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Motivations

Oscillations can also came from the geometry of the domain, as for
example for

@ perforated domains,
@ reticulated structures, trusses,

@ oscillating boundaries.
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Perforated materials in industry ..

‘Walsesbkating com
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Related materials : reticulated structures, trusses ...

Figure: Roof trusses.
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A well known truss ...
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Oscillating boundaries ..
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More oscillating boundaries ..
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Periodically perforated domains
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Figure: The perforated domain, the reference cell Y and the reference hole
(in yellow).
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The geometrical framework

We introduce the periodically perforated domain as follows.
Let © be a bounded connected open set of RN, N > 2 and let as
before

Y =10,41[ x ... x]0,¢n]
be the reference cell. The reference hole T is a nonempty compact
set such that T C Y and we set Y* = Y\ T. For any k € ZV, let

TK =k + T, where k= (kili,..., knln)

As before, we denote by € a positive parameter taking its values in a
decreasing positive sequence which tends to zero and set, for every ¢,

K. :={k € ZN|eTF N Q # 0}.

Here we assume that the holes do not intersect the boundary of Q,
that is
oan(J T =2
kezZN
This is not necessary foor Dirichlet conditions.
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Then, for any €, we define the perforated domain €. by

Q. =Q\T., where T, = U (eTH).
keKe
Observe that

Q. =0QUOT,, oQNoT, =

@ Here, the holes have the same size as the period. Other situations
can be studied, and present very different behaviours.

From now on, we follow the usual notations:
® ., the characteristic function of any open set w C RV,

e my(v) = i/ v dx, the mean value over a measurable set w,
w

@ Vv the zero extension to RN of any function v defined on Q or T.

« Since x, (x) =x (f) one has
e e

Y™

-0 :=-—

XQg |Y| )

By construction, 0 < 6 < 1, and this convergence is not strong.

Y*

weakly in L%(Q),
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The problem

Consider the problem
—div (A°Vu:) =f in .,
u:=0 on 09,
-+ some boundary conditions on 9T,

where f € L%(Q), A*(x) = (a;(¥))1<ij<n a.e. on Q and A(y) is a
Y-periodic matrix field in M(«, 3,Y)

Remarks.

@ The main difficulty cames from the fact that the domain (and
consequently the related functional spaces) depend on ¢.
Convergence of solutions need a commun fixed space.

@ The case of the laplacian (i.e. A=) present the same
difficulties.

@ The Dirichlet condition on 0f2 provides a Poincaré inequality.

@ According on different boundary conditions we obtain different
homogenized problems.
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Boundary conditions

Let n be the outward unit normal to 0S2..

We consider the following boundary conditions on the boundary 0T,

of the holes:
o u. =0, ( Homogeneous Dirichlet condition)
e A°Vu-n=0, (Homogeneous Neumann condition)
e AVu-n=g, (Nonhomogeneous Neumann condition)
e A°Vu-n+hu=g, (Nonhomogeneus Robin condition)

where ¢, h and g are given functions defined on 0T..
For a complete discussion on the subject we refer to
[@ D. Cioranescu and J. Saint Jean Paulin, Homogenization of

Reticulated Structures, Applied Mathematical Sciences 136,
Springer-Verlag New York, 1999.
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Homogeneous Dirichlet boundary conditions

Under the above notations, consider

—div (A°Vu:) =1f  in Ly,
u: =0 on 0%..

We know that in this case for every ¢ there exists a unique solution
u: € H}(Q) such that

/ AV u. Vv dx = / fvdx Yve H Q).
Q- Q
Moreover, in view of the results on H&, the zero extension u; verifies

o125 0 = ol el 2 < /AEVUSVuadx—/ fu. dx
< el 2@ Ifllz@) < Calltell o) Ifll2@)

where Cq is the Poincaré constant in €.

University of Rouen Normandie Dirichlet boundary conditions Bangalore August 2019



Consequently one has the following a priori estimate

10|l ) < <

where c is independent of ¢.
Then, by compactness there exists U € H3(Q2) s.t. (up a
subsequence),

U — U weakly in H}(Q).

U. — U strongly in L2(Q).
Proposition (Cioranescu-Saint Jean Paulin). One has U = 0 and
the above convergence is strong, that is:

U. — 0 strongly in H3(Q).
Proof. Let us first prove that U = 0. If X1 denotes the

characteristic function of the holes, then u. Xy = 0, a.e. in Q.

