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A model with different macroscopic space-time scales

The same dynamics has different macroscopic behavior (¢ — 0) at
different space-time scaling:

» Ballistic (hyperbolic scale): ex,et.
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The same dynamics has different macroscopic behavior (¢ — 0) at
different space-time scaling:

» Ballistic (hyperbolic scale): ex,et.

» Diffusive scale: ex,et.
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A model with different macroscopic space-time scales

The same dynamics has different macroscopic behavior (¢ — 0) at
different space-time scaling:

» Ballistic (hyperbolic scale): ex,et.
» Diffusive scale: ex,et.

» Superdiffusive scale: ex,e“t, a < 2.
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A model with different macroscopic space-time scales

The same dynamics has different macroscopic behavior (¢ — 0) at
different space-time scaling:

» Ballistic (hyperbolic scale): ex,et.

» Diffusive scale: ex,et.

» Superdiffusive scale: ex,e“t, a < 2.
Mechanical equilibrium is reached on the hyperbolic scale, while

thermal equilibrium is reached in the larger superdiffusive or
diffusive scales.
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A model with different macroscopic space-time scales

The same dynamics has different macroscopic behavior (¢ — 0) at
different space-time scaling:

» Ballistic (hyperbolic scale): ex,et.
» Diffusive scale: ex,et.

» Superdiffusive scale: ex,e“t, a < 2.

Mechanical equilibrium is reached on the hyperbolic scale, while
thermal equilibrium is reached in the larger superdiffusive or
diffusive scales.

It is expected that generically for one dimensional systems with
momentum conserving dynamics the energy transport (in
mechanical equilibrium) is superdiffusive. We will see that this is
not always true and that non-vanishing sound velocity is an
essential ingredient.
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Chain of oscillators with tension

Py Pia
xEXMQJ ,,L,O(XIDA;QQQQQ;Q(XXDF ~ 0000 -
10=0

Hamiltonian unpmned dynamics o FPU type: j€Z,
2 2

P; P
H=2 5 +V(vg) =25 +V(n)
J J
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Chain of oscillators with tension

Py Pia

10=0

Hamiltonian unpmned dynamics o FPU type: j€Z,
2

p? P
H=2 5 +V(vg) =25 +V(n)
J J

1j(t) = pi(t) = pj-a(t),  Jj=1....N,
dp;(t) = (V'(rjs1(t)) = V'(rj(t))) dt + 7 noise, j=1,...,N-1
dpn(t) = (7'1(1.'//\/) - V'(rN(t))) dt + 7 noise,
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Chain of oscillators with tension

Py Pia
W m ~ 0000 -
10=0

Hamiltonian unpmned dynamics o FPU type: j€Z,
2 2

P; P
H=2 5 +V(vg) =25 +V(n)
J J

r(t) = pi(t) - pi-a(t),  j=1...,N,
dp;(t) = (V'(rjs1(t)) = V'(rj(t))) dt + 7 noise, j=1,...,N-1
dpn(t) = (7'1(1.'//\/) - V'(rN(t))) dt + 7 noise,
we add a noise that conserve energy and momentum:
momentum exchange For each couple of nearest neighbor particle,
we randomly exchange momentum,
(pi, Pis1) = (pi+1, pi), with intensity 1.
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Chain of oscillators with tension

Py Pia

10=0

Hamiltonian unpmned dynamics o FPU type: j€Z,
2 2

P; P
H=2 5 +V(vg) =25 +V(n)
J J

r(t) = pi(t) - pi-a(t),  j=1,...,N,
dpj(t) = (V'(rjs1(t)) = V' (rj(t))) dt + 7 noise, j=1,...,N-1
dpn(t) = (7'1(1.'//\/) - V'(rN(t))) dt + 7 noise,
we add a noise that conserve energy and momentum:
momentum exchange For each couple of nearest neighbor particle,
we randomly exchange momentum,

(pi, Pis1) = (pi+1, pi), with intensity 1.
diffusive exchange of momentum 3—particle continuous exchange

aa¥a¥aa¥=Ya a8
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Chain of oscillators: infinite model

Pi Pia )

D; Pisi
1 R
49 qi qi+1 N
10=0

i1 q
—
7

1 (t) = pi(t) - pj-1(t),
dpj(t) = (V'(rjsa(t)) = V'(ri(1))) dt
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Chain of oscillators: infinite model
Py Pia Pi Pisi
oo Lo Lo Lm0
q, 9 G Gy
70=0

i 4
—
7

r(t) = pi(t) - pj-1(t),
dpj(t) = (V'(r42(t)) = V'(r;(1))) dt + 7 noise

we add a noise that conserve energy and momentum:

momentum exchange For each couple of nearest neighbor particle,
we randomly exchange momentum,

