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A recurrence theorem is proved, which is the quantum analog of the recurrence theorem of Poincare\ 
Some statistical consequences of the theorem are stressed. 

IT is well known that in classical mechanics the 
following recurrence theorem holds, due to Poincare" 

(1890)1: "Any phase-space configuration (q,p) of a 
system enclosed in a finite volume will be repeated as 
accurately as one wishes after a finite (be it possibly 
very long) interval of time.,, 

In this paper we shall show that a similar recurrence 
theorem holds in quantum theory; it can be formulated 
as follows: "Let us consider a system with discrete 
energy eigenvalues En; if \F(tf0) is its state vector in the 
Schrodinger picture at the time to and e is any positive 
number, at least one time T will exist such that the 
norm \[^f(T)-^(to)\\ of the vector V(T)-y(t0) is 
smaller than e."2 

The proof of this theorem is simple and can be 
sketched in the following way: The equation of motion 
is 

i(d*(t)/dt) = H*(t); (1) 
the formal solution is 

00 

* ( 0 = £ r» exp(ivn-iEj)u(E»), (2) 

(the rn's being real positive numbers). From (2), 

| l ^ ( r ) - ^ ( / o ) | h 2 i : r n
2 ( l - c o s E n r ) ; (r^T-t0), (3) 

and, if JV is suitably chosen, 

Lrn2(l-cosEnT)<€. (4) 
.n=JV 

Consequently, it is sufficient to prove that there is a 
value of r such that 

N-l 
£ ( l - c o s E n r ) < 6 . 
71=0 

(5) 

But this is actually the case according to a standard 
result of the theory of the almost-periodic functions.3 

1 For a modern formulation of this theorem see A. Wintner, 
The Analytical Foundations of Celestial Mechanics (Princeton 
University Press, Princeton, 1947), p. 9.0. 

2 Besides this recurrence theorem, a quasi-ergodic theorem for 
*(*) exists [J. von Neumann, Z. Physik 57, 30 (1929), Sec. 4, 
p. 35]. However, it holds under very restrictive hypotheses, 
which most probably cannot be satisfied by any system having 
physical interest. 

3 See, e.g., Harald Bohr, Fastperiodische Funktionen (Verlag 
Julius Springer, Berlin, 1932), p. 31. 

Furthermore it is easy to prove that this quantum 
recurrence theorem does not hold in general if the 
system has a continuous energy spectrum. The situation 
here is quite similar to the classical one: the quantum 
systems having a continuous energy spectrum corre-
spond to classical systems not bounded to a finite 
volume. The analogy with the classical case is even 
deeper, since it is easy to prove (see Appendix) that 
also for the expectation values of the q's and p's a 
recurrence theorem holds, which in the classical limit 
goes over into the theorem of Poincare. 

The quantum recurrence theorem has statistical 
consequences rather similar to those of the Poincare's 
theorem in the classical case. 

Using Poincare's theorem, Zermelo (1896) was able 
to invalidate the unrestricted (nonstatistical) formu-
lation of the Boltzmann ^-theorem and to conclude 
that the "Stosszahlansatz" is, strictly speaking, in 
contradiction with the dynamical laws, the effect of the 
"Stosszahlansatz" being that of averaging out the 
fluctuations.4 

The quantum analog to the "Stosszahlansatz" is the 
assumption about the number of transitions,5 which is 
obtained by using the quantum-dynamical equations 
of motion and the conventional statistical postulate of 
equal a priori probabilities and random a priori phases. 

Analogously to the classical case, the quantum 
recurrence theorem shows that we cannot hope to 
obtain the assumption about the number of transitions 
without postulates of statistical nature. 

Our theorem shows furthermore that a similar con-
clusion is valid also for the probability transport 
equation. 

Finally we would like to emphasize that (contrary to 
a wide-spread belief) the expectation values of the 
macroscopic observables will not maintain indefinitely 
their equilibrium values, once they have attained them. 

APPENDIX. PROOF OF THE SIMULTANEOUS 
RECURRENCE OF THE EXPECTATION 
VALUES OF THE p's AND THE q's 

The state vector is 
^ (0 = Zm rm exp(i<pm-iEmt)u(Em). 

