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Figure 1 - A knot diagram.
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Figure 2 - The Reidemeister Moves.

That is, two knots are regarded as equivalent if one embedding can be ob-
tained from the other through a continuous family of embeddings of circles
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Reidemeister Moves 
reformulate knot theory in 

terms of graph 
combinatorics.



Abstract Diagrams, 
Surfaces and Gauss Codes





v = # classical crossings

L = # loops on boundary

g = genus of surface obtained by 
attaching disks to the loops.

This surface is the least genus surface 
associated with the diagram, but not 

always with the virtual knot.

g = 1 + (v - L)/2

v = 2
L = 2
g = 1

FACT: g is invariant
under Reidemeister

I and III moves.

Euler 

v-e+L = 2-2g
4v=2e

g = 1+(v L)/2.
Hence

-







to the handling of classical knot diagrams. Many structures in classical knot theory

generalize to the virtual domain.

In the diagrammatic theory of virtual knots one adds a virtual crossing (see Figure

1) that is neither an over-crossing nor an under-crossing. A virtual crossing is repre-

sented by two crossing segments with a small circle placed around the crossing point.

Moves on virtual diagrams generalize the Reidemeister moves for classical knot

and link diagrams. See Figure 1. One can summarize the moves on virtual diagrams by

saying that the classical crossings interact with one another according to the usual Rei-

demeister moves while virtual crossings are artifacts of the attempt to draw the virtual

structure in the plane. A segment of diagram consisting of a sequence of consecutive

virtual crossings can be excised and a new connection made between the resulting free

ends. If the new connecting segment intersects the remaining diagram (transversally)

then each new intersection is taken to be virtual. Such an excision and reconnection

is called a detour move. Adding the global detour move to the Reidemeister moves

completes the description of moves on virtual diagrams. In Figure 1 we illustrate a set

of local moves involving virtual crossings. The global detour move is a consequence

of moves (B) and (C) in Figure 1. The detour move is illustrated in Figure 2. Virtual

knot and link diagrams that can be connected by a finite sequence of these moves are

said to be equivalent or virtually isotopic.
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Figure 1: Moves

Another way to understand virtual diagrams is to regard them as representatives

for oriented Gauss codes [8], [17, 18] (Gauss diagrams). Such codes do not always

have planar realizations. An attempt to embed such a code in the plane leads to the

production of the virtual crossings. The detour move makes the particular choice of
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Generalized Reidemeister Moves for 
Virtual Knots and Links



Detour Move
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Figure 1. Moves

Figure 2. Detour Move
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Figure 3. Forbidden Moves
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Example. From Figure 9 we see that the bracket polynomial for the trefoil dia- 

gram is given by the formula: 

( K )  = A3d2-' + AZBd'-' + ~ d l - '  + ABZd2-' + A2Bd1-' + AB2d2-' 

AB2dZ-I + ~ 3 d 3 - 1  

( K )  = A3d' + 3A'Bd" + 3AB'd' + B3d2. 

This bracket polynomial is not a topological invariant as it stands. We investigate 

how it behaves under the Reidemeister moves - and determine conditions on A, B 

and d for it to become an invariant. 

Proposition 3.2. 

( A') = A (  z) + B (  3 c) 
Remark. The meaning of this statement rests in regarding each small diagram 

as part of a larger diagram, so that the three larger diagrams are identical except 

at the three local sites indicated by the small diagrams. Thus a special case of 

Proposition 3.2 is 

The labels A and B label A and B - splits, respectively. 

Proof. Since a given crossing can be split in two ways, it follows that the states 

of a diagram K are in one-to-one correspondence with the union of the states of 

K' and K" where K' and K" are obtained from K by performing A and B splits 

at a given crossing in K .  It then follows at once from the definition of ( K )  that 

( K )  = A ( K ' )  + B ( K " ) .  This completes the proof of the proposition. / I  

Remark. The above proof actually applies to a more general bracket of the form 

( K )  = C(Klu)(4 
a 

where (u) is any well-defined state evaluation. Here we have used (u) = dllall as 

above. We shall see momentarily that this form of state-evaluation is demanded 

by the topology of the plane. 

Remark. Proposition 3.2 can be used to compute the bracket. For example, 

Kauffman Bracket Polynomial
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Figure 2. Reidemeister Moves

invariant of knots and links. Certainly, if F (K) is not equal to F (L) then it follows (by Reidemeister’s theorem)
that Kand L are not related by a sequence of the Reidemeister moves, and hence that K and L are not ambient
isotopic.

