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e Controlling a system can mean testing or checking that its
behavior is satisfactory.
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e To control is to act or to put things in order to guarantee
that the system behaves as desired.

L
E.Jose MATH 2019

o)



e Controlling a system can mean testing or checking that its
behavior is satisfactory.

e To control is to act or to put things in order to guarantee
that the system behaves as desired.

“..if every instrument could accomplish its own work, obeying
or anticipating the will of others...if the shuttle weaved and
the pick touched the lyre without a hand to guide them, chief
workmen would not need servants, nor masters slaves.”
Politics by Aristotle
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Control Systems
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Control Systems

simple machines such as the bathroom water tank

heating, ventilation and air conditioning systems with
thermo-fluid and electro-mechanical subsystems

pH control in chemical reactions

nuclear security

control of robots

electrical plants and distribution networks
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Control Theory

e Control theory is a branch of mathematics which aims to
find a control that will lead the given state of the system
in a desirable situation.
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Control Theory

e Control theory is a branch of mathematics which aims to
find a control that will lead the given state of the system
in a desirable situation.

o Control theory may be considered as a theoretical support
to control engineering which design systems with desired
behaviors. It is a rich crossing point of Engineering and
Mathematics.
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Control Theory

e Control theory is a branch of mathematics which aims to
find a control that will lead the given state of the system
in a desirable situation.

o Control theory may be considered as a theoretical support
to control engineering which design systems with desired
behaviors. It is a rich crossing point of Engineering and
Mathematics.

o R. Bellman (dynamic programming); R. Kalman (filtering
techniques) and L. Pontrayagin (maximum principle)
established the foundations of modern control theory.

L&)

e

E.Jose MATH 2019



Components of a control problem
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Any control problem will consist of the following:

(i) a set of equations known as state equations (called a
controlled system) which involve:
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Components of a control problem

Any control problem will consist of the following:

(i) a set of equations known as state equations (called a
controlled system) which involve:

(a) input function, called controls and
(b) output, known as the state of the system, corresponding to the given
input (control)

(ii) an observation of the output of the controlled system, and

(iii) an objective to be achieved.

@ A.K. Nandakumaran (2014) Introduction to Exact Controllability and
Observability, Variational Approach and Hilbert Uniqueness Method,
Lecture on the NPDE-TCA Advanced Level Workshop on Partial
Differential Equations, IISER, Trivandrum
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Nature of control problems

o State equations can be of different forms like ODE (finite
dimensional control problem), PDE (infinite dimensional
set-up), integral equations, etc.
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Nature of control problems

o State equations can be of different forms like ODE (finite
dimensional control problem), PDE (infinite dimensional
set-up), integral equations, etc.

e Some objectives to be achieved include:
(a) Minimize/maximize certain criteria depending on the state and/or
observations, control etc. (optimal control problem)
(b) Look for controls so that the state belongs to a certain target set
(controllability problem).
(c) Look for controls which stabilizes the state or observations
(stabilization problem).
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Nature of control problems

e State equations can be of different forms like ODE (finite
dimensional control problem), PDE (infinite dimensional
set-up), integral equations, etc.

e Some objectives to be achieved include:

(a) Minimize/maximize certain criteria depending on the state and/or
observations, control etc. (optimal control problem)

(b) Look for controls so that the state belongs to a certain target set
(controllability problem).

(c) Look for controls which stabilizes the state or observations
(stabilization problem).

e The control can be the right-hand side of the equation
(internal control), the data in the boundary condition
(boundary control), an initial condition, a coefficient or
parameter in the equation.
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A mathematical control problem

Suppose we have a physical system governed by the state

equation
Aly) = f(v) (1)

where y is the state, the unknown which we want to control
and v is the control.
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A mathematical control problem

Suppose we have a physical system governed by the state

equation
Ay) = f(v) (1)
where y is the state, the unknown which we want to control

and v is the control.

Assume that the state space Y is a Banach space and the
control v belongs to the set of admissible controls U,; which is
a subset of the Banach space U.
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A mathematical control problem

Suppose we have a physical system governed by the state

equation
Aly) = f(v) (1)

where y is the state, the unknown which we want to control
and v is the control.

Assume that the state space Y is a Banach space and the
control v belongs to the set of admissible controls U,; which is
a subset of the Banach space U.

