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Quantum Recurrence Theorem

P. BoccHIERTI AND A. LOINGER
Istituto di Fisica dell’ Universitd, Pavia, Italy, and Istituto Nasionale di Fisica Nucleare, Sez. di Milano, Italy

~ (Received October 9, 1956)

A recurrence theorem is proved, which is the quantum analeg of the recurrence theorem of Poincaré.
Some statistical consequences of the theorem are stressed.

In this paper we shall show that a similar recurrence
theorem holds in quantum theory; it can be formulated
as follows: “Let us consider a system with discreie
energy eigenvalues E, ; if ¥(4,) 1s its state vector in the
Schrodinger picture at the time £y and ¢ is any positive
number, at least one time 7 will exist such that the
norm ([W(T)—¥(4){ of the vector W(T)—W¥(4) is
smaller than e.”?




theorem holds in quantum theory; it can be formulated
as follows: “Let us consider a system with discreie
energy eigenvalues E,; if ¥(4,) 1s its state vector in the

Schrédinger picture at the time £y and e is any positive
number, at least one time 7 will exist such that the
norm |[W(T)—¥(4)| of the vector W(T)—¥(4) is
smaller than e.”’?

Finally we would like to emphasize that (contrary to
a wide-spread belief) the expectation values of the
macroscopic observables will #zof maintain indefinitely
their equilibrium values, once they have attained them.

? Besides this recurrence theorem, a quasi-ergodic theorem for
¥ (#) exists [J. von Neumann, Z. Physik 57, 30 (1929), Sec. 4,
p. 35]. However, it holds under very restrictive hypotheses,
which most probably cannot be satisfied by any system having
physical interest.
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)

+if | <¥, [P, >|"€{0,1}: N

- the eigenvalues of p, , would be the fraction of time in [7, 7, + 7]
spent in the corresponding eigenstate

 the number of nonzero eigenvalues would give the size of the

space visited in the interval (7, 7, + 7] \/ 2

-----------------

+infact, p, |W, > o |¥W, >, but

- the state at any time in [, #, + ¢] is a linear combination of the
eigenvectors of p, , with nonzero eigenvalues

* the projection onto the subspace generated by the eigenvectors
with the largest eigenvalues gives the "best" approximation...
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tr[pf,] = tr["'ﬁ(z),t"'] = tr[--- [[

exponentially small in the system’s
size for any nonzero 7, — 7,
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the integration domain can be reduced
into a region where log <YV |V >

can be series expanded about 7, X~ 7,
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exponentially small in the system’s
size for any nonzero 7, — 7,

the integration domain can be reduced
* into a region where log <YV |V >

can be series expanded about 7, X~ 7,

asymptotic expansion in the limit of a large number of sites
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Effective Size of the Space

let @ge) be the size of the space needed to D) = tr[Oy(p, , — 4)]
approximate the time averaged state with error € e = tlp, Ou(4. —p; )]

2e
DO ~ X Zerf-I(1 — )L

T

one can infer that ¢ is the
error on the state
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Effective Size of the Space

let fbge) be the size of the space needed to D = tr[Oy(p, , — 4)]
approximate the time averaged state with error € e = tlp, Ou(4. —p; )]

2e
‘Dge) ~ ” erf (1 — e)L%t

T

one can infer that ¢ is the

error on the state

Lieb-Robinson bound

L can be replaced by L. < £ + 2v; ot + 2&

/

®© © 6 06 06 0 06 0 06 0 0 0 0 06 0 06 0 0 0 0 0 o correlation length
supp(0) in the initial state
¢ = |supp(O) |
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H translationally invariant

stationary state

v

e e —— locally quasi-stationary state

= e e — e — ~—"
f Bertini, MF, Phys. Rev. Lett. 117, 130402 (2016) 1‘

\ 4

1. Does it exist an invariant subspace of states that are stationary in the
homogeneous limit?

2. How can the states be parametrised in that subspace?

> let’s start considering stationary states...
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Integrable systems

h
with a TBA description il ;sm +25;
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local charge Q= 2 q(4)

excitations
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H translationally invariant

stationary state

v

?x_;_‘ locally quasi-stationary state

| Bertini, MF, Phys. Rev. Lett. 117, 130402 (201 ]

\ 4

1. Does it exist an invariant subspace of states that are stationary in the
homogeneous limit?

2. How can the states be parametrised in that subspace?

3. s a "space-time version" of the root densities p/’{ sufficient in interacting
integrable systems?

