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Ultra-cold atoms in confining potentials

= Recent progress in the experimental manipulation of cold atoms

# to investigate the interplay between quantum and thermal
behaviors in many-body systems at low temperature



Ultra-cold atoms in confining potentials

= Recent progress in the experimental manipulation of cold atoms

# to investigate the interplay between quantum and thermal
behaviors in many-body systems at low temperature

= A common feature of these experiments: presence of a confining potential
that traps the atoms within a limited spatial region
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Spinless free fermions in a 1d harmonic potential
V(z)4




Spinless free fermions in a 1d harmonic potential
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At zero temperature: connection between spinless free
fermions in a harmonic trap and Random Matrix Theory (GUE




QOutline

® Free fermions in d=1 & T=0 and Random Matrix Theory (RMT)

® Free fermions in d=1 & T>0 and KPZ equation: main resulfs

= Sketch of the derivation of our results

= Extension to higher dimensions, d>1

® Conclusion



Connection between free fermions at T=0 and RMT

= A single quantum particle in a harmonic potential
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= A single quantum particle in a harmonic potential
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Connection between free fermions at T=0 and RMT

= A single quantum particle in a harmonic potential
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Hermite polynomial
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N spinless free fermions in a 1d harmonic trap at T=0
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N spinless free fermions in a 1d harmonic trap at T=0

® The N-particle wave function is given by a N X N Slater determinant
1
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N spinless free fermions in a 1d harmonic trap at T=0

® The N-particle wave function is given by a N X N Slater determinant
1

Wo(r1, T2, axN):ﬁdet:%(%‘)] 0<i<N-—1
' 11/2 1<j<N
8% _O¢2:1:2

N—-1 N2
Ground state energy L= ) ¢, = -

k=0



Connection between free fermions at T=0 and RMT

= Ground-state wave function
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Connection between free fermions at T=0 and RMT

= Ground-state wave function
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Connection between free fermions at T=0 and RMT

= Ground-state wave function

1

Uo(z1, 22, - ,xN) = —— det|p;(z;)] 0<i<N-1
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Hermite polynomial of
degree ;
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1<j<k<N

® Squared many-body wave function (T= 0 quantum probability)
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Connection between free fermions at T=0 and RMT

= Squared many-body wave function (T=0 quantum probability) for fermions
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Connection between free fermions at T=0 and RMT

= Squared many-body wave function (T=0 quantum probability) for fermions

1
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entries. The PDF of the (real) eigenvalues \'s is given by
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Connection between free fermions at T=0 and RMT

= Squared many-body wave function (T=0 quantum probability) for fermions

1
Uo(21,--an)]* = 1 —x;)2e”® Xt T
J
zn () s

wlet M bea N X N random Hermitian matrix with Gaussian (complex)
entries. The PDF of the (real) eigenvalues \'s is given by

Pjoint(>\17" —HA—)\ 2_ ’JLVl)\f
Z<]

# The posmons of the free fermions behave statistically IlkeE
eigenvalues of GUE random matrices —

(04331704332, Oé:EN) (Ala)\Qa 7)\N)



Properties of fermions in a 1d harmonic trap at T=0

® Squared many-body wave function (T=0 quantum probability) for fermions
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® Squared many-body wave function (T=0 quantum probability) for fermions
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’ The spatial properties of free fermions in a harmonic trap at T=0
can directly be obtained from the known results in RMT

Eisler ’1 3/Marino, S. N. M., Schehr,Vivo ’|4/Calabrese, Le Doussal,S. N. M.’ |5



Properties of fermions in a 1d harmonic trap at T=0

= Squared many-body wave function (T=0 quantum probability) for fermions

1
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’ The spatial properties of free fermions in a harmonic trap at T=0
can directly be obtained from the known results in RMT

Eisler ’1 3/Marino, S. N. M., Schehr,Vivo ’|4/Calabrese, Le Doussal,S. N. M.’ |5

= Average density of free fermions: VWigner semi-circle law
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Properties of fermions in a 1d harmonic trap at T=0