4 See, e.g., W. Pauli, "Gekuerzte Vorlesung ueber statistische 
Mechanik," lecture notes, Zurich, 1951 (unpublished), p. 5; and 
also L. Rosenfeld, Acta Phys. Polonica, 14, 3 (1955); D. ter 
Haar, Revs. Modern Phys. 27, 289 (1955). 

5 Formula (D1.30) of the review article by ter Haar quoted in 
reference 3. 
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Furthermore it is easy to prove that this quantum 
recurrence theorem does not hold in general if the 
system has a continuous energy spectrum. The situation 
here is quite similar to the classical one: the quantum 
systems having a continuous energy spectrum corre-
spond to classical systems not bounded to a finite 
volume. The analogy with the classical case is even 
deeper, since it is easy to prove (see Appendix) that 
also for the expectation values of the q's and p's a 
recurrence theorem holds, which in the classical limit 
goes over into the theorem of Poincare. 

The quantum recurrence theorem has statistical 
consequences rather similar to those of the Poincare's 
theorem in the classical case. 
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to invalidate the unrestricted (nonstatistical) formu-
lation of the Boltzmann ^-theorem and to conclude 
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The quantum analog to the "Stosszahlansatz" is the 
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a wide-spread belief) the expectation values of the 
macroscopic observables will not maintain indefinitely 
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Time averaged state

✦ if :| < Ψt1 |Ψt2 > |2 ∈ {0,1}
• the eigenvalues of  would be the fraction of time in  

spent in the corresponding eigenstate
ρ̄0,t [t0, t0 + t]

• the number of nonzero eigenvalues would give the size of the 
space visited in the interval [t0, t0 + t]
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• the projection onto the subspace generated by the eigenvectors 
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exponentially small in the system’s 
size for any nonzero τ1 − τ2

tr[ ρ̄α
0,t] = tr[⋯ρ̄2

0,t⋯] = tr[⋯∬
t

0

dτ
t2

|Ψτ1
> < Ψτ1

|Ψτ2
> < Ψτ2

|⋯]

the integration domain can be reduced 
into a region where  
can be series expanded about 

log < Ψτ1
|Ψτ2

>
τ1 ≈ τ2

MF, SciPost Phys. 6, 059 (2019)
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the integration domain can be reduced 
into a region where  
can be series expanded about 
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asymptotic expansion in the limit of a large number of sites

tr[ ρ̄α
t ] ∼ ∭

[0,t L]α

dατ
tαLd α

2
e−𝔢2

(τα − τ1)2 + ∑α−1
j=1 (τj − τj+1)2

2 ∼ α− 1
2 (

𝔢2

2π
)1 − α

2 t1−αLd 1 − α
2

Sα[ ρ̄t] =
d
2

log L +
1
2

log
𝔢2t2

2π
+

log α
2(α − 1)

+ O(L− d
2 )

SvN[ ρ̄t] ∼
d
2

log L +
1
2

log
𝔢2t2

2π
+

1
2

MF, SciPost Phys. 6, 059 (2019)
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Figure 3: The Rényi entropies S↵, with ↵ = 2, 3, 4, of the time averaged state in the time
window [0, 0.4J�1] after a quench of the magnetic field h = 1 ! 1.5 in the transverse field
Ising chain (82). The dots correspond to numerical evaluations of (11). The curves are the
asymptotic predictions plus the leading correction computed in Appendix C. The horizontal
lines show the limit L ! 1 (which are the predictions without the leading correction).

Transverse field Ising chain. The transverse field Ising chain is described by the Hamil-
tonian

H(h) = �J

X

`

⇣
�x

`
�x

`+1 + h�z

`

⌘
, (82)

where �↵

`
⌘ · · ·⌦I`�2⌦I`�1⌦�

↵

`
⌦I`+1⌦I`+2⌦· · · acts like the Pauli matrix �

↵

`
(↵ 2 {x, y, z})

on site ` and like the identity elsewhere. A Jordan-Wigner transformation maps the spin chain
into a chain of fermions, and the resulting Hamiltonian consists of two sectors where it acts
like a quadratic form. This allows for exact diagonalization, and also for the exact solution
of the dynamics when the initial state is a Slater determinant. For example, one can easily
compute the function f(t) defined in (7) after a global quench of h : hi ! hf (the system is
prepared in the ground state of H(hi) and then let to evolve under H(hf )) [9]

f(t) =

Z
⇡

0

dk

2⇡
log

⇣1 + cos�k

2
+

1� cos�k

2
e
2i"kt

⌘
, (83)

where
"k = 2J

q
1 + h2

f
� 2hf cos k

cos�k =
(hf � cos k)(hi � cos k) + sin k2

q
1 + h2

f
� 2hf cos k

q
1 + h2

i
� 2hi cos k

.
(84)

