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Motivation

A. Gross-Neveu models have quantum critical points 
separating massless and massive phases. 

Can we compute the properties of these critical points accurately?

Strongly interacting massless Dirac fermions with four-fermion 
interactions in (2+1)D are known to contain many interesting 
quantum critical points. Park, Rosenstein and Warr, 1990

C. Novel critical points also seem to emerge where fermions 
become massive but without any spontaneous symmetry 
breaking. Ayyar and S.C, 2014

Catterall, 2015

B. Thirring models behave differently depending on flavor 
numbers. Welleneghausen, Schmidt, Wipf 2017



Review: Gross Neveu Models
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Many types of models can be written down
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4 x 4 Dirac space



Uc

massless fermions massive fermions

In these models the four-fermion interaction  becomes 
“relevant” non-perturbatively.

Park, Rosenstein and Warr, 1990

There are different universality class for each Ising, XY, Heisenberg type 
interactions that also depend on the value of N!

Goal is to find the 
properties of this 
critical point



Difficult in the action formulation on the lattice

Hamiltonian Staggered Fermions do produce N=1 Dirac fermion.

a. N=1 staggered fermion models suffer from sign problems. 

b. Overlap/Domain wall fermions will be computationally difficult.  

c. SLAC fermions are non-local, but …. (talk to Andreas Wipf)

Huffman and S.C, 2013; Li, Jiang and Yao, 2014; Wei, Wu, Li, Zhang and Xiang, 2016

Sign problems can be solved!

MC calculations have recently emerged.

Focus on the simplest Gross Neveu models: N = 1



Can we do better 
with staggered 
fermions? 

(1) Zerf, et. al., PRD 96, (2017)
(2) ILiesiu, et. al., JEHP 04 (2016)
(3) Wang,Corboz,Troyer, New J. of Phys. 16 (2014).
(4) Li, Jiang and Yao, New J. of Phys. 17 (2015).
(5) D. Schmidt, PhD Thesis (2015) 

Summary of Recent results

N=1 (Ising) η ν Largest 2D 
Lattice size

Fermion 
Formulation

ε-expansion (1) 0.49 0.91 - -
FRG (1) 0.55 0.93 - -
Bootstrap (2) 0.54 1.32 - -
MC (3) 0.30(1) 0.80(3) 256 staggered
MC (4) 0.45(2) 0.77(3) 484 staggered
MC (5) 0.63(3) 0.91(3) 576 SLAC



At small couplings describes N = 1, 4-component massless 
Dirac fermions. Chiral Symmetry is Z2.

Vc

massless fermions
massive fermions,  
charge density wave

Hamiltonian on a square lattice:
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The Repulsive t-V model

staggered phases = π-flux



Continuous Time Approach
Rubtsov and Lichtenstein, 2001

Rombouts, Heyde and Jachowicz, 1999

But, what should we choose for         and         ?H0 Hint

Monte Carlo algorithms can be constructed using the expansion:
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the sign problem is solved!



Here [b] represents a 
configuration of nearest 
neighbor bonds and
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Z
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and we can write

So if we assume that
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FIG. 1. An example configuration. The
horizontal axis labels the spatial sites, the
vertical axis is imaginary time.
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FIG. 3. Timeslices are added and MT and MB re-
gions defined. Fermion bags are highlighted in the
MT region, and the current update block is shaded.

efficiently. This is illustrated in Fig. 3, where the imaginary
time extent is divided into four-time slices and in the shaded
time-slice there are eight fermion bags, instead of the four
shown in Fig. 2. While there seems to be a connection of the
fermion bag size to a notion of a percolation transition, as far
as we know nothing physical occurs at this transition.

In order to test if the maximum fermion bag size remains
independent of the lattice size even for large lattices we have
studied the t�V model (2) on a square lattice near its critical
point. Taking � = 4.0 we divided the imaginary time direc-
tion into 16 time-slices and studied the fermion bag size as a
function of the lattice size. For equilibrated configurations of
L = 48, 64 and 100, the average maximum fermion bag size
within a time slice was about 30–independent of L. Further
tests suggests that the optimal temperature is roughly 0.25.
Since bond insertions in different fermion bags commute with
each other, we can efficiently update fermion bags in space-
time blocks (shown as a box in the shaded time slice in Fig. 3)
involving 30 to 60 spatial sites within each time slice. During
this update the effects of the bonds outside this block are taken
into account through the fixed N ⇥N matrix as we discuss in
the next section.