4. How does p; time evolve?
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Euler scale vs

“ Doyon’s lecture

invariant subspace
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humble/pragmatic view:
| don’t know the details, but there's a
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"off-diagonal” d.o.f (first-order) GHD
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“ Doyon’s lecture

invariant subspace

<Y |0.|Y >~ <{pj®}|O]{p;(H)} >+ small corrections

E A
M humble/pragmatic view:
| don’t know the details, but there's a
: :I; limit when they don’t matter
"off-diagonal” d.o.f (first-order) GHD
d,p) + o, l{p;tlp) =
s | ¥y > € ZL0SS = |V, >=|{p/®)} >

audacious/reckless view:
| don’t believe in coincidences, the

x‘ existence of the limit could indicate...

GHD = Schrodinger equation

Invariant subspaces 5/10



Problems to face

1. The construction of an invariant subspace requires (almost)
definitions of the quantities used to characterise the state

? ) .
what does p; () MEAT: what s‘the exact relation between P, (1) and expectation values?
) /_’____—' _—
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£ C+1

_ X X Yy z
H = 20'{0{+1+0'6 +h0'f
£

paramagnetic
o c >

Nvretose”” b

let us exclude

=» /(1) symmetry of rotations about 7 these points

N\
)
7

noninteracting spin chain, mapped to a quadratic form of fermions
by the Jordan-Wigner tra c; = l_Io?].Z 0';

>

Jj<t

all the U(1) and one-site shift invariant
noninteracting operators commute with one another

(it can be traced back to the fact that circulant matrices commute with one another)

Crucial Observation:
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>

Nvretose”” b

let us exclude

=» /(1) symmetry of rotations about 7 these points

o
o)

noninteracting spin chain, mapped to a quadratic form of fermions
by the Jordan-Wigner tra c; = l_Io?].Z o

>

4
Jj<t

all the U(1) and one-site shift invariant
noninteracting operators commute with one another

(it can be traced back to the fact that circulant matrices commute with one another)

Crucial Observation:

Q" =% Q" 0,0(r) = ilH,Q™(1)] = J (1) — J(t)
4

charge densities currents

sensible/natural gauge

) [$50M=0=[S5J" —J " =0
2) [S5J"1=0

the total currents

are conserved!
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_ X, X Yy z
H—Zafaf+1+0'faf 1+h0'f

c=1 paramagnetic

O & >

\ let us exclude /
these points

e exp( 2 Z /I”Q(”)) = exp( Z Z AZ(t)Q}’”)
¢ n=0

n=0

VY
7

invariant subspace of density matrices which can be parametrised by 4,(7)
more conveniently, it can be parametrised by a root density, as we’ll see

all the U(1) and one-site shift invariant
noninteracting operators commute with one another

(it can be traced back to the fact that circulant matrices commute with one another)

sensible/natural gauge

D (850" =0=[$5J" ~JM =0
2) [S5J"1=0

Crucial Observation:

the total currents

are conserved!
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Noninteracting

spin chains
£+n—1

H = Z 2 Z]’“ﬂ“ﬂ HO‘O‘ +Z:JfZ

CeZ a,pe{x,y} neN, m=¢+1 reZ

_ X X Z
Hlsing =-J Z 0,0, T ho-f
4

Problem (?): If we impose the charge densities to be local, the total currents
=48 of the charges odd under reflections are not conserved
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Noninteracting

spin chains
£+n—1

H = Z Z Z]”ﬂ“ﬂ HO‘O‘ _|_2sz

CeZ a,pe{x,y} neN, m=¢+1 reZ

_ z: X X Z
HIsing =—J 6,0, + ho-f
4

Problem (?): If we impose the charge densities to be local, the total currents
=48 of the charges odd under reflections are not conserved

