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¢ Time-dependent system {nt(x) ;X € Z}, state space X7

> exclusion rule: 7.(x) = particle number, X = {0, 1}

> oscillators: 7,(x) = position or velocity, X = R or R?

e Invariant measures:

> one conserved quantity (density): > n(x)
> invariant measures: v,(dn) on XZ, f n(x)v,(dn) = p.

e Generator of the Markov process:

d _

T uLl u(t) = law of {nt(x) ;X E Z}.
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r(m) = () (1—nG+ 1)) (nGc—1) +1(x +2)) (% . %)

e Add weakly asymmetry, for y > 0

> Equilibrium measure = Bernoulli v, with p € (0,1)

Pn(x)=1]=p, P[n(x)=0]=1-p
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¢ Rate to exchange 1(x) and n(x+ 1)
) =16 (1= e+ 1) (= D+ 0+ 2) (5 5 )

e Add weakly asymmetry, for y > 0

> Equilibrium measure = Bernoulli v, with p € (0,1)

Fluctuations around equilibrium??
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e Initial distribution: v, (equilibrium)
> Stationarity: for any t = 0, the law of {nt(-)} isv,
> Acceleration of time:

P, = law of the process {nma(-) ;e [0, T]}
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e Initial distribution: v, (equilibrium)
> Stationarity: for any t = 0, the law of {nt(-)} isv,
> Acceleration of time:

P, = law of the process {nma(-) ;e [0, T]}

¢ Density fluctuation field:

V() 1= %;%’(g)(nma(ﬂ—ﬁ) 0 €S®)

> For each fixed time

distr.

V()—_ 2(PIV(:) W= white noise  (CLT)

> Limiting process for t €[0,T] and n — oo ?

Sl 7?7 s [
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II. BOLTZMANN-GIBBS PRINCIPLES (BG)

¢ Density current:

> Conservation law:

dn(x) _

dr ((x)) (]xx+1) ]x—lx(n) ]xx+1(77)
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II. BOLTZMANN-GIBBS PRINCIPLES (BG)

¢ Density current:

> Conservation law:

dn,
nd,EX) ( (X)) (]xx+1) = Jjx—1 x(n) Jxx+1(77)
> Integral part:
J (yn((p) ]xx+1(nsnﬂ) E []xx+1(7)):|}
0 0 xEZ

e Decomposition of the current:

() = V() + 5 {n(x)n(x+ 1)+ 760G+ Dr= 1)+
—

gradient polynomial degree 3
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1. GRADIENT PART V(h,): FIRST-ORDER BG

¢ Second integration by part:

0 xez
:=H(p)

"(2) {re(ns)—E, [R(m)] } ds
N—_——
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¢ Second integration by part:

‘/— J;) Z LP// h (T)sna)_Ep[hx(n)J } ds

XEZL
:=H(p)

¢ Boltzmann-Gibbs principle [1984] (for a = 2)

f Z // x(nsnz)_H(p)_H/(p)(nsnz(x) —P) } ds —oo) 0

n—
X€EZ ~ X
close the equation

e Limiting process: fora =2 and y > %
Ornstein-Uhlenbeck process (OU)

{yt”(-)} converges in distribution to the stationary solution of

dY, =D(p) AY,dt+ +/2x(p)D(p) V(dB,), B, = Brownian
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2. FuncTION n(x)n(x+ 1): SECOND-ORDER BG
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¢ Second-order Boltzmann-Gibbs principle [2014]

L é”(") T e e 1) (7,00 = "(”)]}ds”

<C(,p,t)xe(a,l,n)
—_—— ——
constant error

where
x+L

T =n@-p,  T@=7 > (10)-p)

y=x+1
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where
x+L

_ _ 1
M =n-p, TC=7 > (n0)=p).
y=x+1
¢ Proof of [Goncalves, Jara, Sethuraman 2015]

> Avoid null rates: perturbation of the model by jumps
coming from simple exclusion

> Multiscale analysis using the spectral gap

> Proof for every local function
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3. CONSEQUENCES OF THE SECOND-ORDER BG

e Limiting process: fora=2 and y = %

Stochastic Burgers Equation

{yt"(-)} converges in distribution to the stationary solution of

dY, =D(p) AY, dt+bV(V?) dt+ 1/2x(p)D(p) V(dB,).

8/8



3. CONSEQUENCES OF THE SECOND-ORDER BG

e Limiting process: fora=2 and y = %

Stochastic Burgers Equation

{yt”(-)} converges in distribution to the stationary solution of

dY, =D(p) AY, dt+bV(V?) dt+ 1/2x(p)D(p) V(dB,).

e New proof without spectral gap [Franco, Gongalves, S.]

8/8



3. CONSEQUENCES OF THE SECOND-ORDER BG

e Limiting process: fora=2 and y = %

Stochastic Burgers Equation

{yt”(-)} converges in distribution to the stationary solution of

dY, =D(p) AY, dt+bV(V?) dt+ 1/2x(p)D(p) V(dB,).

e New proof without spectral gap [Franco, Gongalves, S.]

e New applications to different models:
> Porous media models

8/8



3. CONSEQUENCES OF THE SECOND-ORDER BG
e Limiting process: fora=2 and y = %

Stochastic Burgers Equation

{yt”(-)} converges in distribution to the stationary solution of

dY, =D(p) AY, dt+bV(V?) dt+ 1/2x(p)D(p) V(dB,).

e New proof without spectral gap [Franco, Gongalves, S.]

e New applications to different models:

> Porous media models
> Hamiltonian oscillators with harmonic or exponential
interactions

8/8



3. CONSEQUENCES OF THE SECOND-ORDER BG

e Limiting process: fora=2 and y = %

Stochastic Burgers Equation

{yt”(-)} converges in distribution to the stationary solution of

dY, =D(p) AY, dt+bV(V?) dt+ 1/2x(p)D(p) V(dB,).

e New proof without spectral gap [Franco, Gongalves, S.]

e New applications to different models:
> Porous media models
> Hamiltonian oscillators with harmonic or exponential
interactions
> Exclusion processes with slow bonds
(— Talk of Patricia Gongalves, next week)
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