The operator A determines the equation that must be satisfied
by the state variable y while the function f indicates the way
the control v acts on the system governing the state.
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Goal of Control Theory

Assume that state y; € Y is the preferred state (the target
state).
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Goal of Control Theory

Assume that state y; € Y is the preferred state (the target
state).

The main goal of control theory is to find the controls v € U,y
such that the associated states y = y(v), that is, the solutions
of the corresponding controlled system, lead to a desired
situation.
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Controllability vs. Optimal Control

o (Controllability) Fix a desired state y; and require

y(v) = yaq or at least  y(v) = yq.
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Controllability vs. Optimal Control

o (Controllability) Fix a desired state y; and require

y(v) = yaq or at least  y(v) = yq.

o (Optimal control) Fix a cost function J = J(v), say,
. 1 2 2 2y
J(v) = Sly() = yally + Slvlz, Yo € Usa.

Then look for a minimizer u of J.
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Introductory References

[§ AK. Nandakumaran. (2014), Introduction to Exact Controllability
and Observability, Variational Approach and Hilbert Uniqueness
Method, Lecture on the NPDE-TCA Advanced Level Workshop on
Partial Differential Equations, IISER, Trivandrum

[§ E. Zuazua and E. Fernandez-Cara. (2003), Control Theory: History,
Mathematical Achievements and Perspectives, in Bol. SEMA
(Sociedad Espanola de Matematica Aplicada) 26, 79-140.

[@ E. Zuazua.(2002), Controllability of Partial Differential Equations
and its Semi-discrete Approximations, Discrete and Continuous
Dynamical Systems, 8 (2), 469-513.
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Control problems for PDEs

There are several types of control problems for PDEs
depending on their class (elliptic, parabolic or hyperbolic):

e exact controllability (we reach a desired state)
o approximate controllability (we approach a desired state)

e optimal control problems (minimization/maximization of
certain criteria)
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Control problems for PDEs

There are several types of control problems for PDEs
depending on their class (elliptic, parabolic or hyperbolic):

e exact controllability (we reach a desired state)
o approximate controllability (we approach a desired state)

e optimal control problems (minimization/maximization of
certain criteria)

Remark: We want to act locally (on an arbitrary zone and not
everywhere).
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Related collaborative works

ﬁ S. Aiyappan, E. Jose, I. C. Lomerio and A. Nandakumaran. (2019),
Control Problem on a Rough Circular Domain and Homogenization,
Asymptotic Analysis, DOl 10.3233/ASY-191526

B C. Conca, P. Donato, E. Jose and I. Mishra. (2016), Asymptotic analysis
of optimal controls of a semilinear problem in a perforated domain, J.
Ramanujan Math. Soc., 31 (3), 265-305
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The Heat Equation

Let Q) be a bounded open set of R™ (n > 2) and w a given
open non-empty subset of €).
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The Heat Equation

Let Q) be a bounded open set of R™ (n > 2) and w a given
open non-empty subset of ().

Given T' > 0, the nonhomogeneous heat equation is given by:
w— Au= fx, inQx(0,T),
u=0 on 09 x (0,7,
u(z,0) =u’(z) inQ,

where v = u(z,t) is the state and f = f(x,t) is the control
function with a support localized in w.
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The Heat Equation

Let Q) be a bounded open set of R™ (n > 2) and w a given
open non-empty subset of ().

Given T' > 0, the nonhomogeneous heat equation is given by:

w— Au= fx, inQx(0,T),

u=0 on 09 x (0,7,

u(z,0) =u’(z) inQ,
where v = u(z,t) is the state and f = f(x,t) is the control
function with a support localized in w.

Note: If f € L?(w x (0,7)) and u® € L?(Q) then the above
equation has a unique weak solution u € C([0,T], L*(Q)).
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The approximate controllability for parabolic problems

Due to the regularizing (smoothing) effect of the heat equation, one
cannot reach any given L? state.
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The approximate controllability for parabolic problems

Due to the regularizing (smoothing) effect of the heat equation, one
cannot reach any given L? state.

The approximate controllability problem

One has approximate controllability if the set of reachable final states is
dense in L?(Q).
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The approximate controllability for parabolic problems

Due to the regularizing (smoothing) effect of the heat equation, one
cannot reach any given L? state.

The approximate controllability problem

One has approximate controllability if the set of reachable final states is
dense in L?(Q).