= Average density of free fermions: Wigner semi-circle law
N
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See also Local Density (or Thomas-Fermi) Approx. in the literature on fermions




Properties of fermions in a 1d harmonic trap at T=0

= Average density of free fermions: Wigner semi-circle law
N

o (2, = 0) = = 36 — )

1=1

for N>1 pn(@,T=0)~= %fw (j—%) ,(fw(z) — %\/2 — z]
\

See also Local Density (or Thomas-Fermi) Approx. in the literature on fermions
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Properties of fermions in a 1d harmonic ftrap at T=0

= Average density of free fermions:
N

o (2, = 0) = = 36 — )

1=1
8% axT

for N1 pwle T =0) > fw (\/N) ,fw(z):%\/ﬁ

See also Local Density (or Thomas-Fermi) Approx. in the literature on fermions

) What happens close to the
| edge for finite IV ?
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Properties of fermions in a 1d harmonic trap at T=0

& Edge densi’ry of free fermions Bowick, Brézin ’9|/Forrester ‘93
1 r— V2N /«
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Properties of fermions in a 1d harmonic trap at T=0

& Edge densi’ry of free fermions Bowick, Brézin ’9|/Forrester ‘93
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Fermions in a 1d harmonic trap at T=0: kernel

= Higher order correlations

e.g., 2-point correlation function: Ry(y.z) = > (3(y —2;)d(z — x;))
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= Higher order correlations

e.g., 2-point correlation function: Ry(y.z) = > (3(y —2;)d(z — x;))
1F#]

n-point correlation function
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Fermions in a 1d harmonic trap at T=0: kernel

= Higher order correlations

e.g., 2-point correlation function: Ry(y.z) = > (3(y —2;)d(z — x;))
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Fermions in a 1d harmonic trap at T=0: kernel

= Higher order correlations

e.g., 2-point correlation function: Ry(y.z) = > (3(y —2;)d(z — x;))
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Fermions in a 1d harmonic trap at T=0: kernel

= Higher order correlations

e.g., 2-point correlation function: Ry(y.z) = > (3(y —2;)d(z — x;))
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in particular, the average density is given by py(x) = %KN(:E,:I;)



Limiting form of the kernel for trapped fermions at T=0

= Bulk limit: when = & y are far from the edge and
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Limiting form of the kernel for trapped fermions at T=0

= Bulk limit: when = & y are far from the edge and
1

and |z — y| ~ N (2) = inter-particle distance
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Limiting form of the kernel for trapped fermions at T=0

= Bulk limit: when = & y are far from the edge and
1

and |z — y[ ~ Now(@) = inter-particle distance
_1 [z —y| 2
Kn(z,y) = EICbulk ( ; ) , 0= Now (@)
(. sin (22) | |
Kbuk(2) = Sine-kernel
™2
A\

= Edge scaling limit: for z & y close to the edge 7cdge = V2N /a
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K ~ —Ke e —5 ’ 5 ) w —
~(z,y) . dg ( . . N o

E,Kedge(a,b) ~ Ai(a)Ai/(bi:?i'(“)Ai(b) } Airy-kernel




Position of the rightmost fermion at T=0
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Position of the rightmost fermion at T=0
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largest eigenvalue
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in the GUE ensemble
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Position of the rightmost fermion at T=0
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largest eigenvalue
of random matrices
in the GUE ensemble
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—} fluctuations of z,.<(7" = 0) are governed by the Tracy-Widom
distribution for GUE



Position of the righmost fermion at T=0
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distribution for GUE
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Fredholm determinant Airy-kernel
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Fermions in a 1d confining trap at T=0: summary

= Form a determinantal process (c.f. GUE for a harmonic well )

= Bulk scaling limit: Sine-kernel
1 —
Kn(z,y) = ZKbulk (:13 y\)

/
sin (2 z
Kouk(2) = (22)