We now give an example of the construction of such a function. We shall first define a function [K] on knot
and link diagrams such that [K] is well-defined on diagrams and it is a polynomial in the commuting variables
A,B and d. Then we shall see how to specialize A,B and d so that [K] is invariant under the Reidemeister moves.
See,22 .23

To define [K] we need the concept of a state of the link diagram K. A state S is obtained by smoothing each
crossing of the diagram K. In smoothing, a crossing is replaced by two parallel arcs and the new diagram loses
this vertex, but gains a label of either A or B depending on the sense of the smoothing relative to the crossing.
Each crossing has possible two smoothings, as shown in Figure 3. The conventions for smoothing are labelling
are illustrated in this figure. Since there are two choices for smoothing each crossing, there will be 2n states for
a diagram with n crossings. Each state is a labelled configuration of disjoint loops in the plane. Let ||S|| denote
the number of loops in the state and [K|S] denote the product of the labels. Note that [K|S] is a product of A’s
and B’s, commuting variables. Now define [K] to be the sum over all the states of the products [K|S]d||S|| :

[K] =
�

S

[K|S]d||S||.

This defines the three-variable bracket polynomial.

The Bracket Polynomial 
(giving a state summation model for the Jones polynomial)
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Figure 9 
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Figure 9 

The Khovanov Complex



fK(A) = (-A^3)^(-w(K))<K>(A)

w(K) = the sum of the crossing signs of K

Then fK(A) is invariant under all three
Reidemeister moves.

Getting Invariance under all 
Reidemeister Moves







Figure 6 — Signed Gauss Codes

Now consider the effect of changing these signs. For example let

g = O1 + U2 + O3 − U1 + O2 + U3 − .

Then g is a signed Gauss code and as Figure 6 illustrates, the corresponding
diagram is forced to have virtual crossings in order to acommodate the change
in orientation. The codes t and g have the same underlying (unsigned) Gauss
code O1U2O3U1O2U3, but g corresponds to a virtual knot while t represents
the classical trefoil.

Carrying this approach further, we define a virtual knot as an equivalence
class of oriented Gauss codes under abstractly defined Reidemeister moves
for these codes—with no mention of virtual crossings. The virtual crossings
become artifacts of a planar representation of the virtual knot. The move sets
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Virtual knots are 
all oriented

(signed) Gauss 
codes taken up to 

Reidemeister 
moves on the 

codes.

Virtual crossings 
are artifacts of 

the planar 
diagram.

Exercise: Show that the above knot has unit 
Jones polynomial.



Variations

1. Welded Knots = VKT + first (over) Forbidden Move.
(Rourke, Fenn and Rimiyani)

Related to braiding of circles in three space, hence 
four dimensional tubular braids, and to embeddings of 

tori in R^4 (Shin Satoh).





11. Rotational Virtual Knot Theory
 = 

VKT with Detour Move restriced to 
regular homotopy in the plane

 or on the two sphere.

K

L

L'

Figure 7: A rotational virtual knot and two rotational virtual links.

where the summation is over all states obtained by smoothing every crossing in the virtual diagramK
and < K|S > is the product of the weights A and A−1 just as before. An empty loop with no virtual

crossings (in its virtual equivalence class) will be evaluated as d = −A2 − A−2. The symbol [S] is
the planar class of the state S. By the planar class of the state we mean its equivalence class up to
virtual rotational equivalence. This means that each state loop is taken as a regular homotopy class.

These individual classes are in 1-1 correspondence with the integers, as shown in Figure 9 (via the
Whitney trick and the winding degree of the plane curves), and can be handled by using combinatorial

regular isotopy as in [25]. A configuration of loops (possibly nested) is equivalent to a disjoint union

of adjacent loops. We can thus regard each virtual loop as a variable dn where n is an integer and
d1 = d−1 = −A2 − A−2. Here we give an examples of a computation of [K] for a rotational virtual
knots in Figure 10. The reader will note that in this example, even if we let A = −1 = B and d = −2
the invariant is still non-trivial due to the appearance of the two loops with Whitney degree zero. Thus

the example in Figure 10 also gives a non-trivial flat rotational virtual knot. We shall look at cobordism

of rotational virtual knots later in the paper.