III. ALGORITHM AND UPDATES

We now discuss our Monte Carlo algorithm to calculate the
correlation observable
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�
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to illustrate the advantages of the fermion bag approach. This
observable is used in the next section to study the quantum
critical behavior of the t � V model. In our algorithm we
generate configurations ([x, d, t]; t0) in two sectors: the parti-
tion function sector (n = 0) with weight ⌦0([x, d, t]; t0) and
the observable sector (n = 1) with weight f⌦1([x, d, t]; t0)
where

⌦n([x, d, t]; t0) = Tr [Hxk,dk ...Cn...Hx2,d2Hx1,d1 ] (5)

Here 0  t0  � is a time where the operator Cn is intro-
duced. In the partition function sector C0 = I (the identity
operator) and in the observable sector C1 = �(0,0)�(L/2,0).
The factor f > 0 is chosen so that the two sectors can be sam-
pled with roughly equal probabilities. We record the number

N =
⌦1([x, b, t]; t0)

⌦0([x, b, t]; t0) + f⌦1([x, b, t]; t0)
(6)

for each configuration generated. It is easy to prove that
hCi = hN i/(1� fhN i).

We use four different types of updates to generate the con-
figurations ([x, d, t]; t0) in the two sectors, which are de-
tailed in [46]. Each sweep consists of at least one of each
of these four updates. The two most time intensive up-
dates are the sector-update and the bond-update: the sector-
update flips the sector n ! 1� n while keeping ([x, d, t]; t0)
fixed, and the bond-update changes the entire bond con-
figuration [x, d, t] $ [x0, d0, t0] while keeping t0 and n
fixed. For these updates we need to compute the ratio R =
⌦n ([x, b, t]; t0) /⌦0

n
([x0, b0, t0]; t0) to calculate the transition

probabilities in the Metropolis accept/reject step. Since the
sector update is a special case of the bond update we only fo-
cus on the details of the bond updates. Using the BSS formula
[47] we can show

⌦n ([x, t, b]; t0) = det ( N +Bxk,dk ...On...Bx2,d2Bx1,d1) ,
(7)

where N , Bxi,di and On are all N ⇥ N matrices with rows
and columns labeled by spatial lattice sites. The matrix N is
the identity matrix, while Bxi,di is the identity matrix except
in a 2 ⇥ 2 block labeled by the rows and columns of the sites
that touch the bond hxi, dii. Within this block, Bxi,di takes
the form

Bx,d =

✓
cosh 2↵ ⌘x,d sinh 2↵

⌘x,d sinh 2↵ cosh 2↵

◆
. (8)

Finally, the matrix On depends on the sector n and is given by
O0 = N and (O1)x,y = �x,y � 2�x,(0,0) � 2�x,(L/2,0).

Before we begin the bond update we divide the configu-
ration space into time-slices of width 0.25 with t0 chosen to

b = (x,d)



We then showed that
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Thus,  the sign Problem was solved!

2k x 2k 
matrix!

But k in the interesting region can be very large on large lattices 

k ⇠ 105 � 106

Need more ideas to develop an efficient algorithm!
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Traditional auxiliary field approach: H = H0 + Hint
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In the spin-full Hubbard model at half filling the sign problem 
was solved early because of the following relations:

e � c†M(�)c ! e � c†"M(�)c" � c†#M(�)c#
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It was not clear how to extend this to the spin-less case in the t-V model

The idea remained hidden in our work
(Pf(A[b]))2 = two commuting spaces?

Li, Jiang and Yao, 2014;
It was discovered a few months later!



Trick: Majorana Representation:
⇠i = (ci + c†i ), ⇠i = i(c†i � ci )
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We can now identify two commuting spaces (like the spin degree 
of freedom) and so we can again use an auxiliary field approach:
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AF Approach or CT Approach?
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Continuous Time approach

k x k matrix

k turns out to be much 
larger than V! 