Passing to the limit as ¢ — 0, from the above convergences one has
U(1 — 6) = 0, which implies U = 0 since 0 # 1.
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Hence, from the above estimates one has

a||HE]12L,&(Q):/Q f u. dX:/QfﬁS dx — 0.

Since the norm tends to zero, this ends the proof. O

Actually, one can go further in the analysis of the problem. Indeed,
one can prove the following Poincaré estimate in €. and improve the
estimates.

Theorem. Let Q be a bounded open set in RN. There exists a
constant C, independent of ¢ such that

lull 2.y < CellVulliza.),  Yu € Hy(Q:).

The following theorem is very interesting (and surprising!).
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Theorem (J.L. Lions, L. Tartar).
One has

€20, — fwy  weakly in L2(Q),

{ el — 0  weakly in H}(Q),
where wo = my(w), with w the unique solution of the cell problem

—div (fAVw) =1 in Y*
w=0 ondT,

w Y -periodic ,

@ Here no limit equation, but the limits above are explicit.
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Proof. A similar computation as above gives

O‘HUEH%./(}(QE) = /Q f u. dx

IN

el 200 1l 2@

IN

cellue | gyl llz (o),

as a consequence of the Poincaré inequality in Q.. This implies that
the sequence {||5_1“€||Hg(95)} is bounded, and using again the
Poincaré’s inequality that the sequence {\\5*2UEHL2(QE)} is also
bounded. Hence, {¢714.} is bounded in H}(Q) and {724} is
bounded in L?().

By compactness there exists a subsequence (still denoted ¢) and two
functions ux € H3(Q), and up € L?(R) such that

2

e(e720:) = e 1. — vt weakly in H}(2) and strongly in L2(Q),
720, — up  weakly in L2(Q).

Comparing these two convergences, we deduce that u* = 0.
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To identify now the limit ug we use again the Tartar method as follow.
Set N
wo(x) =w(Z), ae inRM,
€

were w has been extended by zero to the whole T. It easy to check
that {ew.} is bounded in H3(Q2) and {w.} is bounded in L?(f), and
due to periodicity,

ew. — 0 weakly in H}(Q),
we — wp  weakly in L2(9Q).

Moreover, by a change of scale,

—div (A°Vw.) =72 in Q.
w.=0 ondT,,

so that

/ TA*Vw. Vv dx :/ e 2v dx for every € H3(Q).
Q. Q.
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Let now ¢ € D(Q2) and choose

PWe

as test function in the problem solved by u. and
PUe

in the equation solved by w..

We obtain

/ A*VuVow® dx +/ A*Vu. Vw. ¢ dx —/ ATV W,V u. dx
Qe Q.

£

—/ tA€VWEVu€g0dX:/ fow dx—/ e 2 pu, dx,
Qe Q. Q.

were here again the bad terms cancel and we are able to pass to the
limit in the others.

Taking into account the a priori estimates, the remaining two terms
in the left-hand side go to zero.
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Hence, we have, using the above convergences

0 =lim </ fcpwgdx—/ 5_2g0u5dx>
e—0 Q. Q.
= lim </fg0wsdx—/s_2cpﬁgdx)
e—0 Q Q
:/fcpwodx—/ @ up dx.
Q Q

(f wo — o)y dx, for every ¢ € D(Q).
Q

This gives by know results that

That is,

up =1 wy, a.e on

and ends the proof. O
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Homogeneous Neumann boundary conditions

Under the above notations and assumptions, consider

—div (A°Vu:) =1f in Qq,
AVu.-n=0, ondT,
u:=0 on 99.

Before introducing the variational formulation of this problem, let us
define the space

Ve ={v e, v=00n0dQ},

in the sense of the trace.

@ The zero extension of a function in V¢ is not in H}(2). Then, we
need some suitable extension operators.
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Extension operators

Assumption. From now on we suppose that
The boundary OT of the reference hole T is Lipschitz continuous.

Let us recall the following extensions results due to D. Cioranescu
and J. Saint Jean Paulin:

Theorem. There exists a linear continuous extension operator P
belonging to L(H*(Y*); HX(Y)) N L(L2(Y*); L2(Y)), such that for
some positive constant C

1Pvlli2gyy < ClIvlizeys)

and
IVPv][2¢vy < CIVV] 20y,

for every v in H*(Y*).