2.4 The Parity Bracket Polynomial

In this section we introduce the Manturov Parity Bracket [22]. This is a form of the bracket polynomial

defined for virtual knots and for free knots (unlabeledGauss diagrams taken up to abstract Reidemeister

move equivalence) that uses the parity of the crossings. To compute the parity bracket, we first make

all the odd crossings into graphical vertices. Then we expand the resulting diagram on the remaining

even crossings. The result is a sum of graphs with polynomial coefficients.

More precisely, let K be a virtual knot diagram. Let E(K) denote the result of making all the
odd crossings in K into graphical nodes as illustrated in Figure 11 . Let SE(K) denote the set of
all bracket states of E(K) obtained by smoothing each classical crossing in E(K) in one of the two
possible ways. Then we define the parity bracket

< K >P = (1/d)ΣS∈SE(K)A
i(S)[S]

where d = −A2 − A−2, i(S) denotes the product of A or A−1 from each smoothing site according

to the conventions of Figure 11, and [S] denotes the reduced class of the virtual graph S. The graphs
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All quantum link 
invariants extend to 

invariants of rotational 
virtual links.

Rotational Virtuals are a 
GOOD DOMAIN  for 
studying quantum link 

invariants.



a b
c dM Ma b

cd

a b

c d

e f

g h

M     M     M     M     R     R         a f be
ck l h ab

cd
e f
gh

d g
kl

a b

c d

R
ab
c d

a

bc

d

R
ab
c d

Z K
=

δ

a b

c d

δ
a
d

b
c

= =

=

= =

k l

δ δ

Figure 8: Quantum Link Invariants

Whitney Trick - all crossings are virtual.

0-1-2
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Immersed circles and their Whitney degrees.

Figure 9: Whitney Trick and Whitney Degrees
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[K] = (AA + BB + AB)d   +  AB [ ]

Figure 10: Bracket Expansion of a Rotational Virtual Knot

with bare Gauss code 1212. Both crossings in the diagram K are odd. In any classical knot diagram

all crossings are even.

In [28] we introduced the odd writhe J(K) for any virtual diagramK. J(K) is the sum of the signs
of the odd crossings. Classical diagrams have zero odd writhe. Thus if J(K) is non-zero, then K is

not equivalent to any classical knot. For the mirror imageK∗ of any diagramK, we have the formula
J(K∗) = −J(K). Thus, when J(K) ̸= 0,we know that the knotK is not classical and not equivalent

to its mirror image. Parity does all the work in this simple invariant. For example, if K is the virtual

knot in Figure 4, the we have J(K) = 2. Thus K, the simplest virtual knot, is non-classical and it is
chiral (inequivalent to its mirror image.)

In this section we introduce the Manturov Parity Bracket [20]. This is a form of the bracket poly-

nomial defined for virtual knots and for free knots (unlabeled Gauss diagrams taken up to abstract

Reidemeister move equivalence) that uses the parity of the crossings. To compute the parity bracket,

we first make all the odd crossings into graphical vertices. Then we expand the resulting diagram on

the remaining even crossings. The result is a sum of graphs with polynomial coefficients.

More precisely, let K be a virtual knot diagram. Let E(K) denote the result of making all the
odd crossings in K into graphical nodes as illustrated in Figure 11 . Let SE(K) denote the set of
all bracket states of E(K) obtained by smoothing each classical crossing in E(K) in one of the two
possible ways. Then we define the parity bracket

< K >P = (1/d)ΣS∈SE(K)A
i(S)[S]

where d = −A2 − A−2, i(S) denotes the product of A or A−1 from each smoothing site according

to the conventions of Figure 11, and [S] denotes the reduced class of the virtual graph S. The graphs
are subject to a reduction move that eliminates bigons as in the second Reidemeister move on a knot

diagram as shown in Figure 11. Thus [S] represents the unique minimal representative for the virtual
graph S under virtual graph isotopy coupled with the bigon reduction move. A graph that reduces to
a circle (the circle is a graph for our purposes) is replaced by the value d above. Thus < K >P is an

element of a module generated by reduced graphs with coefficients Laurent polynomials in A..

9



VKT 

= Virtual Knot Theory

= Virtual Diagrams up to Virtual Equivalence

= Oriented Gauss Codes up to Reidemeister Moves

= Links in Thickened Surfaces up to 1-handle stabilization
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Virtual knots are 
all oriented

(signed) Gauss 
codes taken up to 

Reidemeister 
moves on the 

codes.

Virtual crossings 
are artifacts of 

the planar 
diagram.



Kuperberg showed that 1-handle surgery gives unique knot 
type in the minimal genus surface.