Can we combine the two ideas along with ideas of fermion bags to 
obtain an efficient approach?

Z =
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Auxiliary field approach

V x V matrix

But, multiplying many V x V 
matrices leads to singularities!



The idea is to choose H0 and Hint carefully so that one can 
identify fermion bags, while keeping the sign problem solved!

We should also be able to use the BSS type formula to 
be able to work with small matrices if possible.
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Fermion Bag Approach
Huffman, SC (2017)



H0 = 0

Hb = �� e2↵ (c†i cj + c†j ci )

Let us now choose

Remember the partition function
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The [b] configuration 
now splits the lattice into fermion bags
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FIG. 1. An example configuration. The
horizontal axis labels the spatial sites, the
vertical axis is imaginary time.
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gions defined. Fermion bags are highlighted in the
MT region, and the current update block is shaded.

efficiently. This is illustrated in Fig. 3, where the imaginary
time extent is divided into four-time slices and in the shaded
time-slice there are eight fermion bags, instead of the four
shown in Fig. 2. While there seems to be a connection of the
fermion bag size to a notion of a percolation transition, as far
as we know nothing physical occurs at this transition.

In order to test if the maximum fermion bag size remains
independent of the lattice size even for large lattices we have
studied the t�V model (2) on a square lattice near its critical
point. Taking � = 4.0 we divided the imaginary time direc-
tion into 16 time-slices and studied the fermion bag size as a
function of the lattice size. For equilibrated configurations of
L = 48, 64 and 100, the average maximum fermion bag size
within a time slice was about 30–independent of L. Further
tests suggests that the optimal temperature is roughly 0.25.
Since bond insertions in different fermion bags commute with
each other, we can efficiently update fermion bags in space-
time blocks (shown as a box in the shaded time slice in Fig. 3)
involving 30 to 60 spatial sites within each time slice. During
this update the effects of the bonds outside this block are taken
into account through the fixed N ⇥N matrix as we discuss in
the next section.

III. ALGORITHM AND UPDATES

We now discuss our Monte Carlo algorithm to calculate the
correlation observable

hCi = Tr
�
�(0,0)�(L/2,0)e
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to illustrate the advantages of the fermion bag approach. This
observable is used in the next section to study the quantum
critical behavior of the t � V model. In our algorithm we
generate configurations ([x, d, t]; t0) in two sectors: the parti-
tion function sector (n = 0) with weight ⌦0([x, d, t]; t0) and
the observable sector (n = 1) with weight f⌦1([x, d, t]; t0)
where

⌦n([x, d, t]; t0) = Tr [Hxk,dk ...Cn...Hx2,d2Hx1,d1 ] (5)

Here 0  t0  � is a time where the operator Cn is intro-
duced. In the partition function sector C0 = I (the identity
operator) and in the observable sector C1 = �(0,0)�(L/2,0).
The factor f > 0 is chosen so that the two sectors can be sam-
pled with roughly equal probabilities. We record the number

N =
⌦1([x, b, t]; t0)

⌦0([x, b, t]; t0) + f⌦1([x, b, t]; t0)
(6)

for each configuration generated. It is easy to prove that
hCi = hN i/(1� fhN i).

We use four different types of updates to generate the con-
figurations ([x, d, t]; t0) in the two sectors, which are de-
tailed in [46]. Each sweep consists of at least one of each
of these four updates. The two most time intensive up-
dates are the sector-update and the bond-update: the sector-
update flips the sector n ! 1� n while keeping ([x, d, t]; t0)
fixed, and the bond-update changes the entire bond con-
figuration [x, d, t] $ [x0, d0, t0] while keeping t0 and n
fixed. For these updates we need to compute the ratio R =
⌦n ([x, b, t]; t0) /⌦0

n
([x0, b0, t0]; t0) to calculate the transition

probabilities in the Metropolis accept/reject step. Since the
sector update is a special case of the bond update we only fo-
cus on the details of the bond updates. Using the BSS formula
[47] we can show