We are therefore in a position to check our predictions for the first Rényi entropies of ⇢̄t in
the limit of large L. Figure 3 shows a comparison between the numerical evaluation of the
entropies10 (as logarithms of multidimensional integrals) and our asymptotic predictions. The

10
As a matter of fact, we have dropped some exponentially small finite-size e↵ects by replacing a sum by an

integral in the logarithm of the overlap, i.e., by writing h 0|eiHt| 0i = exp(Lf(t)), with f(t) given by (83).

21

H(h) = − J∑
ℓ

(σx
ℓσx

ℓ+1 + hσz
ℓ)

t = 0.4J−1

quantum quench h = ∞ → 1.5

MF, SciPost Phys. 6, 059 (2019)
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Effective Size of the Space
MF, SciPost Phys. 6, 059 (2019)

𝔇(ϵ)
t = tr[θH( ρ̄t0,t − λϵ)]
ϵ = tr[ ρ̄t0,tθH(λϵ − ρ̄t0,t)]

t

|Ψ0 >

let   be the size of the space needed to 
approximate the time averaged state with error 

𝔇(ϵ)
t

ϵ

𝔇(ϵ)
t ∼

2𝔢2

π
erf−1(1 − ϵ)L d

2t

one can infer that  is the 
error on the state
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supp(O)

approximate support of eiHtOe−iHt

ℓ = |supp(O) |

 can be replaced by  L L̃ ≤ ℓ + 2vLRt + 2ξ

correlation length 
in the initial state

Lieb-Robinson bound

Lieb and Robinson, Comm. Math. Phys. 28, 251 (1972)



Time averaged state

Renyi entropies:   

(von Neumann entropy:  )

Sα =
1

1 − α
log tr[ρ̄α

0,t]

SvN = − tr[ρ̄0,t log ρ̄0,t]

complete characterisation of the eigenvalue distribution  (Hausdorff moment problem)

< Ψt1 |Ψt2 > = < Ψ0 |eiH(t1−t2) |Ψ0 > ∼ exp(
∞

∑
n=1

(−i)n κn(t2 − t1)n

n! )

Loschmidt echo

Time-averaged state 2/6
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stationary state
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Invariant subspaces 2/10



stationary state

x

E

 translationally invariantH

let’s start considering stationary states…

1. Does it exist an invariant subspace of states that are stationary in the 
homogeneous limit? 


2. How can the states be parametrised in that subspace? 

Invariant subspaces 2/10

locally quasi-stationary state

x

E

Bertini, MF, Phys. Rev. Lett. 117, 130402 (2016)
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Integrable systems  
with a TBA description

free-fermion system 
(e.g., transverse-field Ising chain)

interacting integrable system 
(e.g., XXZ spin-1/2 chain)

excited state

energy

momentum

local charge

excitations

λ1, λ2, …⟩ = [b†
λ1

b†
λ2

⋯] ∅⟩ λ1, λ2, …⟩ = [B(λ1)B(λ2)⋯] ∅⟩{b†
λ , bμ} = δλμ

{b†
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stationary state

x

E

locally quasi-stationary state

x

E

Bertini, MF, Phys. Rev. Lett. 117, 130402 (2016)

 translationally invariantH

1. Does it exist an invariant subspace of states that are stationary in the 
homogeneous limit? 


2. How can the states be parametrised in that subspace? 


3. Is a "space-time version" of the root densities  sufficient in interacting 
integrable systems?


4. How does  time evolve?

ρx
λ

ρx
λ
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Euler scale vs 
invariant subspace

x

E

"off-diagonal" d.o.f

humble/pragmatic view: 
I don’t know the details, but there's a 
limit when they don’t matter