@ The main feature of this result is to estimate the gradient of the
extension operator only by the gradient (and not by the H' norm).
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By a change of scale, one has

Theorem. There exists a linear continuous extension operator P*
belonging to L(Q:; L>(Q:)) N L(VE; HY(Q)) such that, for some
positive constant C (independent of )

[Pviz) < Cllviiz.)

and
VPV 2 < ClIVVI2q.)s

for every v in H*(S.).
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As a consequence, we have a Poincaré inequality holds in V¢
independently of ¢, i.e.

Theorem. There exists a positive constant c, independent of ¢,
satisfying
IVlliza.) < cllVvlliz.),

Proof. Indeed, using the Poincaré inequality in € one has
IVlliz.) < [IPvliz@) < [VCaPviiz) < ClallVvilliz(a,y)

for every v in V&,

Corollary. The quantity
IVlive = Vvl a.)

is a norm on V¢, which is equivalent to the norm H*(Q.).
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A variational solution and a priori estimates

The variational formulation of the above Neumann problem is:

Find u. € V¢ such that
/ A*Vu. Vv dx:/ fvdx Vve Ve

Thanks to the above uniform Poincaré inequality, one can still apply
the Lax-Milgram theorem to prove that for every ¢ there exists a
unique weak solution u. € V&,

Moreover, one has the following a priori estimate

C
[|uellve < aHfHB(QE),

where ¢ is a constant independent on ¢.
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Then, using the extension operator, we deduce that there exists a
constant ¢ independent on ¢, such that

. c
1P uell o) < a”fHB(QE)-
Then, there exists up € H3(Q) s.t. (up to a subsequence),

Peu. — up  weakly in H3(Q),

and, in view of the compact embedding theorem (the inclusion of
H () into L2(2) is compact), P¢u. strongly converges in L%().

@ Clearly, one can also consider the zero extension of u., which only
belong to L?(Q) and is bounded.
Hence there exists U € L2(Q) s.t. (up to a subsequence),

g. — U weakly in L%(Q),

The following results compare ug with U.
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Proposition. Suppose that
Pfu. — ug  weakly in H&(Q),

then
0. — fuy  weakly in [3(Q),

where 0 = % is the proportion of material.

Proof. If Xq denotes the characteristic function of €., then

. = P°u, X 2e in Q.

Passing to the limit as € — 0, from the above convergences one has
U= QUO. O
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The homogenization result for the Neumann problem

We describe now the homogenization result for this case.

We proceed in a similar way as for a fixed domain, but we have to
pay paying attention on how to extend the different involved
functions to the whole of €. Set

£ = AVu..

By the boundedness of A® and the estimates on u. we deduce that
there exists €0 € L2(Q), such that (up a subsequence)

€ — &% weakly in (L2(Q)V.

Let v € H}(R2). From the variational formulation of u.,

/EEVde:/ AEVUEVVC/X:/ fvdx:/x fvdx
Q QE QE Q QE

which gives at the limit

/ngv\/ dx :H/vadx, Vv € Hy(Q),
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that is, —div &9 =0f inQ.
Same question as before: the relation between £° and ug?

The answer (Cioranescu-Saint Jean Paulin, 1979 : One has
¢ =A%y

where the homogenized matrix A° is constant, positive definite and
given by

AP\ = My(m), for any A € RV,
with wy, = A+ x — X and X, solution of
~div (AVE)) = -div (A\) in Y*
AV(Xa—A-y)-n=0 ondT,
X Y- periodic,
My (Xr) =0,
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whose variational formulation is

| AR Vvdy = [ AIATvdy e Hi (),

*

Hence, ug is the unique solution of

—div (A%Vup) = 6f inQ,
up =0 on 09,
so that, the whole sequences converge

Pu. — up weakly in H3(Q),
0. — Oug  weakly in L2(9Q),
AV u. — A%V g weakly in L2(Q).
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We have a similar result as before (with a similar proof).
Theorem

Let A € RN, and A® as above. Then
FAON = My (tAVWy),

where
Wy = A X — X\
and x is the solution of the adjoint problem
- div ("AV ) = -div ("AX) in Y*
AV(xa—A-y)-n=0 ondT,
xx Y- periodic,
My(xx) =0,
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Proof by the Tartar's method

We follows the same ides as for a fixed domain, pointing out only the
main differences.