⌦n ([x, t, b]; t0) = det ( N +Bxk,dk ...On...Bx2,d2Bx1,d1) ,
(7)

where N , Bxi,di and On are all N ⇥ N matrices with rows
and columns labeled by spatial lattice sites. The matrix N is
the identity matrix, while Bxi,di is the identity matrix except
in a 2 ⇥ 2 block labeled by the rows and columns of the sites
that touch the bond hxi, dii. Within this block, Bxi,di takes
the form

Bx,d =

✓
cosh 2↵ ⌘x,d sinh 2↵

⌘x,d sinh 2↵ cosh 2↵

◆
. (8)

Finally, the matrix On depends on the sector n and is given by
O0 = N and (O1)x,y = �x,y � 2�x,(0,0) � 2�x,(L/2,0).

Before we begin the bond update we divide the configu-
ration space into time-slices of width 0.25 with t0 chosen to

Fermion Bags



Every “B” matrix is associated 
with a bond and is a V x V unit 
matrix except for a 2 x 2 block 
that correspond to two nearest 
neighbor sites of a bond.
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. . ... . ... . ... .
. . ... . ... . ... .
0 0 ... cosh(2↵) ... sinh(2↵) ... 0
. . ... . ... . ... .
. . ... . ... . ... .
. . ... . ... . ... .
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. . ... . ... . ... .
. . ... . ... . ... .
. . ... . ... . ... .
0 0 ... 0 ... 0 ... 1

1

CCCCCCCCCCCCCCCCCCCCCCA

The partition function can be written using the BSS-type formula
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efficiently. This is illustrated in Fig. 3, where the imaginary
time extent is divided into four-time slices and in the shaded
time-slice there are eight fermion bags, instead of the four
shown in Fig. 2. While there seems to be a connection of the
fermion bag size to a notion of a percolation transition, as far
as we know nothing physical occurs at this transition.

In order to test if the maximum fermion bag size remains
independent of the lattice size even for large lattices we have
studied the t�V model (2) on a square lattice near its critical
point. Taking � = 4.0 we divided the imaginary time direc-
tion into 16 time-slices and studied the fermion bag size as a
function of the lattice size. For equilibrated configurations of
L = 48, 64 and 100, the average maximum fermion bag size
within a time slice was about 30–independent of L. Further
tests suggests that the optimal temperature is roughly 0.25.
Since bond insertions in different fermion bags commute with
each other, we can efficiently update fermion bags in space-
time blocks (shown as a box in the shaded time slice in Fig. 3)
involving 30 to 60 spatial sites within each time slice. During
this update the effects of the bonds outside this block are taken
into account through the fixed N ⇥N matrix as we discuss in
the next section.

III. ALGORITHM AND UPDATES

We now discuss our Monte Carlo algorithm to calculate the
correlation observable

hCi = Tr
�
�(0,0)�(L/2,0)e

��H
�
/Tr

�
e��H

�
. (4)

to illustrate the advantages of the fermion bag approach. This
observable is used in the next section to study the quantum
critical behavior of the t � V model. In our algorithm we
generate configurations ([x, d, t]; t0) in two sectors: the parti-
tion function sector (n = 0) with weight ⌦0([x, d, t]; t0) and
the observable sector (n = 1) with weight f⌦1([x, d, t]; t0)
where

⌦n([x, d, t]; t0) = Tr [Hxk,dk ...Cn...Hx2,d2Hx1,d1 ] (5)

Here 0  t0  � is a time where the operator Cn is intro-
duced. In the partition function sector C0 = I (the identity
operator) and in the observable sector C1 = �(0,0)�(L/2,0).
The factor f > 0 is chosen so that the two sectors can be sam-
pled with roughly equal probabilities. We record the number

N =
⌦1([x, b, t]; t0)

⌦0([x, b, t]; t0) + f⌦1([x, b, t]; t0)
(6)

for each configuration generated. It is easy to prove that
hCi = hN i/(1� fhN i).