2

= Edge scaling limit: Airy-kernel
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Fermions in a 1d confining trap at T=0: summary

= Form a determinantal process (c.f. GUE for a harmonic well )

= Bulk scaling limit: Sine-kernel
1 —
Kn(z,y) = zlcbulk (x y\)

/
sin (2 z
Kouk(2) = (22)

2

= Edge scaling limit: Airy-kernel

1 T — Ted Y — Ted
Rt g (2, 0=t

Y

wWN WN
Ai(a)Ai' (b) — Ai'(a)Ai(b)
a—2b
® Universal behavior, i.e., independent of the confining potential

Kedge (a, b) —

V(z) ~ |z’ with a single minimum Eisler ’13



What happens at finite temperature

T>07



N free fermions in 1d-harmonic trap at T > O
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N free fermions in 1d-harmonic trap at T > O

e = hw(k +1/2)
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= Probability density function (PDF) of the positions s
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N free fermions in 1d-harmonic trap at T > O

e = hw(k +1/2)

T>0

= Probability density function (PDF) of the positions s
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Average density of free fermions at T > 0
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Average density of free fermions at T > 0

1 N

pn(z,T) = ~ ;@(l‘ — 1))
= Two well understood limits
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Average density of free fermions at T > 0

N

1
pn(z,T) = ~ ;@(l‘ — 1))
= Two well understood limits

T =20 T — o0
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Wigner semi-circle Boltzmann-Gibbs
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Average density of free fermions at T > 0

N
1
(@ T) = 5 (5w =)
= Two well understood limits
T — 0 (In’rerpola’rion T 3 60
at finite T ? .
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=

Wigner semi-circle Boltzmann-Gibbs



Average density of free fermions at T > 0

N
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= Two natural dimensionless variables
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Average density of free fermions at T > 0

N
1
pn (@, T) = = (3 — )
i=1
®= Two natural dimensionless variables
B % ~ Nhw q B mw?
Yy = T —T an 2= 5T

® High temperature scaling limit: N — oo, T'~ N |, x ~ VT
Dean, Le Doussal, S. N. M., Schehr ’ 14
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Average density of free fermions at T > 0

N
1
pn (@, T) = = (3 — )
i=1
= Two natural dimensionless variables
B @ ~ Nhw q B mw?
Yy = T —T an 2= 5T

® High temperature scaling limit: N — oo, T'~ N |, x ~ VT
Dean, Le Doussal, S. N. M., Schehr ’ 14
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See also Local Density (or Thomas-Fermi) Approx. in the literature on fermions
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Average density of free fermions at T > 0

® High temperature scaling limit: N — oo, T'~ N | & ~ VT

N h 2
o)~ Ser (B0 a5 ).

N T 2T
1 ” 2
R(y,z)——mhl/g (—(e —1)e )
10 Dean, Le Doussal, S. N. M., Schehr ’ 14

Wigner
0] semi-circle
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Average density of free fermions at T > 0

= Low temperature scaling limit: N — oo, T ~ N2 < N
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= Low temperature scaling limit: N — oo, T ~ N'/3 < N
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Average density of free fermions at T > 0

= Low temperature scaling limit: N — oo, T ~ N'/3 < N
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Average density of free fermions at T > 0

= Low temperature scaling limit: N — oo, T~ N'/3 < N

pN(f’T) What happens close to the

edge for finite V
and finite 7' ~ N1/3 2

T ~ b INY3Rw

.
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Average density of free fermions at T > 0

= Low temperature scaling limit: N — oo, T ~ N'/3 < N

pN(CC,T)
A

What happens close to the
edge for finite V
and finite 7'~ N1/3 ?
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Average density of free fermions at T > 0

= Low temperature scaling limit: N — oo, T ~ N2 < N
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Average density of free fermions at T > 0

= Low temperature scaling limit: N — oo, T ~ N2 < N

1 F (x@/oz)

pN(xa T) ~

WN

Asymptotic behaviors
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Correlation kernel for NV free fermions at T > O