From Kuperberg it follows that one only need descend
by surgery from any given surface to reach 

the minimal surface.

min min’

~

min min’

min = min’
(by common

descent)





[16], and Bar-Natan’s emphasis on tangle cobordisms [2]. We use similar considera-

tions in our paper [10].

Two key motivating ideas are involved in finding the Khovanov invariant. First

of all, one would like to categorify a link polynomial such as ⟨K⟩. There are many
meanings to the term categorify, but here the quest is to find a way to express the link

polynomial as a graded Euler characteristic ⟨K⟩ = χq⟨H(K)⟩ for some homology
theory associated with ⟨K⟩.

The bracket polynomial [7] model for the Jones polynomial [4, 5, 6, 17] is usually

described by the expansion

⟨ ⟩ = A⟨ ⟩ + A−1⟨ ⟩ (4)

and we have

⟨K ⃝⟩ = (−A2 − A−2)⟨K⟩ (5)

⟨ ⟩ = (−A3)⟨ ⟩ (6)

⟨ ⟩ = (−A−3)⟨ ⟩ (7)

Letting c(K) denote the number of crossings in the diagramK, if we replace ⟨K⟩
by A−c(K)⟨K⟩, and then replace A by −q−1, the bracket will be rewritten in the fol-
lowing form:

⟨ ⟩ = ⟨ ⟩ − q⟨ ⟩ (8)

with ⟨⃝⟩ = (q+q−1). It is useful to use this form of the bracket state sum for the sake
of the grading in the Khovanov homology (to be described below). We shall continue

to refer to the smoothings labeled q (or A−1 in the original bracket formulation) as

B-smoothings. We should further note that we use the well-known convention of en-
hanced states where an enhanced state has a label of 1 or X on each of its component

loops. We then regard the value of the loop q + q−1 as the sum of the value of a circle

labeled with a 1 (the value is q) added to the value of a circle labeled with an X (the

value is q−1).We could have chosen the more neutral labels of +1 and −1 so that

q+1 ⇐⇒ +1 ⇐⇒ 1

and

q−1 ⇐⇒ −1 ⇐⇒ X,

but, since an algebra involving 1 and X naturally appears later, we take this form of

labeling from the beginning.
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Bracket polynomial model 
for the Jones polynomial 

extends to virtuals by counting all 
loops the same way.



Minimal surface representations of virtual knots and links 519

and

A±6⟨K⟩ = −A3α − A−3β

Now, taking +6 and −6 respectively, we find:

⟨K⟩ = −A−3α − A3β and

⟨K⟩ = −A−3α − A−9β

or

⟨K⟩ = −A−3α − A3β and

⟨K⟩ = −A9α − A3β

These equations are contradictory unless either α = 0 or β = 0. Suppose that
α = 0. Using the skein relation,

⟨K⟩ = −A3β

and ⟨Ks⟩ = −A−3β

Therefore, ⟨K⟩ = A6⟨Ks⟩. We may perform a similar computation if β = 0
and determine that ⟨K⟩ = A−6⟨Ks⟩.

Note that this proposition tells us that if Ks is an unknot or an unlink then K

has the same bracket polynomial as an unknot or unlink if and only if α = 0
or β = 0.

We consider a representation of the virtual knot diagram Kv as a knot or a link
embedded in a torus F shown in Figure 5.

T

Figure 5: Representation: (F, Kv)

Theorem 3.3 Let K be a classical knot or link diagram as in Figure 3 with
associated links Ks and Kv . If α and β , as determined in Figure 4, are both
non-zero then Kv is a non-classical and non-trivial virtual link.

Proof We obtain the two surface-state pairs (F,Kv+) and (F,Kv−) in Figure
6 from the skein relation.

Algebraic & Geometric Topology, Volume 5 (2005)

520 H.A. Dye and Louis H. Kauffman

T T

(F , K    )v−v+(F , K    )

Figure 6: States in the Torus

Hence,
⟨(F,Kv)⟩ = A−1⟨(F,Kv+)⟩ + A⟨(F,Kv−)⟩

Combining this expansion with that states from 6, we obtain the relation shown
in Figure 7.

(F  ,K)

(F, K         )

(F, K         )

(F, K         )

=

A +  A

+  A+  A
−1

−1

(F, K         )
v+ α

v+

v−

βv−

α

β

Figure 7: Surface-State Equation

We note that

⟨(F,Kv)⟩ = A−1(α⟨(F,Kv+,α)⟩ + β⟨(F,Kv+,β)⟩) (5)

+A(α⟨(F,Kv−,α)⟩ + β⟨(F,Kv−,β)⟩).

