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Dynamics processes & Fluctuation theorems

reservoir at T’ (Q): heat, W: work (AE = Q + W)

external
agents start fromfor system
¢ ‘ and evolve over time ¢.

Integral fluctuation theorems <6_R> =1 (i.c.)

<e_AStot> — 1 (Stot =5+ S, total entropy) (any i.c.)
<e_5Wd> — 1 (Wyg=W — AF: dissipated work)(EQ i.c.)
R=—-8BQne, AS —BQeuy, -

Thermodynamic 29 laws (R) > 0. 4mm Jensen’s inequality



Dynamics processes & Fluctuation theorems

Detailed fluctuation theorems (R = AS;ot, BWy4 = W — AF,--)

?(R) — eR (15 for ‘reverse’ process for AS;., BWy)
P(—R)

when P =P p(R)|

l e rare-event prob. < frequent-event prob.

rare events _,l,/ .
0 R

e Generating function ‘G()\) — <e—>‘ )| = de P(R) e~ R
) (G(\) =G(1—)\)

e Tail usually decays exponentially.
P(R) ~ ek

Singularites of G(\) characterize tail shape at A = —a
(also at A =1+ a) (DFT)



One-page summary of our analytic results

e We consider a simple linear dffusion system without time-dep. protocol
and watch the P(Wy) tail as function of time t. p—pP & W, = W

P(Wy) tail shape changes as t increases

P(Wy) not smoothly, but sharply through

t=20
dynamic locking-unlocking transitions.

t=t; >0 e~ Mo (D)|W] ! e Poltc)[W]

P W = | P W ~

I 1T
te ¢

Wa
e More surprisingly, we find sequences of dynamic transitions,

sometimes infinitely many transitions, I—=II—I— --- at t.1,tc0,te3, -

depending on specific details of linear diffusion processes.



Linear Diffusion Systems

Brownian dynamics
mk =~k +£(x) + € (£()ET()) = 2D5(t — )
Diffusion dynamics (overdamped limit)
vx =f(x) + & f=f +f,,=—-VE+f,. (highdim. >1)

t t
/dT).(T'fc:—AE /dTXT'fncEW —AE+W =-Q
0 0

Linear force ™ Analytically solvable

f=—F .- x multiFarate Orndteice Ulderibgck process

F.=F! and E(x) = %XT F.-x Exact P(x,t), J(x,1)
Fre # FZC =) NEQ steady state with rotating current



Linear Diffusion Systems

e simple examples

Particle dynamics trapped in a harmonic potential and driven by a swiring force in 2D

vX = —F. - x—F .- x4+ &

\ 3 \ et =Y 1\ / ‘ / 4 :

F. = l+a AR S Y
F  — 0 ¢ - | ~ - molecular motor
e —( 0 ~ - global climate system
(a) X, _
Brownian gyrator: nano heat engine . | :
(Filliger and Reimann, PRL 2007) N two dlﬂf‘ I
_ > ~—~ 1 |F€Servoirs
Molecular refrigerator — S
(Kim and Qian , PRL 2004/PRE 2007) Py underdamped
_ _ : - only FT point of view
Time-dependent harmonic potentials - long-time limit (large deviation)

Zon/Cohen, Nickelsen/Engel, .. ) : : :
( gel. ) - no interesting transient behavior



Linear Diffusion Systems
e Set v = D =1 (scaling & rotation with § = 1)

x=-F.-x+& (F=F, +F,) (EBE W) =2160t-1)
e Path-integral formulation (Onsager-Machlup)

Pi(x) = / dxoPo(x0) / Dixle” fo drL(x,x) (all Gaussian integrals)
Pt(X) ~ e_%xT'A(t)'x

. L. T .
L(x,%) = 7 (x+F-x)" - (x+F x) with A(0) = F.. (EQ)
. 9 T dA_l —1 —1T
A=—2A? + AF+FTA mhp — — =21—FA'-A"IF

e Generating function

G(\) = (e ) = /dxtdxopo(xo)/l)[x]e_ Jo drILeex)+AW]
t

L(x,%) = L(x,%) = Ax" - Foc - x - A=cop2dr AF-FFETA + A



Linear Diffusion Systems

Crucial: Nonlinear Inhomogeneous Matrix DE to solve
A= —2A% + AF+ FTA+ A IE=F—>\(F,‘,—,|VET)
A= (FI'F—-FIF)/2
A(0) = Fo 4+ A(Fpe + FT ) /2

Exactly solvable for general F by translation and inversion.
In 2D, explicit form is available, but looks horrible.