Under the notations above, we define w§ on teh whole Q by

. X
W) = A x— (Pra) (%),
Then,
wi — \-x strongly in L?(Q).
Moreover, it is to check that w§ is bounded in H(2) so that
wi — X-x weakly in H}(Q).
Introduce now the (flux) vector 5 = A*V w5, so that
ny — tA°)  weakly in (L2(Q))".
We also have

(%) /QTﬁ\Vv dx =0, VYveH(Q).
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Let now ¢ € D(2) and choose ¢w; as test function in the problem
solved by u. and u. in equation (x), solved by 75.

As for a fixed domain, the bad terms cancel! We obtain
/ (V) wy dx —/ (V) u: dx = / fo Wg dx,
Q. Q. Q.
which can be rewritten as
/Engp W/\dX—/ chPude—/QXQEfnggdx.

The remaining part of the proof, as well as the proof of the ellipticity
follow along the lines those for the case of a fixed domain. O
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ergence of the energy and correctors

Proposition. The following convergence holds true:

/ AVt Vuf dx — / A%V 0 viu0 dx.
Q. Q

Moreover, the following corrector result holds:

Proposition. if we set

/\

Ci(x) = 8y, (X) a.e. on .,

then
lim [[Vue — C*Vupl|11(gzyv = 0.
e—0 €

The proof is similar to that for a fixed domain, using the equations
and the extension operators.
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NonhomogeneousRobin boundary conditions

Consider of the following problem (Cioranescu-D, 1988):

—div (A°Vu:) =1f in Qq,
AVu. -n+ep.u. =g, ondT,
u-=0 on 99,

where A® and f are as before, v > 1, and

with p a Y-periodic positive function in L>°(0T).
Moreover, we suppose that g is a Y-periodic function in L?(0T), and
we set

eg(z) if Mor(g) #0,

g:(x) = )
g(%) if Mp7(g)=0.
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The variational formulation of problem is:

Find u. € V. such that

/ A*Vu.Vv dX+5’y/ pev do :/ fv dx+/ g-vdo, Vve V..
Q. oT: Qe oT:

The existence and uniqueness of a solution can still be proved using
the Lax-Milgram Theorem and the trace.

Moreover the solutions are bounded in V¢ (due to the assumptions
on g:), so that we can argue as before to show that there exists
up € H}(Q) s.t. (up to a subsequence),

Peu. — ug  weakly in H}(Q).

@ |n this framework, we assume that O T is of class C2.
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The homogenization result for the Robin problem

We have as before
Peu. — ug weakly in H&(Q),
U: — Qug  weakly in L2(Q),
AV u. — A%V g weakly in L2(Q).
Here, the limit function g is the unique solution of the problem

T
—div (A°Vuwp) + K(OT)Mor(p)uo = Of + ||aY’|MaT(g) in Q,

Vo = 0
where A° as in the homogeneus Neumann problem, and

07|
Kv) =4 IV
0 if v > 1.

if y =1,
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Sketch of the proof

One can use again the Tartar method, but here there is an additional
difficulty related to the boundary term, where the integral is over an
oscillating surface.

To overcome this difficulty, we use an auxiliary problem introduced by
Vanninathan for the homogenization of eigenvalues problems in
perforated domains.

Lemma. For he L2(OT), set

Ch = dO'y

\Y*!
and let 1, € HY(Y*) be the unique solution of the problem
—AYp=—cp in Y™,
{ Vip-n=h ondT

with a zero mean value on Y*.
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Then, still denoting 1), the extension by periodicity of 1, one has

5/ h(x/e)v(x)do*:/ Vyn(x/e)Viv(x) dx+ch/ v(x)dx.
aT. Q. Q-

for every v in V°.

As a consequence, on can prove the following

Theorem. Let

us v e HH Q) — 8/8T h(x/e)v(x)do.

Then, 15, € H71(Q) = (H3(Q)) and
w5 =y strongly in H1(Q),
where

pn v € HY Q) — 0ch/ v(x)do.
Q
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This allows to threat the case where the mean value of g is different
from zero, but not the case where the mean value of g is zero and g
is different from zero.

