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left-handed part of 9+1D γs�M

0+1 D0 Brane QM / BFSS Matrix Model
Banks Fischler Shenker Susskind hep-th/9610043

Dt· = @t ·�i[At, ·]

 ↵ 16 fermionic

XM 9 bosonic 

N
⇥N matrices

 - Obvious nonperturbative definition (discretized quantum mechanics) 
 - Defined for all N and gYM 

 - Manifestly unitary

L =
1

2g2YM

Tr

(
(DtXM )2 + i ̄↵Dt�

10
↵� 

� +  ̄↵�M↵� [XM , � ] + [XM , XM 0 ]2
)

Yukawa Self-interaction

 - 10D SUGRA at low temperature 
 - Dimensionful coupling, easy scale setting!

BFSS Conjecture: 
This theory ≡ M theory!



BFSS Cartoon
Witten hep-th/9510135
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coordinates 
couplingsOne big bunch ~ black 0-brane ~ BH
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At large N BFSS is a 2nd quantized theory!

2 BHs



BFSS Cartoon
Witten hep-th/9510135
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BH + D0 radiation



Monte Carlo Study of Metastable State?
DOF ~ N2 
trecurrence ~ e+N²

DOF ~ (N-1)2

τ~e+N

+ # log(V)



Possible Observables

0707.4454   Anagnostopoulos et al. 
0803.4273   Catterall+Wiseman 
1503.08499 Kadoh, Kamata             
1506.01366 Filev, O’Connor

0811.3102   Hanada, Hyakutake, Nishimura, Takeuchi 
1311.5603   1603.00538 Hanada, Hyakutake, Ishiki, Nishimura 
1606.04948 1606.04951 MCSMC

0811.2081  Hanada, Miwa, Nishimura, Takeuchi

1108.5153  Hanada, Nishimura, Sekino, Yoneya, 2009, 2011

SUGRA

Finite N

Polyakov loop

2-point functions

Fast Scrambling arXiv:1512.00019 Gur-Ari, Hanada, Shenker tscramble ⇠ logN

1709.01932  Rinaldi, Berkowitz, Hanada, Maltz, VranasForce

Likely an incomplete list!

http://arxiv.org/abs/1512.00019


Test: BH Internal Energy

E/N2 =

�
a0T 2.8 + a1T 4.6 + a2T 5.8 + · · ·

�

N0
+

�
b0T 0.4 + b1T 2.2 + · · ·

�

N2
+O

✓
1

N4

◆

 - a0 = 7.41 
hep-th/980242 Itzhaki, Maldacena, 
Sonnenschein, Yankielowicz 

 - b0 = –5.77 
1311.7526 Hyakutake 

 - No large N 
 - No continuum limit 
 - a0 fixed by hand 
 - NLO tension

0707.4454 Anagnostopoulos, Hanada, Nishimura, Takeuchi 
0803.4273 Catterall + Wiseman 
0811.3102 Hanada,  Hyakutake, Nishimura, Takeuchi 
1311.5603 Hanada, Hyakutake, Ishiki, Nishimura 
1503.08499 Kadoh, Kamata 
1603.00538 Hanada, Hyakutake, Ishiki, Nishimura



Example Monte Carlo History
T=0.5 N=24 L=32

Long correlations can be seen in each observable.

MCSMC 1606.04948 1606.04951



Thermalization Cut
MCSMC 1606.04948 1606.04951
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Statistical Stability
MCSMC 1606.04948 1606.04951

■

■ ■

■

■
■

■

■
■

■

■

■ ■
▲

▲

▲

▲

▲ ▲

▼
▼

▼

●
●★★

��� ���� ���� �����
���

���

���

��

���

���

����� ����������

�
/�

�

■ ���� ��������������
▲ ���� ��������������
▼ ���� ��������������
● ���� ��������������
★ ����� ��������������

T=0.5 N=16 L=32



Compute!



Ensembles



Derivative Improvement



Fixed-N Continuum Extrapolation
T=0.7 N=16
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Simultaneous Continuum + Large-N Extrapolation
T=0.5

MCSMC 1606.04948 1606.04951
E

N2
=

X

ij�0

eij
N2iLj e00, e01, e02, e10



Simultaneous Continuum + Large-N Extrapolation
T=0.5
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Simultaneous Continuum + Large-N Extrapolation
T=0.5

MCSMC 1606.04948 1606.04951
E

N2
=

X

ij�0

eij
N2iLj e00, e01, e02, e10

slope: continuum N-2 correction



No stringy input:  a Tp ?