The variational approach

Following an idea by J.-L. Lions, the approximate control can be
constructed as the solutions of a related transposed (backward) problem,
having as final data the (unique) minimum point of a suitable functional.

ﬁ J.-L. Lions, Remarques sur la controlabilité approchée. in Jornadas
Hispano-Francesas sobre Control de Sistemas Distribuidos, octubre 1990,
Grupo de Andlisis Matematico Aplicado de la University of Malaga, Spain
(1991), 77-87.
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The approximate controllability result for a model case

Let Q be a connected bounded open set of R (n > 2) and w a given
open non-empty subset of €.
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The approximate controllability result for a model case

Let Q be a connected bounded open set of R (n > 2) and w a given
open non-empty subset of €.

A model approximate controllability problem for the heat equation reads:

Given w € L*(Q) and 6 > 0, find ¢ € L?(Q2) such that for a given
u® € L*(Q), the solution u of

ur — Au = xu,p inQx(0,T),
u=0 on 90 x (0,T),

u(z,0) = u® in €,
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The approximate controllability result for a model case

Let Q be a connected bounded open set of R (n > 2) and w a given
open non-empty subset of €.

A model approximate controllability problem for the heat equation reads:

Given w € L*(Q) and 6 > 0, find ¢ € L?(Q2) such that for a given
u® € L*(Q), the solution u of

ur — Au = xop inQx(0,7T),
u=0 on 90 x (0,T),
u(z,0) = u® in €,

verifies the following approximate controllability:

||’LL(.CL‘,T) — 'LUHL2(Q) < 4.
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Construction of the control for the model case

In the variational approach of J.-L. Lions, ¢ (the internal control) is
obtained as the solution of the following transposed (adjoint) problem:

—pr—Ap=0 inQx(0,T),
p=0 on 002 x (0,7),
oz, T) =T inQ.
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Construction of the control for the model case

In the variational approach of J.-L. Lions, ¢ (the internal control) is
obtained as the solution of the following transposed (adjoint) problem:

—pr—Ap=0 inQx(0,T),
p=0 on 002 x (0,7),
oz, T) =T inQ.

Here, the final data ” is the (unique) minimum point of the functional
J on L%() given by

1 (T
M) =5 [ [ 6P dede+ 31T iney - [ weT de,
0 w Q
where ¢ is the solution of the adjoint problem with final data ¢
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Control and its Limit: The case of oscillating coefficients

In this case for every €, one can construct a control for the problem:
Given w. € L?(2) and 6 > 0, find ¢. € L?(2) such that for a given
ul € L*(Q), the solution u. of

u' —div (A*Vu.) = xup: in Q2 x(0,7T),
u=0 on 00 x (0,T),
ue(x,0) = ul in Q,

verifies the following approximate controllability:

|ue (2, T) — wel[L2() < 0.
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Control and its Limit: The case of oscillating coefficients

In this case for every €, one can construct a control for the problem:
Given w. € L?(2) and 6 > 0, find ¢. € L?(2) such that for a given
ul € L*(Q), the solution u. of

u' —div (A*Vu.) = xup: in Q2 x(0,7T),
u=0 on 00 x (0,T),
ue(x,0) = ul in Q,

verifies the following approximate controllability:
|ue (2, T) — wel[L2() < 0.
Suppose now that:

(i) u?—u® strongly in L?(Q),
(ii) w. — w strongly in L?(Q),

for some u° and w in L?(Q).
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An interesting question is:

Do the control and the corresponding solution of the e-
problem converge (as ¢ — 0) to a control of the homogenized
problem and to the corresponding solution, respectively?
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An interesting question is:

Do the control and the corresponding solution of the e-
problem converge (as ¢ — 0) to a control of the homogenized
problem and to the corresponding solution, respectively?

A positive answer is given in

ﬁ E. Zuazua, Approximate Controllability for Linear Parabolic Equations
with Rapidly Oscillating Coefficients. Control Cybernet, 4 (1994), 793-801.
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© The c— Problem in a Composite
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A heat equation in a composite with interfacial resistances
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A heat equation in a composite with interfacial resistances

We consider a more complicated case where the domain is a
two-component composite.

On the periodic interface, a jump of the solution is prescribed, which is
proportional to the conormal derivative via a parameter v € R, and a
Dirichlet condition is imposed on the exterior boundary 0.