(pi, pis1) = (pis1, pi), with intensity .
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Chain of oscillators: infinite model

Pi Pia )

D; Pisi
1 R
49 qi qi+1 N
10=0

i 4
—
7

r(t) = pi(t) - pj-1(t),
dpj(t) = (V'(r42(t)) = V'(r;(1))) dt + 7 noise

we add a noise that conserve energy and momentum:

momentum exchange For each couple of nearest neighbor particle,
we randomly exchange momentum,
(pis piv1) = (Piv1, pi), with intensity ~.

diffusive exchange of momentum 3—particle continuous exchange
of momentum.
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Gibbs measures and Thermodynamic Entropy

2
P; . .
&= ?J +V(rj) energy of particle j
Gibbs measure at temperature 371, tension 7 and momentum p

are:
dugrp=]] e B(&j=ppj=7r;)=G(B,7p) dp;dr;
J
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Gibbs measures and Thermodynamic Entropy

2
P; . .
&= ?J +V(rj) energy of particle j

Gibbs measure at temperature 371, tension 7 and momentum p

are:
dugrp=]] e B(&j=ppj=7r;)=G(B,7p) dp;dr;
J

Thermodynamic entropy is

S(U, r) = ing{_ﬂTr"'ﬁu_g(ﬁ)T?O)}

B(u,r)=0,5(u,r), T(u,r):—ﬂ_l(?,S(u, r).
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Ergodicity (of the infinite system)

The stocastic perturbation of the dynamics is sufficient to give
ergodicity:

Theorem

(Fritz, Funaki, Lebowitz, PTRF 1994)

Assume that v is translation invariant and stationary, with finite
entropy density, and furthemore that

v(dplr)

is exchangeable.
Then v is a convex combination of Gibbs measure dug ; p.
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Ergodicity (of the infinite system)

The stocastic perturbation of the dynamics is sufficient to give
ergodicity:

Theorem

(Fritz, Funaki, Lebowitz, PTRF 1994)

Assume that v is translation invariant and stationary, with finite
entropy density, and furthemore that

v(dplr)

is exchangeable.
Then v is a convex combination of Gibbs measure dug ; p.

» v(dp|r) maxwellian (Gallavotti-Verboven 1975)

» v(dpl|r) convex combination of maxwellians (Olla, Varadhan,
Yau, 1993).
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Hyperbolic Scaling: Euler equations

3 conserved quantities:
volume stretch Ry (t)[G] = % >i G(i/N)ri(Nt)
momentum wy(t)[G] = % >i G(i/N)p;i(Nt)
energy en(8)[G] = & 55 G(i/N)E ()
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Hyperbolic Scaling: Euler equations

3 conserved quantities:
volume stretch Ry (t)[G] = % >i G(i/N)ri(Nt)
momentum wy(t)[G] = % >i G(i/N)p;i(Nt)
energy en(8)[G] = & 55 G(i/N)E ()

(Run(t),mn(t),en(t)) — (r(x,t)dx,m(x,t)dx,e(x,t)dx)

Oer =0xm  Opm=0xr  Ope=(TT)
m(0,6)=0,  7(r(1,1),U(1,1)) =11 (1)

U=¢-7m2/2 : internal energy. For smooth solutions this is proven
in:

> N. Even, S.O., ARMA (2014)

» S.0., SRS Varadhan, HT Yau, CMP (1993)
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entropy evolution

Orr = O OrT = OxT Ore = Ox(77)
7(0,t) =0, 7(r(1,t),U(1,t)) =1(t)
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entropy evolution

Orr = O OrT = OxT Ore = Ox(77)
7(0,t) =0, 7(r(1,t),U(1,t)) =1(t)

d
ES(r(x, t),U(x,t))=0 for smooth solutions
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entropy evolution

Orr = O OrT = OxT Ore = Ox(77)
7(0,t) =0, 7(r(1,t),U(1,t)) =1(t)

d
ES(r(x, t),U(x,t))=0 for smooth solutions

When shocks will appear, we will have dissipation and

d

dt fol S(r(x,t),U(x,t))dx >0

and (eventually) convergence to a mechanical equilibrium,
characterized by constant tension and momentum.
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Mechanical Equilibrium

In particular starting with smooth initial profiles such that

po(x) =0, T(up(x), ro(x)) = 1o = cost
2
up(x) = eg(x) — % = ep(x)
and non constant entropy profile S(ug(x), ro(x))
are stationary for the Euler equations.
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Mechanical Equilibrium

In particular starting with smooth initial profiles such that

po(x) =0, T(uo(x), ro(x)) = 7o = cost
2
up(x) = eg(x) — % = ep(x)
and non constant entropy profile S(ug(x), ro(x))
are stationary for the Euler equations.