We use four different types of updates to generate the con-
figurations ([x, d, t]; t0) in the two sectors, which are de-
tailed in [46]. Each sweep consists of at least one of each
of these four updates. The two most time intensive up-
dates are the sector-update and the bond-update: the sector-
update flips the sector n ! 1� n while keeping ([x, d, t]; t0)
fixed, and the bond-update changes the entire bond con-
figuration [x, d, t] $ [x0, d0, t0] while keeping t0 and n
fixed. For these updates we need to compute the ratio R =
⌦n ([x, b, t]; t0) /⌦0

n
([x0, b0, t0]; t0) to calculate the transition

probabilities in the Metropolis accept/reject step. Since the
sector update is a special case of the bond update we only fo-
cus on the details of the bond updates. Using the BSS formula
[47] we can show

⌦n ([x, t, b]; t0) = det ( N +Bxk,dk ...On...Bx2,d2Bx1,d1) ,
(7)

where N , Bxi,di and On are all N ⇥ N matrices with rows
and columns labeled by spatial lattice sites. The matrix N is
the identity matrix, while Bxi,di is the identity matrix except
in a 2 ⇥ 2 block labeled by the rows and columns of the sites
that touch the bond hxi, dii. Within this block, Bxi,di takes
the form

Bx,d =

✓
cosh 2↵ ⌘x,d sinh 2↵

⌘x,d sinh 2↵ cosh 2↵

◆
. (8)

Finally, the matrix On depends on the sector n and is given by
O0 = N and (O1)x,y = �x,y � 2�x,(0,0) � 2�x,(L/2,0).

Before we begin the bond update we divide the configu-
ration space into time-slices of width 0.25 with t0 chosen to

At small T fermion bags will merge! 
but at high T we will get many fermion bags 3
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FIG. 1. An example configuration. The
horizontal axis labels the spatial sites, the
vertical axis is imaginary time.
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FIG. 2. The bonds in this configuration
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FIG. 3. Timeslices are added and MT and MB re-
gions defined. Fermion bags are highlighted in the
MT region, and the current update block is shaded.

efficiently. This is illustrated in Fig. 3, where the imaginary
time extent is divided into four-time slices and in the shaded
time-slice there are eight fermion bags, instead of the four
shown in Fig. 2. While there seems to be a connection of the
fermion bag size to a notion of a percolation transition, as far
as we know nothing physical occurs at this transition.

In order to test if the maximum fermion bag size remains
independent of the lattice size even for large lattices we have
studied the t�V model (2) on a square lattice near its critical
point. Taking � = 4.0 we divided the imaginary time direc-
tion into 16 time-slices and studied the fermion bag size as a
function of the lattice size. For equilibrated configurations of
L = 48, 64 and 100, the average maximum fermion bag size
within a time slice was about 30–independent of L. Further
tests suggests that the optimal temperature is roughly 0.25.
Since bond insertions in different fermion bags commute with
each other, we can efficiently update fermion bags in space-
time blocks (shown as a box in the shaded time slice in Fig. 3)
involving 30 to 60 spatial sites within each time slice. During
this update the effects of the bonds outside this block are taken
into account through the fixed N ⇥N matrix as we discuss in
the next section.

III. ALGORITHM AND UPDATES

We now discuss our Monte Carlo algorithm to calculate the
correlation observable

hCi = Tr
�
�(0,0)�(L/2,0)e

��H
�
/Tr

�
e��H

�
. (4)

to illustrate the advantages of the fermion bag approach. This
observable is used in the next section to study the quantum
critical behavior of the t � V model. In our algorithm we
generate configurations ([x, d, t]; t0) in two sectors: the parti-
tion function sector (n = 0) with weight ⌦0([x, d, t]; t0) and
the observable sector (n = 1) with weight f⌦1([x, d, t]; t0)
where

⌦n([x, d, t]; t0) = Tr [Hxk,dk ...Cn...Hx2,d2Hx1,d1 ] (5)

Here 0  t0  � is a time where the operator Cn is intro-
duced. In the partition function sector C0 = I (the identity
operator) and in the observable sector C1 = �(0,0)�(L/2,0).
The factor f > 0 is chosen so that the two sectors can be sam-
pled with roughly equal probabilities. We record the number

N =
⌦1([x, b, t]; t0)

⌦0([x, b, t]; t0) + f⌦1([x, b, t]; t0)
(6)

for each configuration generated. It is easy to prove that
hCi = hN i/(1� fhN i).