This problem models the heat diffusion in a two-component composite
with an imperfect contact on the interface (see below for a physical
justification of the model)

@ H.S.Carslaw, J.C. Jaeger, Conduction of Heat in Solids. The Clarendon
Press, Oxford, 1947.
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Y The domain in R"™:
Y;
g Q=0 UQy,
r where
e ()1, is a connected union of =™
Q. I 9= periodic translated sets of Y7,
e ()5 is a union of e~ periodic
Y is the reference cell where disjoint translated sets of Y5,
oY =Y, UYs, withYaCY o I'. := 00y, is the interface

between the two components, with
o I' := 9Y5 Lipschitz continuous. oNT. = 0.
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The e—problem in the two-component domain

Consider for v € R the following parabolic system of equations:

ure — div(A(2)Vuie) = Xw,. @1e in Q. x (0,T),
uge’ — div(A(L)Vuge) = Xw,. P2e in Qy. x (0,7),
A(Z)Vuie - nie = —A(Z)Vuge - nge onT. x(0,T),
A(Z)Vuie -nie = —7h(%)(u1e —uze) onTe x (0,7,

us =0 on 90 x (0,T),
ute(z,0) = UL in Qi,
uge(z,0) = UL, in Qae,

where n;. is the unitary outward normal to Q;. (i = 1,2), w is a given
open non-empty subset of €2, and we set

wiezwﬂQiE, 221,2
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e A'is an n X n matrix field which is Y — periodic, symmetric and of class
C1(Y) such that for some 0 < a < /3, one has

(AWAA) = alAf,
|A(y)Al < BIAI.

VAeR"and ae. inY.

e his a Y- periodic function in L>°(T") such that
3 hoeR with 0<hg<h(y), y ae inl.
o (UL, U3.) € L3 (:) x L*(Q2:),

b (90157 9028) € LQ(OaT; Lz(Q)) X LQ(O,T; LQ(Q))
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Three questions to be answered

@ Can we construct an approximate control for the e—problem?
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Three questions to be answered

@ Can we construct an approximate control for the e—problem?

@ Can we construct an approximate control for the homogenized
problem?

@ If such controls exist, do the control and the corresponding solution
of e—problem converge to a control of the homogenized problem
and to the corresponding solution, respectively?
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of e—problem converge to a control of the homogenized problem
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Three questions to be answered

@ Can we construct an approximate control for the e—problem?

@ Can we construct an approximate control for the homogenized
problem?

@ If such controls exist, do the control and the corresponding solution
of e—problem converge to a control of the homogenized problem
and to the corresponding solution, respectively?

We give here positive answers to all these three questions.
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Three questions to be answered

@ Can we construct an approximate control for the e—problem?

@ Can we construct an approximate control for the homogenized
problem?

@ If such controls exist, do the control and the corresponding solution
of e—problem converge to a control of the homogenized problem
and to the corresponding solution, respectively?

We give here positive answers to all these three questions.

We describe here the case v = 1, which is the most interesting case since
the homogenized problem is a coupled system of a P.D.E. and an O.D.E,,
giving rise to a memory effect.

However, our results concern all the value of v € R.
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© Control for the e—problem
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The related controllability problem (first question)

Given w;. € L?(Q;.),i =1,2 6; > 0 and 3 > 0, find a control
Pe = (P1e, Pac) such that the solution u. = (u1e, uz.) of the

above problem verifies the estimates

() Nuwe(T) = wiellL2(0,.) < 61

(id)  [luze(T) = waellL2(,.) < O2-
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The main difficulty

e To find suitable functionals for both problems, the oscillating problem
and the homogenized one, which provide not only the approximate
controls but also the desired convergences.
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The main difficulty

e To find suitable functionals for both problems, the oscillating problem
and the homogenized one, which provide not only the approximate
controls but also the desired convergences.

e Many functionals provide control, in particular, we can change the
constant in the different terms of the functional and still have
controllability.

But those providing the convergence of the problem have to be carefully
chosen.
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and the homogenized one, which provide not only the approximate
controls but also the desired convergences.

e Many functionals provide control, in particular, we can change the
constant in the different terms of the functional and still have
controllability.

But those providing the convergence of the problem have to be carefully
chosen.

Important tools

e The corrector results play an important role in the proofs.
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The main difficulty

e To find suitable functionals for both problems, the oscillating problem
and the homogenized one, which provide not only the approximate
controls but also the desired convergences.

e Many functionals provide control, in particular, we can change the
constant in the different terms of the functional and still have
controllability.