This means that they evolve towards thermal equilibrium at a
larger time scale:

» diffusive scaling (N2t, Nx), if thermal conductivity is finite,
with heat equation governing the evolution of the temperature
profile,

» superdiffusive scaling (N“t, Nx),1 < o < 2, if thermal
conductivity is infinite.

If 0,7 (u, r) >0 (acoustic chains), we expect superdiffusion of heat,
confirmed by many numerical experiments.
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Energy Superdiffusion

Consider the Harmonic chain with noise conserving energy and
momentum.

V(r)= %2, 7(r,U) =r, S=1+ Iog(ﬂﬂfl)

1 1
¢(x,0) = r(x, 0)? + 7%, 0)%+371(x,0)
In the hyperbolic space-time scale limit we have

Oer =0 Oy =0xr  Ope=0x(rm)

linear wave equation: no shocks! no dissipation!
Profiles of temperature and entropy do not change in time:

B (x, t) = e(x, 1) - %r(x, 12 - %W(X, £)2 = 371(x, 0)
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Energy Superdiffusion

Consider the Harmonic chain with noise conserving energy and
momentum.

2
V(r) = % r(r,U)=r, S=1+log(zp™)
1 1
¢(x,0) = r(x, 0)? + 7%, 0)%+371(x,0)
In the hyperbolic space-time scale limit we have

Oer =0 Oy =0xr  Ope=0x(rm)

linear wave equation: no shocks! no dissipation!
Profiles of temperature and entropy do not change in time:

B (x, t) = e(x, 1) - %r(x, 12 - %W(X, £)2 = 371(x, 0)

Since microscopically the noise made the dynamic 'ergodic’, the
convergence to equilibrium should happen in another space-time
scale.
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Temperature profile

In the infinite space case, in the hyperbolic scale, after t — oo, all
the phonon modes go to infinity, and the phonon energy

1 1
ir(x, )2+ §7T(X, t)> o 0
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Temperature profile

In the infinite space case, in the hyperbolic scale, after t — oo, all
the phonon modes go to infinity, and the phonon energy

1 1
§r(x, )2+ §7T(X, t)> o 0

e(x,t) — 7(x,0)

The initial temperature profile 371(x,0) is constituted by the
initial profile of the variances of r, and py and the energy of the
high frequencies.
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Temperature profile

In the infinite space case, in the hyperbolic scale, after t — oo, all
the phonon modes go to infinity, and the phonon energy

1 1
§r(x, )2+ §7T(X, t)> o 0

e(x,t) — 7(x,0)

The initial temperature profile 371(x,0) is constituted by the
initial profile of the variances of r, and py and the energy of the
high frequencies.

This temperature profile will start to evolve at a larger time scale,
supediffusive, shorter than the diffusive one.
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What superdiffusion?

Assume V/(r) = 2-, and centered initial conditions:
< pj(O) >=0, <rj(0)>=0

This is maintained at any positive time t.

Theorem (Jara-Komorowski-Olla, CMP 2015)
Assume ¥, (€/(0)) < C, G e Co(R):

l Z GiIN) (E(N2D) - f G(x) T(t,x)dx

o34

__AIA (3/4 6= —
OTCt) = “HAITTOO O] E= opgyie

T(Xa 0) = ﬂil(Xa O)
In pinned chains, we prove usual diffusive behavior with heat
equation.
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Phonon modes: diffusive scale

() = pi() = 0 (50« T (s )
» Ballistic movement on the hyperbolic scale:
—zc;( IN) (N — f G(x) F£(0, x £ al/2t)dx

» Then diffusive after re-centering

—ZG(N Liw 2N (NP — fc(x) 79(¢, x)dx

_ 3 _
o, fi,d _ ?7 83( fi,d
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Conjectured result for FPUT dynamics

This behavior at large space-time scale (diffusive for phonon and
superdiffusive for heat mode) is also conjectured for the equilibrium
fluctuations dynamics for the Fermi-Pasta-Ulam-Tsingou model