a = 3.13±0.02 
p = 2.05±0.03 

χ2/DOF = 8.2/11

Ε0 ≈ π T2?
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SUGRA
Hanada et al.
Kadoh and Kamata

a0T14/5+a1T23/5

a0T14/5+a1T23/5+a2T29/5

a0T14/5+a1T23/5+a2T29/5+a3T32/5

MCSMC 1606.04948 1606.04951

χ2 = 0.76 
DOF = 3 
a0 = + 7.4 ± 0.5 
a1 = – 9.7 ± 2.2 
a2 = + 5.6 ± 1.8

E/N2 = N0
�
a0T

2.8 + a1T
4.6 + a2T

5.8 + · · ·
�
+O

�
N�2

�
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SUGRA
Hanada et al.
Kadoh and Kamata

7.41T14/5+a1Tp1

7.41T14/5+a1Tp1+a2T6/5 +p1

χ2 = 2.6 
DOF = 3 
a1 = – 10.2 ± 2.4 
p1 = + 4.6 ± 0.3 
a2 = + 6.6 ± 2.8

E/N2 = N0
�
a0T

2.8 + a1T
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�
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O(N�2) = N�2
�
b0T

0.4 + b1T
2.2 + · · ·

�
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Low-T String Theory

-5.77T2/5+b1T11/5

b0T2/5+b1T11/5

χ2 = 4.8 
DOF = 4 
b0 = – 5.8 ± 3.0 
b1 = – 3.4 ± 5.7 

slope: continuum N-2 correction



Summary

Quantum Gravity Gauge Theory

• 0+1D BFSS reproduces known 10D SUGRA result 

• Nontrivial checks of gauge / gravity duality 

• Predictions about (quantum!) stringy corrections.
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XBH

rtrap r

xD0

w

rbunch

Large rr→0 Intermediate r
r≲T: strings excited, strong attraction 
r~T: D0s are trapped by entropic suppression 
r≳T: stringy excitations suppressed

f(T) N r-8 
f(T)→0 as T→0

oblate prolate spherical

force vanishes

High Temperature
See also: 1605.05597 Asano, Filev, Kováčik, O’Connor 
+ talk from D. O’Connor



Force / Emergent Geometry
MCSMC 1709.01932

BH + probe D0

δr

r0

�L = �c

(✓
TrX1

BH

N � 1
� x1

D0
� r0

◆2

+
9X

M=2

✓
TrXM

BH

N � 1
� xM

D0

◆2
)

� c0 |w1|2

F(N,L,r0) = 2 c ⟨δr⟩δr

No unphysical 
longitudinal modes



⟨δr⟩ in different directions

probe displacement direction perpendicular direction

r0=7 T=3.0 N=8 L=8



⟨δr⟩= F(N,L,r0) / 2 c 
T=3.0 N=8 L=8

⟨δ
r⟩

slope at in
finite c = F/2 at r0



Force on probe D0 brane
MCSMC 1709.01932

rpeak

rtrap

(Numerical) Dream: 
observe Newton’s law



Length Scales
MCSMC 1709.01932

L=10



Bunch Deformation
MCSMC 1709.01932

prolateoblate spherical

T=2.0 N=12 L=10
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Phase Quench



Off-diagonal Elements
T=2.0 N=12

0-point energies {



Emission of “clumps” is suppressed
DOF ~ N2 
trecurrence ~ e+N²

DOF ~ (N-2)2

τ~e+2N

( + # log(V) )

Berkowitz, Hanada, Maltz - arXiv:1602.01473



T 014/5 =
��3/5N2

�0�3/5(N � 1)2
T 14/5 � ED0

a0�0(N � 1)2

T 0 ⇡
✓
1 +

1

2N

◆
T

Negative Specific Heat

Classically Quantum Mechanically
E ⇠ cN2T

(Virial: c=6)

1602.01473 Berkowitz, Hanada, Maltz

cN2T = c(N � 1)2T 0 + ED0

T 0 =

✓
N

N � 1

◆2

T � ED0

cN2

⇡
✓
1 +

2

N

◆
T

E = a0�
�3/5T 14/5N2

(SUGRA: a0=7.41)

�0 =
N � 1

N
�

T’ > T !



Kolmogorov-Sinai Entropy
1602.01473 Berkowitz, Hanada, Maltz

High T KS / N2T 1/4 ! (N � 1)2 (T +�T )1/4

!
✓
N2 � 3N

2

◆
T 1/4

KS / N2T ! (N � 1)2 (T +�T )

!
✓
N2 � 3N

2

◆
T

Low T

Evaporation:

Mergers: KS grows dramatically
bigger black holes are faster scramblers

�max ⇠ T

�max ⇠ T 1/4

?

�T ⇡ 2

N
T

�T ⇡ 1

2N
T

Lyapunov exponent grows but KS entropy falls!