But those providing the convergence of the problem have to be carefully
chosen.

Important tools

e The corrector results play an important role in the proofs.

e Unique continuation results are needed for the two problems, in
particular for the homogenized coupled problem (F. Ammar Khodja).
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Some references

@ L. Faella and S. Monsurrd, Memory effects arising in the homogenization
of composites with inclusions. In: Topics on Mathematics for Smart
Systems, 107-121. World Sci. Publ., Hackensack, NJ, 2007.

@ E. Jose, Homogenization of a Parabolic Problem with an Imperfect
Interface. Rev. Roumaine Math. Pures Appl., 54 (2009) (3), 189-222.

@ P. Donato, E. Jose, Corrector Results for a Parabolic Problem with a
Memory Effect. ESAIM: M2AN 44 (2010), 421-454.

@ P. Donato, E. Jose, Asymptotic behavior of the approximate controls for
parabolic equations with interfacial contact resistance. ESAIM: Control,
Optimisation and Calculus of Variations, 21 (1), (2015), 138-164, DOI
10.1051/cocv/2014029.

@ F. Ammar Khodja, personal communication.
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The variational approach to the controllability problem

Let (w1, ws.) € L2(Q1.) x L2(2.) and ©° € L?(Q) and define the
functional J. by

1 ([T T
J(¢°) =3 /0 / lp1c]? dz dt/o / |poc|? dx dt | +
6 (VO ez + V0l 120

- /QIE (wie — v1(T)) " dz —/ (wae — v (T))¢" du,

QZE

Y|

where 0; = — fori=1,2.

Y
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The variational approach to the controllability problem

Let (w1, ws.) € L2(Q1.) x L2(2.) and ©° € L?(Q) and define the
functional J, by

1 (7 T
Je(¢°) =3 /O / lo1c|? dz dt/o / l2e|? dz dt> T
+6 (Ve iz + VI oo,

- /QIE (wie — v1(T)) " dz —/ (wae — v (T))¢" du,

QZE

il .
where 0; = — fori=1,2.
Y]

* Observe that Xo 0; in L only weakly*. Then, one difficulty in

this study is that the convergence of a function v. to some v do not
imply the convergence of X, Ve to O;v.
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The variational approach to the controllability problem

In the defined functional, p. = (¥1¢, Y2c) is the solution of the
transposed problem of the system given by

—p1e’ —div(A°V 1) =0 in Q. x (0,7),
— 2’ — div(A®V o) =0 in Qo x (0,7),
AV 1 - n1e = — AV o, - Noe onT. x (0,T),
AV @1 - n1e = —eVhe(p1e — p2:) onT. x (0,7,

e =0 on 9Q x (0,T),
o1:(2,T) = ¢Yq,. in Qi,
e (2,T) = ¢°]q,. in Q..
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On the other hand, v. = (v1e, v2e) is the solution of the auxiliary problem

v’ — div(A Vo) =0 in Qe x (0,7),
voe" — div(AVug) =0 in Qo x (0,7),
AV, - nye = —AVuge - ng. onT. x (0,7),
AsVvie - nye = —eVhe(v1e —v2e) on T x (0,7),

ve =0 on 00 x (0,T),
v1e(z,0) = UL in Qig,
voe(2,0) = USE in Qo

where n; is the unitary outward normal to Q;. (i =1,2) and

(U10(-:3 UQOE) € Lz(le) X LQ(QQS)-
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The controllability result for fixed e

Theorem 1 [Donato-E.J. (2015)] Let 7', 61,52 > 0 be given real numbers and
U2 be in L*(Q). Fix we = (wie,wae) € L* (1) x L2 (Qae).