Indeed, if one defines in this case
vi v e HNQ) — h(x/e)v(x)do,
oT:
one has only a weak convergence, which is not a priori sufficient.

Neverthless, some suitable argument allow to conclude the proof also
in this case.
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Convergence of the energy and correctors

The results are different in the two cases My7(g) # 0 and
Ms7(g) = 0. We only describe here the corrector result.

Let C¢ be the corrector of teh Neumann problem.

e In the case My7r(g) # 0 or or g = 0 we have (as for Neumann):

lim ”VUE - CEVU()”U(Q*)N =0.
e—0 S

e The case My7(g) =0 (with g # 0) was an open problem for
longtime, and was only recently solved by |. Chourabi and P.D. in
2015, by using the periodic unfolding method.
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The result (a bit surprising) state that in this case,

E“_% [Vue = C*Vup — Vy@(g)HLI(Q;)N =0,
where Y is the solution of the following problem:
( —div(AVXz) =0 in Y\T,
AVXg-n=g ondT,

Xg Y-periodic,

\ MY*()?E) — 0.
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Holes of a smaller size than the period

We now describe, the so called "strange term” phenomenon
introduced in

ﬁ D. Cioranescu and F. Murat, Un terme étrange venu d'ailleurs, in
Nonlinear Partial Differential Equations and their Applications,
College de France Seminar, Vol. Il and Ill, ed. by H. Brezis and
J.-L. Lions, Research Notes in Mathematics, 60 and 70, Pitman,
London, 1982, 93-138 and 154-178.

@ Since then, a huge number of different sort of homogenization
problems in this kind of domains have been studied.

We consider here in the simplest model case , altougth the problem
was originally studied in a general abstract framework.

Consider the simplest case where Q is a domain in RV (N > 3) (the
case N = 2 can also be treated but is a bit more delicate).

Let Q be a bounded connected open set of RV, N > 3 (the case

N = 2 can also be treated but is a bit more delicate).

University of Rouen Normandie Holes of a smaller size than the period Bangalore August 2019 44



Choose here as reference cell the cube
Y =]-1,1"

be the reference cell and as reference hole the unit ball By centered
at the origin.
As before, we denote by € a positive parameter taking its values in a
decreasing positive sequence which tends to zero and let a. be, ofr
every €, a positive number such that 0 < a. < € with

a.

lim — =0.
e—0 €

For every € and k € ZN we set
Sk =a.By + keY
Then, for any ¢, we define the perforated domain Q. by
Q. =Q\T.,  where T. = | J (5).

kezN
Observe that here, the holes have a size a. which is of order smaller

then the period 2¢.
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The homogenization result

Consider for f € L?(2), the problem
—Au: =f in €,
{ u: =0 on 0%..
If for some constant C,
a. = Goel/(N=2),
then the sequence u; satisfies

g: — u  weakly in H}(Q),

/ ]Vu5|2dx—>/|Vu|2dx+u/|u|2dx,
Q. Q Q

where u is the unique solution of

—Au+pu="Ff inQ,
u=0 on 99.

@ A zero order terme, the "strange term” appears et the limit.
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Moreover, 4 is the constant given by

N—2 N
= gN Cap (B1,R™)
where
Cap (B1,RN) = inf / Vo ?dx
p(BLEY = inf [ Vel
p=1o0nB;

is the capacity in RV of the closed set B;.
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Remarks
@ The size a. = ( 5N/(N_2), is called the critical size.

One can prove that if a. is of order bigger the the critical size,
then the limit of the solution is zero.

On the other hand, if the size is smaller the the critical size,
then the limit problem is simply

—Au=1f inQ,
=0 on0Q.
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@ The case of —div (A°Vu.) = f was not originally studied by
Cioranescu-Murat, since the method used there do not extend to
oscillating coefficients.

It was successively studied by Dal Maso-Murat but the proof was
very complicated.
A nice and simpler proof has been more recently given in

ﬁ D. Cioranescu, A. Damlamian, G. Griso, D. Onofrei; The
periodic unfolding method for perforated domains and
Neumann sieve models, J. Math. Pures Appl. 89 (2008),
248-277,

using the periodic unfolding method.

@ In the general abstract framework, 1 is a measure.
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Thanks for your
attention!
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