We use four different types of updates to generate the con-
figurations ([x, d, t]; t0) in the two sectors, which are de-
tailed in [46]. Each sweep consists of at least one of each
of these four updates. The two most time intensive up-
dates are the sector-update and the bond-update: the sector-
update flips the sector n ! 1� n while keeping ([x, d, t]; t0)
fixed, and the bond-update changes the entire bond con-
figuration [x, d, t] $ [x0, d0, t0] while keeping t0 and n
fixed. For these updates we need to compute the ratio R =
⌦n ([x, b, t]; t0) /⌦0

n
([x0, b0, t0]; t0) to calculate the transition

probabilities in the Metropolis accept/reject step. Since the
sector update is a special case of the bond update we only fo-
cus on the details of the bond updates. Using the BSS formula
[47] we can show

⌦n ([x, t, b]; t0) = det ( N +Bxk,dk ...On...Bx2,d2Bx1,d1) ,
(7)

where N , Bxi,di and On are all N ⇥ N matrices with rows
and columns labeled by spatial lattice sites. The matrix N is
the identity matrix, while Bxi,di is the identity matrix except
in a 2 ⇥ 2 block labeled by the rows and columns of the sites
that touch the bond hxi, dii. Within this block, Bxi,di takes
the form

Bx,d =

✓
cosh 2↵ ⌘x,d sinh 2↵

⌘x,d sinh 2↵ cosh 2↵

◆
. (8)

Finally, the matrix On depends on the sector n and is given by
O0 = N and (O1)x,y = �x,y � 2�x,(0,0) � 2�x,(L/2,0).

Before we begin the bond update we divide the configu-
ration space into time-slices of width 0.25 with t0 chosen to

space-time regions 
to update



Fermion bag size as a function of spatial volume

Maximum Cluster Size and Equilibration

I We find that for a timeslice of .25, clusters are no bigger
than around 30 sites. This holds across lattice sizes.

I We can often then calculate weight ratios then as
determinants of 30 ⇥ 30 matrices or smaller. We have
achieved small-� equilibration for lattices as large as
100 ⇥ 100!

● ● ●

50 60 70 80 90 100
lattice dimension

10

20

30

40
max cluster size

Figure: Average maximum sizes of
clusters in each timeslice for
equilibrated configurations. Timeslice
size is .25.

Figure: Equilibration of t-V model on
a square 100 ⇥ 100 lattice. (� = 4.0)
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Fast updates possible within space-time slices  Δt = 1/4! 
A similar update is used in traditional auxiliary field 
approach, but there every single time slice is used. A big 
gain in the fermion bag approach.

Δτ = 1/4 seems 
like a sweet spot 
near the critical 
coupling.



The biggest lattices ever studied in the field of strongly coupled 
fermionic quantum criticality are around L=48!

Equilibration (L=β)
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We can accelerate the algorithm further if we 
abandon  the continuous time approach, in 
line with “Lattice Field Theory” paradigm!

Scaling of the algorithm: V3 β = L7
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FIG. 1. Plot showing equilibration of the bond number for V/t =
1.304, L = 100 configurations with � = 1, 2, 4 as a function of
sweeps.
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FIG. 2. Plot showing the time to complete a single bond-update (in
days) for L = 48, 64, 100 with � = L at V/t = 1.304. The solid
line is a plot of Tb = 3⇥ 10�13L7.

of order O
�
sN2

�
. Assuming GB = ( +MBMT )MBMT before the update,

G0
B =

�
+MBM +MBM

�
M�1

T M 0
T �

���1

= �GB � [GB ]N⇥s

�
[ � GT +GB � 2( � GT )GB ]s⇥s

��1
[( � 2GT )]s⇥s [( �GB)]s⇥N ,

(A.3)

where MT and MT
0 are matrix products in timeslice T for the configurations that go with GB and G0