= For N > 1the canomcal and grand-canonical ensembles coincide

number oF chemical potential
particles /V is fixed [t is fixed
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= For N > 1the canonlcal and grand-canonical ensembles coincide

number oF chemical potential
particles /V is fixed [t is fixed

® For N > 1 free fermions atT > 0 in the grand canonical ensemble
IS a determinantal process

n-point correlation function R, (x1,---,x,)~ 1<det< Kn(zi, zj)
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Z.<— Fermi factor eigenfunction




Correlation kernel for NV free fermions at T > O

= For N > 1the canonical and grand-canonical ensembles coincide

number of chemical potential
particles /V is fixed [t is fixed

® For N > 1 free fermions atT > 0 in the grand canonical ensemble
IS a determinantal process

n-point correlation function R, (zi,---,z,)~ det Kn(x;,z;)
1<z,5<n

N Pr(@)en(a)
Kn(z,2) = eBler—n) 4+ 1
k=0

00 single-particle

N = «——— Fermi factor eigenfunction

where ]:[gpk; = € Pk

see also Moshe, Neuberger, Shapiro '94/Johansson 07



Correlation kernel for NV free fermions at T > O

N e Pr(@)er(a)
Kn(z,2') = 2 el 4 1

= High temperature scaling limit: N — o0, T'~ N, 2 & 2’ ~ /T

1
Npn(z)

for |z — 2’| ~ = inter-particle distance



Correlation kernel for NV free fermions at T > O

KN(x,:[j/): S ok () (x)

Bler—
k:Oe(k m) 4+ 1

= High temperature scaling limit: N — oo, T~ N, 2 & 2/ ~ /T

1
for |z — 2'| ~ = inter-particle distance
| ‘ Npn(z) P
1 lx — 2’| 2
K N = Ky —
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“ wf 1+6p/(6y—1))\/ﬁ

generalization of the Sine-kernel
see also Garcia-Garcia,Verbaarshot '03/Johansson 07
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Correlation kernel for NV free fermions at T > O

KN<QE733/): S ok () (x)

Bler—
k:Oe(k m) 4+ 1

= High temperature scaling limit: N — oo, T~ N, 2 & 2/ ~ /T

1
for |z — 2| ~ = inter-particle distance
‘ ‘ Npn(z) P
1 lx — 2’| 2
K "N = “ Ky V=

S COS(\/%”U) “
Kbulk (v) 7r\/7 1+ep/(ey—1))\fdp

generalization of the Sine-kernel
see also Garcia-Garcia,Verbaarshot '03/Johansson 07
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. - .

= Universal behavior, i.e., independent of the confining potential
V(33> ~ ‘xlp Dean, Le Doussal, S. N. M., Schehr ’ 14



Correlation kernel for N free fermions for T > O

N k(@) on(a)
Ky(z,2") = 2 el 4 1

= Low temperature scaling limit: N — oo, 7'~ N'/3 < N

when z & 2’ are close o the edge 7cqge = V2N /v



Correlation kernel for N free fermions for T > O

N k(@) on(a)
Ky(z,2") = 2 el 4 1

= Low temperature scaling limit: N — oo, 7'~ N'/3 < N

when z & 2’ are close o the edge 7cqge = V2N /v

N—1/6
V20

1 x—r x —r
IN edge edge o
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Correlation kernel for N free fermions for T > 0

NN er(@)en()
KN(Q?,Q? ) _ e eBlen—n) 4 1

= Low temperature scaling limit: N — 00, T ~ N'/3 <« N

when z & 2’ are close o the edge 7cqge = V2N /v

1 T — Todeo T — Teod N—1/6
K N e Kedoe edge edge _
N(x’x) WN “ ( wy WN ) S \@a
S Ai(a+u)Ai(b+u) a
{Kedge(anb) — /_OO e_bu—l— 1 du |
— |