Referring to Figure 7, we observe that the states (F,Kv−,α) and (F,Kv+,β)
both contain a single curve that bounds a disk in F . As a result equation 5
reduces to

⟨(F,K)⟩ = (Aα + A−1β) + (A−1α⟨(F,Kv+,α)⟩ + Aβ⟨(F,Kv−,β)⟩. (6)

Note that if both α and β are non-zero, the subspace of curves generated by
the surface-states spans the space of curves in the torus.

Algebraic & Geometric Topology, Volume 5 (2005)

State analysis on the surface extends 
the reach of the bracket polynomial.

Surface Bracket Polynomial (with Heather Dye): Keep the 
isotopy types of the state curves and analyse up to Dehn 

twists.



Conjecture: (Modification of a conjecture of
Jozef Przytycki) If K in a surface S is in 

minimal genus, then this fact is detected by 
the surface bracket polynomial.

(Surface bracket polynomial 
catalogs isotopy classes of state 

loops in the surface.)



Bracket Polynomial is Unchanged 
when smoothing flanking virtuals.
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<Virt(K)> = <Switch(K)>
and

IQ(Virt(K)) = IQ(K).

There exist infinitely many non-trivial 
Virt(K) with unit Jones polynomial.

K’ = Virt(K)

K



Classical knot theory embeds in virtual knot theory.

Open Question: 
Does classical knot theory embed in virtual knot theory 

modulo Z-equivalence?

Z-Knot Theory

~
Z



Virt(K) CONJECTURE: 
K a classical knot (known to be knotted),  
Virt(K) a virtual knot obtained from K by 

virtualizing a set of crossings 
that unknot K, then 

the minimal surface genus of Virt(K) is 
> 0.

THIS CONJECTURE STEMS FROM THE BEGINNING 
OF VIRTUAL KNOT THEORY.

THE CONJECTURE IS NOW A THEOREM!

A. Kaestner, H. Dye, L. Kauffman - Khovanov Homology, Lee 
Homology and a Rasmussen Invariant for Virtual Knots -
arXiv:1409.5088



A. Kaestner, H. Dye, L. Kauffman - Khovanov Homology, Lee 
Homology and a Rasmussen Invariant for Virtual Knots -
arXiv:1409.5088

We prove the Virt(K) Conjecture by using an integral 
extension of Khovanov Homology to virttual knot theory.
Let Kho(K) denote this extension of Khovanov homology.

We assume K is a non-trivial classical knot. 
Whence Virt(K) is a non-trivial virtual knot.

Kho(K) is invariant under Z-equivalence.
Since Virt(K) is Z-equiv to unknot U, we know that 

Kho(Virt(K)) is trivial.

If Virt(K) ~ K’ classical, then Kho(K’) is trivial.
This implies that K’ is a trivial knot by Kronheimer and 

Mrowka. This is a contradiction.



The Odd WritheParity
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Letting c(K) denote the number of crossings in the diagramK, if we replace ⟨K⟩
by A−c(K)⟨K⟩, and then replace A by −q−1, the bracket will be rewritten in the fol-
lowing form:

⟨ ⟩ = ⟨ ⟩ − q⟨ ⟩ (8)

with ⟨⃝⟩ = (q+q−1). It is useful to use this form of the bracket state sum for the sake
of the grading in the Khovanov homology (to be described below). We shall continue

to refer to the smoothings labeled q (or A−1 in the original bracket formulation) as

B-smoothings. We should further note that we use the well-known convention of en-
hanced states where an enhanced state has a label of 1 or X on each of its component

loops. We then regard the value of the loop q + q−1 as the sum of the value of a circle

labeled with a 1 (the value is q) added to the value of a circle labeled with an X (the

value is q−1).We could have chosen the more neutral labels of +1 and −1 so that

q+1 ⇐⇒ +1 ⇐⇒ 1

and

q−1 ⇐⇒ −1 ⇐⇒ X,

but, since an algebra involving 1 and X naturally appears later, we take this form of

labeling from the beginning.
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The Parity Bracket provides the simplest proof that 
the Kishino diagram is non-trivial.

Manturov Parity Bracket

Kishino
Knot
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All classical nodes are odd.
Graph is irreducible.
One parity bracket state.
Genus g = 2.

Determining Genus for Odd Knots



The Knot S3 (found with Slavik Jablan) has unit Jones 
polynomial. It is not Z-equivalent to a classical knot.