G(\) = (e_)\W> Gaussian integrals ™9 Product of determinants

)\ 4

' . R A() — T
InG(A;t) = / dr Tr(A(r) —F) — 5 In = Al dif;ﬁ@) 2
0 C




Generating function and PDF

InG(\t) = /t dr Tr(A(T) — F) — %ln@et A(t) = A(Fnc + FL,) /2D

det F,.
z = det [A(t) — A(Fne + FL.)/2] G\, 1)

A< Ao

)\0(15) A > A,
For fixed t, z=0 at A = A\o(t) G(A,t) ~ (Xo(t) — A)~1/2

Near A = A\g(t), z(A;t) ~ (No(t) = A) P(W,t) ~ |[W|=1/2e=2o®IW]

e \o(t) decreases continuously with ¢
approaches A..

Type 1



Generating function and PDF

InG(\t) = /t dr Tr(A(T) — F) — %ln@et A(t) = A(Fnc + FL,) /2D

det F,.

For t; <t., z=0at A = A\g(t1) For to > 1., 2z>0at A=A,
Near A = A\g(t), z(A;t) ~ (Ao(t) — \) G diverges discontinuously.
G\, t) ~ (No(t) — N)~1/2 P(W,t) ~ [W|~2e7 W]
P(W,t) ~ |W|—1/26—>\0(t)|W| Type I o Ac = A\g(t.) constant. Type II



2D Linear Diffusion Systems
=—F-x+¢&
( 0 ‘-I) 2 = det [A(t) — A(Fne + FT.) /2]

e simple case

X
Fc:(1+y )

(a) y = 0.65
|I& II\ I: (b) - . .
\\ | I oscillation & mono. decreasing
A\ irrelevant oscillation
TN b) v = 0.7
I lll‘wt‘uxl“‘]i'*ruhl___ (b) y o
7 3 1,  oscillation relevant & complex tr.
T
| \—— |
k (@) | (c) y = /1097200
ST ooommmozzzzzzz] Boundary & inf. tangential pts.
b o1 (d) y =0.8 “strong” anisotropy
4 8 12 , S
T No (irrelevant) oscillation

1t overshooting dominant.



2D Linear Diffusion Systems

e simple case X =—-F-x+¢& I GO~ o) =N
oo (D)W
FC T O 1 — Y Fnc - _q 0
II G()\) ~ finite for A < A\g(t.)
: oo for A > Ao(te)
_Ao(tc |W|
0.9 e
P(W
0.8
. I T I
=
0.7 y=07 4 =06
24 = 0.3 = ]
06 :'. q q=0.3 -
- :.=I| y — *
05l I ' wi B £231 W g=0.3-
040 0 20 30 40 22 S <
t - ':““‘/“'-w“?-----:” — ==
v = VAR = +a)/Q), | ST
5 10 15 20

T* = 21/ VA1 = &) = /4", =



2D Linear Diffusion Systems

e simple case X=—-F-x-+§ o
6—)\0 t)|W > 1
= (5 0) R L PO~ g €21
¢ 0 1—y nc —q 0
iy I .2 09 11 P .
: q=0. ~
W= TAIL s (W) W2
> . Ej;ng e Origin for locking transitions?
0.8 | 0 - rotational mode by torque
> — ¢=03 & decaying mode by anisotropy
0.7 g=02 _II: tor . 11 h
=01 : torque is small enoug
0.6 | —q=0 to feel decaying mode
| g>1, - why locking like Shapiro steps?
0 : I no Il | e Ongoing and future works
041 W TAL - tilted washboard potential ?
0 10 20 30 40 )
r - i.c. dependence - P(Q)

y =/ (1+¢%)/2, X =(1+9)/(20), - underdamped
T* = 271//2(1 — ¢%) = 7/y*, - time-dependent protocol