Dean, Le Doussal, S. N. M., Schehr ’ 14

see also Johansson '07 generalization of the Airy-kernel

= Universal behavior, i.e., independent of the confining potential
V(x) ~ |zf?
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Vi(z)4
T ~ N1/3

Tedge =V 2N/C¥

N—1/6
w p—

V2N V2N

o o
= Fluctuations of zpax (7 > 0) Dean, Le Doussal, S. N. M., Schehr ’ 1 4
) Bttt , EA— S ~

M — edge
Pr.(wmaX(T>O)§M)%f< ng)
WN

> Ai(a+u)Ai(b+ u)

d
e—bu 41 “

F(&) = det(] — PeKeqge ) ; Keage(a,b) = /
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®= KPZ equation in 1+1 dimensions and curved geometry
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Kardar-Parisi-Zhang (KPZ) equation at finite time

®= KPZ equation in 1+1 dimensions and curved geometry

1h(z,1) Ao
Orh = vO2h + ) (0:h)% + vV Dn(z,t)

to > 11

(n(z, t)n(a’, ")) = 6(x — 2")o(t —t')

_l=l

h(x,t =0) = 5

>
€T
Scaled variable:

N 20400, t) + |vas|t
h(O,t>: 2V (”3/t ‘/U |

£\ /3
Tt = P

Sasamoto, Spohn ’10/Calabrese, Le Doussal, Rosso ’10/Dotsenko ’10/ Amir, Corwin, Quastel [ |
Imamura, Sasamoto, Spohn ’| 3




Kardar-Parisi-Zhang (KPZ) equation at finite time

®= KPZ equation in 1+1 dimensions and curved geometry

th(x,t)

to > 11

O:h = vO2h + % (8:h)? + vV Dn(z,t)

(n(z, t)n(a’, ")) = 6(x — 2")o(t —t')

_l=l

t=20

> _ ) —
. h(z,t =0) = 5

Scaled variable:

5 20400, t) + |vas|t
h(0,t) = o (’y)t Voo |

1/3
t
= Time-dependent generating function of the height field e <t_*>

¢ -
g:(¢) = (exp(—en(MOH=Oy)

Kpuk(z,y) = /

R
9:(¢) = det(] — Pr Kpu )

> Ai(z+x)Ai(z + y)
e % 41

dz
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® Free fermions problem: fluctuations of ... (7" > 0)

M_ e e
Pr.(aﬁmaX(T>O)§M)%f< Lode >
WN
> Ai(a+ u)Ai(b+ u)

d
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Connection between fermions at finite temperature and
KPZ at finite time

® Free fermions problem: fluctuations of ... (7" > 0)

4 M B T
Pr.(zmax(T > 0) < M) =~ F ( redge)
WN
F(g) — det(l o PfKedgepf) ) Kedge(aa b) — / AZ(CL :—giA_i(f * U) du
\_ | A R | o | | .
= KPZ equation: generating function of the height field 4(0,1)

[ 9:(C) = (exp(—e(MOD=0)y)

> Ai(x + 2)Ai(y + 2 ‘
| gt(C) = det(l — PCKedgePC) , Kedge(%y) — / ( 6_775)’2 _|_(§ ) dz |

et et oo .




Connection between fermions at finite temperature and

KPZ at finite time

® Free fermions problem: fluctuations of ... (7" > 0)

f M — Tedge )
Pr.(zmax(T >0) < M) = F
WN
.F(f) — det(l o PfKedgepf) ) Kedge(aa b) — / AZ(CL :—giA_i(f * U) du
N v,
= KPZ equation: generating function of the height field 4(0,1)

o — — S— T menesa———— S -

9:(¢) = (exp(—e" FOI=0)) i
| > Ai(x + 2)Ai(y + 2 ‘
| gt(C) — det([ o PCKedgePC) ) Kedge(xay) — / ( 6_%)'2 _|_(¥ ) dz
9 . — 00 - , y

, "