Let »Y be the unique minimum point of the functional J. and P. = (P1e, Pae)
the solution of the transposed problem with final data 2. Then the solution
Ue = (U1e,u2e) Of the following system:

ure’ — div(A*Vuie) = Xwy. Pie in Q1. % (0,7),
uze’ — div(ATVuae) = Xuwo. P2e in Q2 x (0,7),
A*Vuie - nie = —A*Vua, - no onTe x (0,T),
A*Vuie -n1 = —€"he(uie —u2:) onTe x (0,7,

ue =0 on 902 x (0,7,
Uls(x;O) = U{)s in lev
u2e(,0) = US. in Qac,

satisfies the following estimate:

{(i) [u1e(T) = wel 20,0y < 01

(id) |lu2e (T) — wellL2(0,.) < J2.
@
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A review of the homogenization and correctors results

* From now on, we consider v = 1, the most interesting case.
The homogenization result [E.J. (2009)]

Let A° and h€ be as before and z. = (21, 22¢) be the solution of

zie! — div(A°Vzi) = gie in Qe x (0,7), 1=1,2,
AV z1e Ny = —A°V 2o - Nos onT'. x (0,7),
AV z1e e = =€ h®(21. — 22) on T x (0,7),
ze =10 on 90 x (0,7),
zie(7,0) = Z0|q,. inQ;e, 1=1,2,

where Z0 € L?(Q) and (g1c, g2c) € [L*(0,T; L*(9))]?. Suppose that
() (g, Z0x,, 22— (020,028 wealy in [L(@)),
(i1) (X, 9121 X, 92¢) = (0191,0292) weaKly in [L2(0,T; L*(Q))],
@
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Then

(1) z1e — 0121 weakly* in L°°(0,T; L*(Q)),

(i)  Zoe — 2o weakly* in L°°(0,T; L*(Q)),
1

(@1)  e2||21e — 22cllr2(0,7522(r) <6

where ~ denotes the zero extension to the whole of .
Furthermore,

(i) A°Vz. — AWz weakly in L2(0,T; [L2(Q)]"),
(ii) A°Vzp — 0 weakly ‘in L2(0,T; [L*(Q)]™),

where A°X := my (Aw,), the function wy € H' (Y1) being for any X € R™, the
unique solution of the problem

—div (AV@,) =0 in Y3,

(AVwy)-n1 =0 inT,

Wy — A -y Y-periodic and my, (wx — A -y) = 0.
L J
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The pair
(zl,ng) € C%([0,T); L3(2)) N L2(0,T; H&(Q)) x C°([0,T); L2(£2))

with 2} € L2(0,T;H™1(Q)) is the unique solution of the homogenized
coupled system

9121 — div (AOVzl) + ch(ngl — 22> = (9191 in ) x (O,T),

zh — cp(faz1 — z2) = 0292 in 2 x(0,7T),
21 =0 on 90 x (0,7),
21(0) = Z79, 22(0) = 0223 in €2,

1
where ¢, = m/ h(y) doy,.
21 Jr
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The corrector result [Donato-E.J. (2010)]

Under the assumption of the homogenization theorem, suppose further
that

for 20 € L?(Q) and g;c € L*(0,T; L?(f2)), i = 1,2 one has
O, 20Xy 72 = (L Z0,0:728) weakly in [L3(@)]
and
(i) gie — gi strongly in L2(0,T; L*(Q)),
(@) 122172, + 122M1E20u) = 01120 T2 () + 0201 221172 (o)

If (¢j)j=1,...,n is the canonical basis of R™ and w; is the solution of the
cell problem written for A =¢;, j =1,...,n, let

C* = (Cfj)1<ij<n

be the corrector matrix defined, for i,5 = 1,...,n, by

0w, ~ (T
Cijly) == a—yj(y), a.e. on Yy, Cji(z) = Cjyj (g) a.e. on Q. e

7L _d
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Assuming that T is of class C?, the following corrector results hold true:
1) lim |21 — 2 . =0
)l f|z1e = z1leogo,miz2(010)) = 0,

.. . —1 _
i) lim 20 =605 22|00 0,1522(010)) = 0,

ZZZ) ;I_I% ||V21€ - CEVzl HLZ(O,T;[LI(QLE)]") = 0,

(
(
(
(

iU) il_If(l) ||VZQE||L2(0’T;[L2(QQE)]W) =0.
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Assuming that T is of class C?, the following corrector results hold true:

i)l [zie = z1floo,miz2010)) = 0,

(i
(i@)  Tim ||z — 05" 22| co0.7i22(0200)) = 0,

(Z’LZ) il_{% ||V215 - CEVzl HLZ(O,T;[LI(QLE)]") = O,
(

iv) il_If(l) ||V22£||L2(0’T;[L2(Q2€)]n) =0.

Remark: In particular, assumption (i) holds if for i = 1,2, gic = gc|q,.
and
g — g strongly in L*(0,T; L?()).