B , respectively, and
GT =

�
+M�1

T MT
0��1. The symbol [ ]s⇥s means only the rows and columns belonging to the super-bag S are used, with

[ ]N⇥s and [ ]s⇥N forming matrices from columns belonging to S and rows belonging to S, respectively.
Finally, we update the matrices M 0

T that are found in � often. For ease of computation and to ensure stability, the quantity
we update is actually ⇤ = GBMT

�1MT
0, and the determinant we calculate is

R = det
�
[ �GB +⇤]s⇥s

�
=

���det
⇣⇥

( �GB)QT +R
⇤
s⇥s

⌘��� , (A.4)

where we are using the RQ factorization of ⇤ into an upper triangular matrix R and an orthogonal matrix Q, as in [2]. Only the
MT

0 matrices have to be updated each time, so we store an RQ factorization of the GBMT
�1 product for the block update.

ALGORITHM PERFORMANCE

As mentioned in Section III of the paper, we can easily equilibrate even L = 100 lattices for small � values. Fig. 1 shows
some equilibrations for the small � values of 1, 2 amd 4 at V/t = 1.304 (this is currently also shown in the inset of Fig.4 of the
paper). In Fig. 2, we confirm the O(�N3) scaling of time for a complete bond-update. In particular we plot the bond update
time Tb (in days) as a function of L for three different lattice sizes at the coupling V/t = 1.304 close to the critical point. Since
� = L we expect a scaling of O(L7). As expected the solid line in the figure, which is the plot of Tb = 3 ⇥ 10�13L7, roughly
passes through all the points.

In order to compute our observable we need to generate a large number of statistically independent configurations. Through
the Open Science Grid, we have access to several hundreds of CPU cores at a time. Thus, we can typically run about 1000
independent threads of our algorithm. On small lattices we start 1000 independent runs from a configuration without any bonds.
We then wait for equilibration and collect about 20 sweeps of data from each thread thus generating statistics of about 204
configurations.

30 days
L=100



Results
We choose  β = L and compute the equal time density-density 
correlation function

hC i =

*⇣
n0 �

1

2

⌘⇣
nL/2 �

1

2

⌘+

symmetric massless fermion phase: hC i ⇠ 1

L4

broken massive fermion phase: hC i ⇠ Constant.

at the critical point: hC i ⇠ 1

L1+⌘



Our results
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( 225 sites)

⌫ = 0.80(2), ⌘ = 0.30(1)



Vc = 1.2793(15) η = 0.53(4), ν = 0.88(1) �2/DOF ⇠ 0.8
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Summary of results for N=1 Ising Universality

N=1 (Ising) η ν Largest 2D 
Lattice size

Fermion 
Formulation

ε-expansion (1) 0.49 0.91 - -
FRG (1) 0.55 0.93 - -
Bootstrap (2) 0.54 1.32 - -
MC (3) 0.30(1) 0.80(3) 256 staggered
MC (4) 0.45(2) 0.77(3) 484 staggered
MC (5) 0.63(3) 0.91(3) 576 SLAC
MC This Work 0.53(3) 0.88(2) 4096 staggered

(1) Zerf, et. al., PRD 96, (2017)
(2) ILiesiu, et. al., JEHP 04 (2016)
(3) Wang,Corboz,Troyer, New J. of Phys. 16 (2014).
(4) Li, Jiang and Yao, New J. of Phys. 17 (2015).
(5) D. Schmidt, PhD Thesis (2015)
(6) Huffman, SC PRD 96 (2017) + recent results



Conclusions
Hamiltonian methods offer a new approach to study four-fermion 
field theories, especially to uncover 2+1d physics.

Ideas based on fermion bags may be applicable to many of 
these models and may help us explore large lattices.

Calculations of the critical exponents with up to 642 lattices 
now available for the N=1 chiral Ising universality class. 
Agreement with ε-expansion and FRG methods is observed.

New solutions to sign problems have emerged recently, hence 
many more models (of interest in CM physics) have now become 
tractable. Check out a paper about emergent SUSY, Li et.al., : 1711.04772