V(r)=r*+ar®+prt

Recent fluctuation hydrodynamics and mode coupling calculation
by Herbert Spohn (JSP 2014) for the deterministic FPU dynamics:

» If V symmetric (o =0 or -FPU), and 7 = 0: then diffusion
for phonons and |A[*/4-superdiffusion for heat (temperature),

» If V asymmetric (a-FPU), or symmetric but tension 7 # 0,
then phonon KPZ-superdiffuse, and |A|*/®-superdiffusion for
heat.
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A simpler model: Bernardin's dynamics

System with two conserved quantities but similar superdiffusive
behavior.

2 =1j, M2j+1 = Pj
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A simpler model: Bernardin's dynamics

System with two conserved quantities but similar superdiffusive
behavior.

2 =1j, M2j+1 = Pj

E"j =Mj+1 — Mj-1

and random exchanges 7; <> 7.1 .

Xinis Xj 77,-2 are the conserved quantities.
Bernardin-Goncalvez-Jara, ARMA 2015: fractional equation for the
energy fluctuations in equilibrium.
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Non-acoustic chains

These are tensionless chains, obtained by considering also
non-nearest neighbor interactions, for example:

2

p.
H=) lfj +V(Agj)|,  Agi=gja+gi1-2g;
J

Here the relevant balanced quantity is not the volume strain
rj = qj — gj-1, but the curvature xj = Aq; (Beam problem).
Equilibrium measures are parametrized by temperature 571,
momentum p and bending stress 7»:

diigrp= H e HEmprim2r)=G(BP) 4. i
j

P2
Ej=— +V(x)
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Non-acoustic chains: heat equation

For the harmonic dynamics with random moment exchange we
obtain:
» Thermal conductivity is finite! (This provides a first rigorous
counterexample for a one dimensional system with momentum
conservation).

Starting with initial conditions with 0-curvature and a non-constant
temperature profile we have (T. Komorowski, S.0., 2015):

= Z GUiIN) (E:(N*8)) - f G(x) T(t,x)dx

[0:T(x,t) = DALT(x,1)|
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Non-acoustic chains: mechanical and thermal

non-equilibrium

With a non constant initial profiles of curvature and momentum
and temperature, everything evolves on the diffusive scale

(“[Nx](N2t)a p[Nx](N2t)’ e[Nx](N2t)) - (’{(X’ t)7 p(X, t)v e(Xv t))
r(x,t)? + p(x, t)?
2

T(x,t)=e(x,t)-

and the macroscopic equations are the damped Euler-Bernoulli
beam equations:

Der(x,t) = -2p(x, 1), Deplx,t) = %aiﬁ(x, £) 4+ 402p(x, )

DT (x,t) = DLO2T(x,t) + % [(é?xp)2 - p@fp]
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Damped Euler-Bernoulli beam equation

Or(x,t) = 308 (x, 1) ~108p(x, 1),
0:T(x,t) = DT (x,t) + g[(axpf-pagp]

p(x,t) = Or(x,t)
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Further results and work in progress:

» acoustic chains in two dimensions: logarithmic
(super)-diffusion, normal heat equation.

» Finite system in contact with Langevin heat bath at different
temperature: proper definition of the fractional laplacian in
finite volume with boundary conditions.
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Wave function and Wigner distribution

Proofs of these results do not use relative entropy but [°
norms in Fourier coordinates.
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Wave function and Wigner distribution

ry=dy = qy-1, y € L:

4x(t) = px(2)
dpx(t) = —(ax*q(t))xdt +’Yl/2€ 21:() . YierePx(t) o dwiik (1),
o symmetric, compact support or |ay| < Ce /€, &(k) >0 and
» &(0) = 0 unpinned chain
» &"(0) > 0 acustic chain
Dispersion function:

w(k) = a(k)H? (=2|sin(7k)|),  keT.

This implies

/ 2
f W) e = 4oo
ki< k2



Wave function and Wigner distribution

ry=dy = qy-1, y € L:

4x(t) = px(2)
dpx(t) = —(ax*q(t))xdt +’Yl/2ﬁ 2130 . YierePx(t) o dwiik (1),
o symmetric, compact support or |ay| < Ce /€, &(k) >0 and
» &(0) = 0 unpinned chain
» &"(0) > 0 acustic chain
Dispersion function:

w(k) = a(k)H? (=2|sin(7k)|),  keT.