On the other hand, the assumptions on the initial data hold if for i = 1,2,
one has for instance x, Z2 = Z{_|o,. for some Z. € L*(Q) such that

Z9 — 79 strongly in L?(£2) (as will be applied in the control problem).
L J
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Construction of the control for the homogenized problem

Let T, 61,02 > 0 be given and w,U, US be in L?(Q).
For a given w € L?(12), we define the functional Jy on L?(Q2) x L?(€2) by

1 T 1., ("
Jo(®°, w0) = 501/ / l1|? do dt + 502 1/ / la|? d dt
0 w 0 w

+017/01]|° L2(0) + 02/ 02 W0 L2 (0

— 6 /Q (w — vy (T)) ®° do — 92/9 (w— 02_1U2(T)) 0O dz,

L
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where (1, p2) is the solution of the following homogeneous transposed
problem:

—91(,01/ — div(A0V<p1) + ch(92<p1 — (pz) =0 inQ2x (O,T) s

—@2/ - Ch(02g01 — (pg) =0 in 2 x (O,T), (2)
p1 =0 on 90 x (0,7,
o1(x,T) =% po(x,T) = 620° in Q.

and (v1,v2) is the solution of the problem

01v1" — div(A°Vo1) + cp(favr —v2) =0 in Q x (0,7),

vy — ep(fav; —v2) =0 in Qx (0,7,
vy =0 on 90 x (0,7,
v1(z,0) = UY,  wa(z,0) = 6US in Q.
2e
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The controllability result for the homogenized system

Theorem 2 [Donato-E.J.] (2015) Let (99, U°) be the unique
minimum point of the functional Jy and (1, $2) the solution of (2) with

final data (®°,6,W0).

Then if (u1,us) is the solution of

91“1/ — diV(AOV’U,l) —+ ch(ﬂgul — ’LLQ) = Xwgl(ﬁl in Q) x (O, T) s

ug' — cp(faur — uz) = XwPo inQx (0,7,
up =0 on 90 x (0,7),
u1($,0) = Uj?’ Ug(.T,O) = 92U§) in Qv

we have the following approximate controllability:

||91u1(x,T) + UQ(LL‘,T) — w||L2(Q) < 51\/E—|— 52\/9_2

L
E.Jose MATH 2019

o)



@ Convergence of the control problem
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Asymptotic behaviour of the control problem

Theorem 3 [Donato-E.J. (2015)] Suppose that 7', 61,92 > 0 and that
T is of class C?. Let w. and U2 be given in L?(12).

Let ue = (u1e,u2:) and @. = (P1e, Pac) the related solution and the
approximate control given by Theorem 1, respectively.

For {w.}, C L*(Q) and {U?}. C L?(€2), we suppose that for some
UP,i=1,2 and w in L?(f2), they satisfy the following assumptions:

(i) Xq, US— 60:UP  weakly in L*(€2),
(i) U232,y + 1U2N32 00,y — 011Uy + 02 U9 1220
(iii) w. — w strongly in L?(Q).

(Recall that in particular we can suppose that x,, Ul =02

UL — U strongly in L2(€2).)

Qe with
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Then as € — 0, one has

(i) Xen.P1c = Xl P weakly in L2(0, T; L*(Q2)),
(19)  XuwseP2e = XwP2 weakly in L?(0,T; L*(92)),
(ii7) (Xﬂl€<ﬁ2, XQ%@S) — (0:9°,0,0°)  weakly in [L?(Q)]?,

where (P71, p2) is the solution of the trasposed problem with final data
(®Y,0500).

Here, (C/I\JO, \/I\IO) is the unique minimum point of the functional Jy.
Moreover,

(i) wie — Oru;  weakly* in L>°(0,T; L*(Q)),

(i) uze — ug  weakly* in L>°(0,T; L?(12)),

L
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where the couple (u1,us) satisfies

Oruy’ — div(A°Vuy) + cp(Bauy — uz) = O01xP1 in Q x (0,7),
U2/ — ch(92u1 — Uz) = Xw$2 in 0 x (O,T),
up =0 on 9Q x (0,7,
uy(2,0) = UL,  wug(x,0) = 0,UY in Q.
(3)

The couple ($1,P2) is an approximate control for the homogenized
problem (3) corresponding to w and the constants d; and d, that is

[01ur (2, T) + uz(2, T) — w||L2(0) < 51v/01 + 69/ 6s.
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Thank you for your attention!
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