0" — 0%+ GU{Q}] - G» [{Q}]

f

we can consider a gauge with quasilocal charge densities
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Noninteracting

spin chains

H=Y Y Y e [] oo, + Y o550,
CeZ a,pe{x,y} neN, m=¢+1 reZ

— X X Z
H,, = JZ 6,6, , + ho;
¢

Problem (?): If we impose the charge densities to be local, the total currents
=48 of the charges odd under reflections are not conserved

0" - Q0"+ GP{Q}] - G [{0}]

f

we can consider a gauge with quasilocal charge densities

YES

there Is a quasilocal gauge in which the total currents are conserved!
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Noninteracting SR S ejorana toumons

Spln ChalnS Fg'n(t) = 0pp0j — < Qypyilonyj > o :% .

j<t

A . —2i( f__f h X 1 _ j P
[C @]y = D, e T~ + [T, —e-Z  G=ev
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Noninteracting Peteetrpe s Vg foomons

Spln Chalns Fg.”(z) = 0py0; — < gyl > N 2%% )

j<t

a -(z,”a—x)p 2x 1 B ;ap
F@ly= X e T o M), ez g =el

ho. iho. 7o, 7o
l l l l
P(p— x ) e+

A . ) 1 9( + .
Fx(zp) =dnhe 2 ye_l = {Ipp ot o’ [pp e _] + o*P* R GX\PX } - 7Ol O

odd even 4ﬂh real /mag/nary
part part part part

generalised Bogoliubov transformation
(depends on the Hamiltonian!)

pl’j Is the inhomogeneous version of the root density

(I would have simply called it Wigner function if there were no dependence on the Hamiltonian)

‘PI’; is an odd complex auxiliary field

(in the homogeneous limit, it describes the off-diagonal matrix elements of the density matrix)

mamam e
Invariant subspaces 9/10




Noninteracting
spin chains

decoupled dynamical equations
ihd,p,(t) = &, % p,(1) — p,(1) % &,
ihat‘PI’g(t) =€, % lI’I’ﬁ(t) + ‘Pl’g(t) * €,

Moyal star product

s
a, * by = a‘e™ = b*

excitation energy p p

| MF, arXiv:1910.01046 |

L o

pl’j Is the inhomogeneous version of the root density

(I would have simply called it Wigner function if there were no dependence on the Hamiltonian)

‘PI’; is an odd complex auxiliary field

(n the homogeneous limit, describes the off-diagonal matrix elements of the density matrix)

R e R T = L
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Noninteracting
spin chains

decoupled dynamical equations

ihd,p,(t) = &, % p,(1) — p,(1) % &, | |

ihdt\PI’;(t) =€, % ‘I’I’;(t) + lPl’g(l‘) * €,

Moyal star product

—— S
0 —ad

X X _ o x ih—L_=*P
ap*bp—ape .

excitation energy

! "1

1% \%
0,05(1) = = v,0,p5(0) + HP=203p(D) h“ﬁaip;;(r) + O(h%))

vlg’e(t)

v//
O2P(1) + ih32L:a§\P;;(t) + O(h*0%)

ihoW(1) = 2¢, Y1) — ihv, 0, Wx(1) — h*

p[’j Is the inhomogeneous version of the root density

(I would have simply called it Wigner function if there were no dependence on the Hamiltonian)

‘PI’; is an odd complex auxiliary field

(n the homogeneous limit, describes the off-diagonal matrix elements of the density matrix)
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Noninteracting
spin chains

decoupled dynamical equations
ihd,p,(t) = &, % p,(1) — p,(1) % &,

ihat\PI’g(t) =€, % lI’I’ﬁ(t) + ‘Pl’g(t) * €,
o Moyal star product a " bx — 5pih
excitation energy P

1
<
S
<1

.

b

ol |
=

)= =0 0) first-order GHD (no 7)

p[’j Is the inhomogeneous version of the root density

(I would have simply called it Wigner function if there were no dependence on the Hamiltonian)

‘PI’; is an odd complex auxiliary field

(n the homogeneous limit, describes the off-diagonal matrix elements of the density matrix)

R R T =
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Noninteracting
spin chains

decoupled dynamical equations
ihd,p,(t) = &, % p,(1) — p,(1) % &,
ihat‘PI’g(t) =€, % LI’]’;(t) + ‘Pl’g(t) * €,