< Ψt |Ox |Ψt > ∼ < {ρx
λ(t)} |O |{ρx

λ(t)} > + small corrections

∂tρx
λ + ∂xvλ[{ρx

λ}]ρx
λ = 0

(first-order) GHD
Bertini, Collura, De Nardis, MF, Phys. Rev. Lett. 117, 207201 (2016)

Castro-Alvaredo, Doyon, Yoshimura, Phys. Rev. X 6, 041065 (2016)
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humble/pragmatic view: 
I don’t know the details, but there's a 
limit when they don’t matter

< Ψt |Ox |Ψt > ∼ < {ρx
λ(t)} |O |{ρx

λ(t)} > + small corrections

x

E

audacious/reckless view: 
I don’t believe in coincidences, the 
existence of the limit could indicate…

|Ψ0 > ∈ ℒ𝒬𝒮𝒮 ⟹ |Ψt > = |{ρx
λ(t)} >

community

GHD  Schrödinger equation≡

∂tρx
λ + ∂xvλ[{ρx

λ}]ρx
λ = 0

(first-order) GHD
Bertini, Collura, De Nardis, MF, Phys. Rev. Lett. 117, 207201 (2016)

Castro-Alvaredo, Doyon, Yoshimura, Phys. Rev. X 6, 041065 (2016)

Invariant subspaces 5/10

Doyon’s lecture



Problems to face

1. The construction of an invariant subspace requires (almost) 
unambiguous definitions of the quantities used to characterise the state

what does  mean?ρx
λ(t) what’s the exact relation between  and expectation values?ρx

λ(t)
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1. The construction of an invariant subspace requires (almost) 
unambiguous definitions of the quantities used to characterise the state

2. One should be able to keep it under control degrees of freedom 
orthogonal to the invariant subspace

3. Not clear what the invariant subspace should contain

what does  mean?ρx
λ(t) what’s the exact relation between  and expectation values?ρx

λ(t)

what’s not described by ?ρx
λ (t)

is  enough to characterise an invariant subspace?ρx
λ(t)

let’s start with a simple example
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all the  and one-site shift invariant 
noninteracting operators commute with one another 
(it can be traced back to the fact that circulant matrices commute with one another)

U(1)

XX model H = ∑
ℓ

σx
ℓσx

ℓ+1 + σy
ℓσy

ℓ+1 + hσz
ℓ

h

c=1 paramagnetic

noninteracting spin chain, mapped to a quadratic form of fermions  
by the Jordan-Wigner tra c†

ℓ = ∏
j<ℓ

σz
j σ+

ℓ

 symmetry of rotations about  U(1) z
let us exclude  
these points

Crucial Observation:
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ℓσy
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ℓ

h

c=1 paramagnetic

noninteracting spin chain, mapped to a quadratic form of fermions  
by the Jordan-Wigner tra c†

ℓ = ∏
j<ℓ

σz
j σ+

ℓ

 symmetry of rotations about  U(1) z
let us exclude  
these points

Crucial Observation:

Q(n) = ∑
ℓ

Q(n)
ℓ ∂tQ(n)

ℓ (t) = i[H, Q(n)
ℓ (t)] = J(n)

ℓ−1(t) − J(n)
ℓ (t)

1) [Sz, Q(n)
ℓ ] = 0 ⟹ [Sz, J(n)

ℓ−1 − J(n)
ℓ ] = 0

2) [Sz, J(n)
ℓ ] = 0

sensible/natural gauge 

the total currents  
are conserved!

charge densities currents
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U(1)

XX model H = ∑
ℓ

σx
ℓσx

ℓ+1 + σy
ℓσy

ℓ+1 + hσz
ℓ

h

c=1 paramagnetic

let us exclude  
these points

Crucial Observation:

e−iHt exp(∑
ℓ

∑
n=0

λn
ℓQ(n)

ℓ )eiHt = exp(∑
ℓ

∑
n=0

λn
ℓ(t)Q(n)

ℓ )
invariant subspace of density matrices which can be parametrised by  

more conveniently, it can be parametrised by a root density, as we’ll see 
λn

ℓ(t)
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1) [Sz, Q(n)
ℓ ] = 0 ⟹ [Sz, J(n)

ℓ−1 − J(n)
ℓ ] = 0

2) [Sz, J(n)
ℓ ] = 0

sensible/natural gauge 

the total currents  
are conserved!