R EERS

_

formal connection between the two problems
with 1/T < tl/g Dean, Le Doussal, S. N. M., Schehr ’14
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. — E . —B(ery +tery)
1 coe N
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= Exact expression for the av. density pn(z,7T) = N > bz — )
1=1

pn(z,T) Z/ dwz"'/ dx N Pioint(T, T2, ,TN)

infroduce the occupation numbers

0, if state k& is empty
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1, if state [ is occupied
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Average density of free fermions at T > 0

k>0

pN () = ]\/erN]\ffﬁ)) with  My(z)= > {(Z mi (k@ ) e 2kzo kg (Z mk,N>

= Generating function: grand-canonical ensemble, with z = "~

Z NNN Z ka gOk e P k>0 M€k L2 k>0 Mk

N2>0 {my} k>0 - _
=Y (erle)Pze P I | 32 efmies
k>0 j#k | m;=0 ]
. ze Per
=H F2e7 9] Y (en@)’ T

k>0

similarly Z N ZNn(B) = H (1+ze P%9)  grand-canonical partition function
N>0 j=0
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= An exact formula (using Cauchy formula)

—Be

1§ s VT2 e79) Ty (o (2))? 25 =5,

L) = €
() =y e (VIO I, (ze 7 7)

1 2* e Pek

pn(e) A =D (onl(a))’
k>0

via saddle-point
1 + zxe—Pex calculation

e~ Pek

where /N =
Z 1 + ¥ — Beyg
k>0

Settin * — P one has e e _ 1 _
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Fermi factor
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® Final result for the density for large N
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Correlation kernel for free fermions at T > O

® Final result for the density for large N

(@) ~ 5 S (ou()

Bex—
>0 eB(ek M)—|—1

=n-point correlation functions for large NV (by similar computations)

Rn(xla T 73371) ~ 1<(%?jt<n KN(xivxj)

where the correlation kernel is given by

N _ N Pr(@) k(@) N 1
Ky(z,2") = eBler—p) 4 1 and N = ];) eBler—p) 1+ 1

k=0
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Free fermions in a d-dimensional harmonic trap (T=0)

= Single particle Hamiltonian

A—_h_Q 8_2_|_ _|_a_2 _|_1 2(2_|_ 2)
B 0y x4 o\ 5,

= Global density (at T=0) |

m' /2[ _%mw%z]d/Q :
( pN(X)%Jb(zwiﬂ)d MF(d/2+1) J

\ | i
with p~Aw(d+1)N]Y?  Dean, Le Doussal,S. N. M., Schehr, arXiv: 1505.01543
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® Edge density of free fermions
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Free fermions in a d-dimensional harmonic trap (T=0):
limiting correlation kernels

Kn(x,y) =) 0(Er — e )tu(x)tk(y)

® In the bulk
1 — . _
Ky (x,y) = 53Kpu <|X ( y‘> with £ =[Npy(x)ya "
[ _ Jd’/‘2(25’3>
(’Cb“”‘(‘"”) <m>d/2]
\.
= At the edge Dean, Le Doussal, S. N. M., Schehr, arXiv: 1505.0154 3

1 X —Ted Y —I'g
- ge edge
KN(Xa Y) ~ —dlcedge ’
Wy wN WN

. - 9 iqat) g0 (o2 2, Gntbn)
WI-I-h (’Cedge(aﬁb):‘/‘(Zﬂ_?de q( b)A’Ll (23q2_|— 21/3 )}

\

00
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Conclusion

= Exact results for Free fermions in d=1 at finite temperature T>0

= Connection between Free fermions in d=1 at T>0 and KPZ equation

= Extension to higher dimensions (d>1 and T = 0): generalizations of the
Sine and Airy Kernel

= Universality of these new kernels: they do not depend on the trapping
potential (for spherically symmetric trap with a single minimum)

= Extensions to both d>1 AND T>0 (tbp soon)

= Can one observe these Kkernels in cold atoms experiments ?



