r= e X7 40 X5
X

rl’: x&x-i (I‘ x’" =l ~_ ~
) (7 et ) (ot g Xt x)

"_
("= 0g - 05 -tai+t 05
= -tar- (1-t) 05+ Qg

L 't(lii-(l—t)(lj-afa =0



|

(1)

(S)

(i) L —> 0 (¥Yie{l, - ,n})

%8 = () LS (St x5 - (Tt x)

abe| prra t a4 %+ - +tog

= (5 % v 1) (g
L_P(—tS-'l_f.—tS-Z-j- e 4| )a{ 2 i
q5(s)
>EH——> 0
Ly & =10

(s)
Gi) ot xs w M F—L O

abe |

X)) X ()" b= tai-pMa = (M) a
L (t-M)a5=0



We have o Simultaneous equations
| ' Alexander quandle
tai+ (1-t)05 - A& = CESag. & coloring  conditions

:‘ 3L & 0
4 .

E (ono\uhon(t
('tgﬂl+‘~-+i) At =

!
)

(‘t"/“) O3 =0 cond Ttion (“

L
When we have a hon-trivial solution, t=M ©aG) ),

X = Zp[t. t11 /(t-pm)
LO(O rl‘n% COHO{H'ZO”S
St. AP0

# {X- wlorings) = px 3 IHY 5 7 st 7)) G }

’L__’___’___,-

MOr+ (I-M)05 - Aa=0 &

we (an eliminate



In the case where M= pP-| (T.Q./ XzRP)

-

j‘ta7+ (1-t) ﬂj -Qt=0
Q =0

! condition (1)
(t+1) Qr = )

\ (t;w) O = 03 Con dition(i7)

We can  eliminate the (ondttton (it)

Thank you very wmuch !/



(2) Each X- (,oloﬁn% e ifts uvﬁQué(y to0 a hom

(s)
c - 'ITSJ ——>. ZP

S.t. (7) 7(;3 +— O (ij; . meridian genem‘mr)
(7)) G wWxwHM o (Yx;, YweTg

wheve s=mim {selN | M52 14 mod P}

Rem  S= +type X

= W\Tni ne N l_Va.beX, Q*b*“-*b=0\}




T —— 2

l i L
% P 5 Tnn(X)
Ls = s

i) x¥ —o (V X;: meridian CgeneraTor)

() mwxi WMo (Y, Yme )



(2)" Each X = wloring Gc [ifts uniquely 0 o hom.

&)

(s) S
C . e

(S) (s)

—> kerdt

¢ - Mg —_ l<€\r0(

\

\)

W ——> (W)

X M = ker @ < Mg

()

¢+ O satisfies (1) X B0
G7) XWX w0

H



3) YW M — Zp st

(1) %= 0
(i) W W™ = 0

1S QA \IQT O'F exac’rly P X—Lo[or?m%‘s
qb(S)

; [:ft
l

e > Zp

3
) Jeety p Qe s, g ()

l l

ds = s




(3) ¥¢©: T — kevd st (7) (1) s a [t of exactly

P X- Lolor?h%S .

()
T P v = 0

\L ekt
exaddy P & s

_“-él’ — InV\(X)

L |«

Z/ S e Zs




S

X wivtingey genevator w TE ¢ fix

(s)
(s)
Yae X, defimed QP st. T 3a by Tflk E— kef
¢ E; !
e (4] - Xai) ﬂé"-ibi—; Ton(X)

et £ L3
s Cb(S)(xé—: I‘&% x—El—-..—-ET) %Cl \\( \L

Le T s

e Qo Lz = o symmetvy

¢ qbc S.t. xt—?ia [ uvﬁc]uely deFrneo(



TY(KS): keYB_ i
= g e st€
t. v+t € =0 mods}

\/
PMD% I
'T[(;) ——— ThnlX)

Be(w) = O (w)




[
Cbc("”) §;2



We need

I CDC (’U‘Jl ’W'J_)

CD(S) (x"fw’JC): §&l Cb(s)(w) 30\
I
(@ (w) )™
éI(S)(W)«) L TF)
tE€2
£ ¢(s) (fwl’\!\)z x-E.—Eg_) go?

¢ —gl) %EWE:_
- o)
— @(s) (w\x‘ﬁl XE AN, X2

E ¢ ) %S-l'tgz
-xqz.l 5i -c2 X-— l o
45(5) ( AV, 'JC-Q') _(b(s)( MWa X

il

|
-£
&t ¢(S)(W2 .Z_gl) _%a l
€2
) ) 3,
- (p(S)(,Wlx-E;) §§' . qS (w2 X )

= G (wi) - Ge(wa)




(s)
) ? > kerd
l | \ehrs l
3l Cb
\ C =N
e > Tan(X)

Cb(S) s o it of exacﬂy P X'WIOYF"QS

) #x=p

A