This implies

/ 2
f W) e = 4oo
ki< k2
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Fk) = 3 Fly)e >k
YeZ

Complex wave function in Fourier space:

1/3(13 k)= w(k)g(t, k) +ip(t, k)
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Fk) = 3 Fly)e >k
YeZ

Complex wave function in Fourier space:

1/3(13 k)= w(k)g(t, k) +ip(t, k)

di(t, k) = — (k)P (t, K)dt - %’( ) (2, k) — (2, k)"t

+71/2iﬁrr(k,k’)[$(k—k)—¢(—k+k) 1dw(t, k")
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Fk) = 3 Fly)e >k
YeZ

Complex wave function in Fourier space:

1/3(13 k)= w(k)g(t, k) +ip(t, k)

A, k) = — iw(k)D(E, k)dt - %’( D00t k) — (e —k)*1dt

+fyl/2ifTr(k,k’)[w(k-k)-w(-k+k) 1dw(t, k")

<dw*(t,k)dw(s, k") >= §(k-k")6(t-s)dt dk, < dw(t,k)dw(s,k")>=0
r(k, k") =22 (K)r (2(k = k') +2r (2k)rZ(k = k'), r(k) =sin(rk)
B(k) = 8r2(k) +4r2(2k) ~ k?

S. Olla - CEREMADE Scalings



Wigner distribution

We(n, k, t) = (" (k = en, )i (k + en, 1))
Wely.kit)=e [ e2VTW.(n,k,t) d
(v, k1) 0 (1, k, ) dn
This is different from the energy < &[.-1,) >, but can be proven that

We(y, k, t)— < & (t)>—>0
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Start with initial distribution such that sup, € < |¢(0)||> >< C, and

We(n,0) = [ We(n,k,0) dk — Wo(n)

Theorem
W, ke 22t) — e 1 i (i)
i " A" (0)3/4
with & = %
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previous results

» Basile, O. Spohn, ARMA 2009: kinetic limit/weak noise:
~v=e¢y', § =1, convergence to a linear Boltzmann equation

0:W (1, k, t) + inw' (k)W (1, k, t) = yLW (1, k, t)
with the scattering operator
LW k,t) = [ RO KW K 6) =Wk, )
R(k, k") = R(K' k) = r*(k,k — k') + r?(k, k + k")
= % > Ri(k)R_ij(k") for the continous noise

i=+1

= %R(k)R(k) for the velocity exchange noise
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previous results

» Basile, O. Spohn, ARMA 2009: kinetic limit/weak noise:
~v=e¢y', =1, convergence to a linear Boltzmann equation

W (n, k. t) +inw' (k)W (n, k, t) =vLW (n, k, t)

» Jara, Komorowski, O.; Basile, Bovier: invariance principle for
the corresponding Markov process:

-3/2 _ A2 / §_
AX(A79t) = A A w'(K(s)) ds/\—a 5 stable Levy
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previous results

» Basile, O. Spohn, ARMA 2009: kinetic limit/weak noise:
~v=e¢y', =1, convergence to a linear Boltzmann equation

W (n, k. t) +inw' (k)W (n, k, t) =vLW (n, k, t)

» Jara, Komorowski, O.; Basile, Bovier: invariance principle for
the corresponding Markov process:

-3/2 _ A2 / §_
AX(A79t) = A A w'(K(s)) ds/\—a 5 stable Levy

» Mellet, Mishler, Mouhot, ARMA 2011: Related work by
analytic approach.
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previous results

» Basile, O. Spohn, ARMA 2009: kinetic limit/weak noise:
~v=e¢y', =1, convergence to a linear Boltzmann equation

W (n, k. t) +inw' (k)W (n, k, t) =vLW (n, k, t)

» Jara, Komorowski, O.; Basile, Bovier: invariance principle for
the corresponding Markov process:

-3/2 _ A2 / §_
AX(A79t) = A A w'(K(s)) ds/\—a 5 stable Levy

» Mellet, Mishler, Mouhot, ARMA 2011: Related work by
analytic approach.