Noninteracting 
spin chains

H = ∑
ℓ∈ℤ

∑
α,β∈{x,y}

∑
n∈ℕ0

Jℓ;αβ
n σα

ℓ

ℓ+n−1

∏
m=ℓ+1

σz
mσβ

ℓ+n + ∑
ℓ∈ℤ

Jℓ;zσz
ℓ

HIsing = − J∑
ℓ

σx
ℓσx

ℓ+1 + hσz
ℓ

if we impose the charge densities to be local, the total currents 
of the charges odd under reflections are not conservedProblem (?):
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HIsing = − J∑
ℓ

σx
ℓσx

ℓ+1 + hσz
ℓ

if we impose the charge densities to be local, the total currents 
of the charges odd under reflections are not conservedProblem (?):

does it work?
we can consider a gauge with quasilocal charge densitiesPossible Solution:

Q(n)
ℓ → Q(n)

ℓ + G(n)
ℓ [{Q}] − G(n)

ℓ−1[{Q}]
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ℓ+n + ∑
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Jℓ;zσz
ℓ

HIsing = − J∑
ℓ

σx
ℓσx

ℓ+1 + hσz
ℓ

if we impose the charge densities to be local, the total currents 
of the charges odd under reflections are not conservedProblem (?):

does it work?
we can consider a gauge with quasilocal charge densitiesPossible Solution:

Q(n)
ℓ → Q(n)

ℓ + G(n)
ℓ [{Q}] − G(n)

ℓ−1[{Q}]

YES  
there is a quasilocal gauge in which the total currents are conserved!
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Noninteracting 
spin chains Γℓn

ij (t) = δℓnδij − < a2ℓ+ia2n+j >t

[Γ̂x,t(zp)]ij = ∑
ℓ∈ℤ

e−2i (ℓ𝔞 − x)p
ℏ Γℓ, 2x

𝔞 −ℓ
ij (t) + [Γ̂unphys

x,t (zp)]ij
x
𝔞

∈
1
2

ℤ

𝔞
a2ℓ−1 = ∏

j<ℓ

σ z
j σ x

ℓ

a2ℓ = ∏
j<ℓ

σ z
j σ y

ℓ

Jordan-Wigner 
Majorana fermions

Γ̂unphys
x,t (−zp) = − (−1)2x

𝔞 Γ̂unphys
x,t (zp) does not affect the correlation matrix

irrelevant!
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third-order GHD 
(it gives rise to KPZ universal behaviour about the light-cone)
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the auxiliary field is quantum 
(assuming that the excitation energy is not odd)
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Noninteracting 
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inhomogeneous Hamiltonians

}

generalised space-dependent 
Bogoliubov transformation

ĥx(zp) = e−i
Θ̂x(zp)

2
⋆ ⋆ [εx

p,oI + εx
p,eσy] ⋆ ei

Θ̂x(zp)
2

⋆

H =
1
4 ∑

ℓ∈ 1
2 ℤ

∑
n∈ℤ

2

∑
i, j=1

∫
π

−π

d[ p𝔞
ℏ ]
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e2i (ℓ − n)𝔞p

ℏ [ĥℓ𝔞(e
i𝔞p
ℏ )]ija2(2ℓ−n)+ia2n+j

Γℓn
ij (t) = δℓnδij − < a2ℓ+ia2n+j >t

𝔞
a2ℓ−1 = ∏

j<ℓ

σ z
j σ x
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σ z
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Jordan-Wigner 
Majorana fermions
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Γ̂x(zp) = 4πℏe−i
Θ̂x(zp)

2
⋆ ⋆ {Iρx

p,o + σy[ρx
p,e −

1
4πℏ ] + σzΨx

p,R − σxΨx
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Θ̂x(zp)
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⋆
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decoupled dynamical equations

within this representation, the equations of motion have the same structure: 
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p(t) = − ∂x[vx

p ρx
p(t)] + ∂p[(∂xεx

p)ρx
p(t)] + O(ℏ2∂3

x)
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