Moyal star product 90y = 90y
a, * by = a‘e"— 2 b*

excitation energy p p

!

v

0,05(1) = = v,0,05(0) + H2=203 ()

third-order GHD

(it gives rise to KPZ universal behaviour about the light-cone)

p[’)‘ Is the inhomogeneous version of the root density

(I would have simply called it Wigner function if there were no dependence on the Hamiltonian)

‘PI’; is an odd complex auxiliary field

(n the homogeneous limit, describes the off-diagonal matrix elements of the density matrix)
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Noninteracting
spin chains

decoupled dynamical equations
ihd,p,(t) = &, % p,(1) — p,(1) % &,
iho W (1) = €, %* V(1) + W (1) x e_,
Moyal star product 90y ~ 9x0p

. a, * by = a‘e" 2 b*
excitation energy P p

the auxiliary field is quantum
(@assuming that the excitation energy is not odd)

indW(1) = 26, WX(1) — ihv, 0, ¥3(0)

pexp

p[’j Is the inhomogeneous version of the root density

(I would have simply called it Wigner function if there were no dependence on the Hamiltonian)

‘PI’; is an odd complex auxiliary field

(n the homogeneous limit, describes the off-diagonal matrix elements of the density matrix)

mmmmmmn
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Noninteracting SR S ajorens formlons

Spln ChalnS Fg.”(z) = 0py0; — < gyl > N 2%% )

j<t

d[—]
1 ¢ - n)ap
_ 2i
H = 2 E E E [ 5 e [hfa(e )]l]az(zf n)+i@2n+j

: ~ ) 2

rexZnelij=1""7%
S e X X y 2
h(z,) =e_ > % [ep,ol +€,.0 ] * e
w

generalised space-dependent
Bogoliubov transformation
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Noninteracting SR S ajorens formlons

. " Ay | = 1_‘[0'].Z )
Spln Chalns an(l') — 5Lﬂn ij — < a2f+ia2n+j >t ‘ j<t ’
a,, = Ha o,
j<t
iInhomogeneous Hamiltonians
pa
d[_] 2i{l=nw
Z Z Z [hfa(e )]zja2(2f n)+i%2n+j
fe sZn€li,j=1""7%
®x(Zp) ®X(Zp)
h Az,)=e 7 * [eg,ol+8]§,eay] x e, 2
h,—d

generalised space-dependent
Bogoliubov transformation

®x(zp)

1
I (2,) = 4rhe, 7 {Iplf’o + o0’ [P;,e —

; @x(zp)
— apr S —cPr ke 2
Arh ] to pR™ O p,I} *

within this representation, the equations of motion have the same structure:

decoupled dynamical equations

ih,p, (1) = &, * p,(1) — p,(1) * &,
ino,Pi(t) = &5 x Wi(t) + Pi(1) * €,

0,py(®) = = 9, [P (D] + 0,[(9,£))p (D] + O(1°9y)

MF arXIV 1910 01046 {f
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M Time evolution occurs in a tiny part of the Hilbert space

M In noninteracting spin chains, there are invariant subspaces,
consisting of iInhomogeneous states, that generalise the
trivial subspaces of the stationary states

M Generalised hydrodynamics is the Schrodinger equation in
the invariant subspace



M Time evolution occurs in a tiny part of the Hilbert space

M In noninteracting spin chains, there are invariant subspaces,
consisting of Inhomogeneous states, that generalise the
trivial subspaces of the stationary states

M Generalised hydrodynamics is the Schrodinger equation in
the invariant subspace

O

Can this picture be extended to the interacting case”

J

s there a criterion to identify the gauge projecting into the
invariant subspace”?

[ Would the root densities be enough to describe the invariant
subspace”?



Summary

M Time evolution occurs in a tiny part of the Hilbert space

M In noninteracting spin chains, there are invariant subspaces,
consisting of iInhomogeneous states, that generalise the
trivial subspaces of the stationary states

M Generalised hydrodynamics is the Schrodinger equation in
the invariant subspace

[ Can this picture be extended to the interacting case?

[ Is there a criterion to identify the gauge projecting into the
invariant subspace”?

[ Would the root densities be enough to describe the invariant
subspace”?