» Cedric Bernardin, Milton Jara, Patricia Goncalves, 2014: 2
conserved quantity model, equilibrium fluctuations.
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Time evolution of the Wigner distribution

Anti-Wigner distribution:
Ze(n, k) = (k- en, t)ib(k + en, t))
for small ¢, § =2/3,

OW,(n, k, e °t) = —ie L' (K)n W, + ve LW,
— e 55 [Z.(n, k,t) + Ze(=n, k, t)]
v’ L W+ o(e)
O Zc(n, k,e%t) = ...
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Time evolution of the Wigner distribution

Anti-Wigner distribution:

Ze(n, k,t) = (Y(k —en, )k +en, t))
for small ¢, § =2/3,
OW,(n, k, e °t) = —ie L' (K)n W, + ve LW,
— € 6[’ [Zﬁ(na k7 t) + Ze(_777 ka t)]
v’ L W+ o(e)
8t76(77, k,e_‘st) =...

» Because of fast time fluctuations Z(1, k,e9t) — 0.
» By averaging for many collisions W, (1, k, e %t) — W (n, t),
constant in k.
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Let's drop Z. =0 and smaller terms in €, we are left
OeWe(n, k,et) = ~ie” 10 (K)nWe +7e LW
LW, (n, k) - f Rk, K Y(W (0. K',£) = We(n. k, 1))
R(k, k") = Z Ri(k)R_;(k")
/ +1
To simplify the argument assume the simpler scattering rate
R(k, k") = R(k)R(K"), fR(k)dkzl, R(k) ~ k?
LW, (1,k,£) = R(K) [ ROUW(, K, £)dk = RUOW.(n, K, )
= R(k) < R,W. > -R(k)W.(n, k, t)
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Taking Laplace Transform we(n, k,\) = [, e MW, (n, k,e0t)dt,
and denoting < R, W, >= [ R(k')W(n, k', \)dk’

ENVe + iew’ (k)nwe — R(k) < R, We > +R(k) W, = € Wo(n, k)
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Taking Laplace Transform we(n, k,\) = [, e MW, (n, k,e0t)dt,
and denoting < R, W, >= [ R(k')W(n, k', \)dk’

ENVe + iew’ (k)nwe — R(k) < R, We > +R(k) W, = € Wo(n, k)
rearranging

EWo(n, k) + R(k) < R, W, >

e(n, k, A) = .
we (1 ) N+ R(k) +iew' (k)n

Multiplying by R(k) and integrating in k, after rearrangement:

- R(K?

<R, W.>¢ 5(1_/ 66)\_,_,133(/()+iew’(k)7]dk)
_/‘ R(k)WO(nvk)
~J N+ R(k) +iew (k)

dk
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<R,|ﬁ/€>e_‘S 1—[ R(k)_ dk
SN+ R(k) +iew'(k)n

_ / R(k)Wo(n, k)
~J XN+ R(k) +iew' (k)7
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<R,|ﬁ/€>e_‘S 1—[ R(k)_ dk
SN+ R(k) +iew'(k)n

_ / R(k)Wo(n, k)
~J XN+ R(k) +iew' (k)7

f R(k)Wo(n, k)

dk —> /W k) dk = W,
N+ R(k) +iew'(k)n 0, k) o(m)
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2
<R,|ﬁ/€>e_‘S 1—[ R(k)_ dk
SN+ R(k) +iew'(k)n

_ / R(k)Wo(n, k)
~J XN+ R(k) +iew' (k)7

f R(k)Wo(n, k)

dk —> /W k) dk = W,
N+ R(k) +iew'(k)n 0, k) o(m)

- R(k)?
5 A 3/2
1—f k| —
‘ ( 65/\+R(k)+iew’(k)77d ) Axen
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2
<R,|ﬁ/€>e_‘S 1—[ R(k)_ dk
SN+ R(k) +iew'(k)n

_ / R(k)Wo(n, k)
~J XN+ R(k) +iew' (k)7

f R(k)Wo(n, k)

dk —> /W k) dk = W,
N+ R(k) +iew'(k)n 0, k) o(m)

- R(k)?
5 A 3/2
1—f k| —
‘ ( 65/\+R(k)+iew’(k)77d ) Axen

<Ry >= [ RO,k \)dk —> w(n, ).
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2
<R,|ﬁ/€>e_‘S 1—[ R(k)_ dk
SN+ R(k) +iew'(k)n

_ / R(k)Wo(n, k)
~J XN+ R(k) +iew' (k)7

f R(k)Wo(n, k)

dk —> /W k) dk = W,
N+ R(k) +iew'(k)n 0, k) o(m)

_ R(k)?
5 A 3)2
- [ k| —
‘ ( 65/\+R(k)+iew’(k)77d) Aven
<R, W, >= fR(k)\?ve(n,k,)\)dk—> w(m, ).

—  (A+en®?)w(n,\) = Wo(n) O
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