Proof via 
Parity 

Bracket.

e
o o

o o

The standard surface 
construct has 

g = 2.



The Parity bracket of S3 has only two terms and
includes the graph G. The virtual graph G cannot be reduced 

by Reidemeister Two moves on its nodes.

This state graph G
has g = 2 and does not reduce under 

graphical Z move.

Conclusion: The knot S3 has surface genus g = 2. 



ARROW POLYNOMIAL

The arrow polynomial is a 
generalization of the Jones polynomial
(bracket polynomial) that takes into

account the state structure of oriented diagrams.

2 -2
d = - A    - A

K =     Kd

= A              + A      
-1

= A               + A      
-1

Figure 1: Oriented Bracket Expansion.

is an invariant of virtual isotopy. Here wr(K) denotes the writhe of the diagram
K; this is the sum of the signs of all the classical crossings in the diagram. If we

set A= 1 and d = −A2−A−2 = −2, then the resulting specialization

F [K] = ⟨K⟩A(A= 1)

is an invariant of flat virtual knots and links.

Example. Figure 4 illustrates the Kishino diagram. With d = −A2−A−2

⟨K⟩A = 1+A4+A−4−d2K21 +2K2.

Thus the simple extended bracket shows that the Kishino is non-trivial and non-

classical. In fact, note that

F [K] = 3+2K2−4K
2
1 .

Thus the invariant F [K] of flat virtual diagrams proves that the flat Kishino diagram
is non-trivial. This example shows the power of the arrow polynomial. See [Kau09,

DK09] for the details of this calculation.

3 Khovanov homology for virtual knots

In this section, we describe Khovanov homology for virtual knots along the lines

of [Kho97, BN02, Man07b].

The bracket polynomial [Kau87] is usually described by the expansion

⟨ ⟩ = A⟨ ⟩+A−1⟨ ⟩ (2)

Letting c(K) denote the number of crossings in the diagram K, if we replace ⟨K⟩
by A−c(K)⟨K⟩, and then replace A2 by −q−1, the bracket will be rewritten in the
following form:

⟨ ⟩ = ⟨ ⟩−q⟨ ⟩ (3)

5

(Dye,Kauffman,Miyazawa)



Non trivial reduced loops 
do not occur

for classical knots.

Sufficient for 
invariance under

Reidemeister moves.

K1

K2



Zig-zags survive in higher genus.
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Arrow Polynomial Can Detect Long  Knots 
whose closures are trivial.





Detecting a knot with unit Jones polynomial.

K-degree = 2 implies that the virtual 
crossing number of this knot is equal to 

2.



Detecting the Kishino Diagram



Affine Index Polynomial

AN AFFINE INDEX POLYNOMIAL INVARIANT OF VIRTUAL
KNOTS

LOUIS H. KAUFFMAN

Abstract. This paper describes a polynomial invariant of virtual knots that is defined
in terms of an integer labeling of the virtual knot diagram. This labeling is seen to derive
from an essentially unique structure of affine flat biquandle for flat virtual diagrams. The
invariant is discussed in detail with many examples,including its relation to previous
invariants of this type and we show how to construct Vassiliev invariants from the same
data.

1. Introduction

This paper generalizes invariants of virtual knots defined by Z. Cheng [2] and by A.
Henrich [11] to a new polynomial invariant of virtual knots and links. The invariant
discussed herein is also related to the generalized parity invariants of H. Dye [5]. In all
these cases, an invariant is constructed in terms of weights, WK(c), associated to the
crossings c of an oriented virtual knot K and the invariants take the form of a polynomial
defined by the equation

PK(t) =
!

c

sgn(c)(tWK(c) − 1)

where sgn(c) denotes the sign of the crossing c in the oriented knot K. The weights for
the authors mentioned above are derived from the combinatorics of chord intersections
in Gauss diagrams for the knots. In Cheng’s case the polynomial utilizes parity and the
weights are restricted to odd crossings (crossings corresonding to chords that intersect an
odd number of other chords in the Gauss diagram). In Henrich’s case the weights utilized
are absolute values of the Cheng weights. The invariants in this paper are quite distinct
from the index polynomial invariants discussed in [15, 13, 14], while these invariants follow
a similar pattern in the form of the polynomial. We call the polynomial invariant given
in this paper the Affine Index Polynomial because in our approach the polynomial is a
way of assembling a set of crossing weights that are derived from a very simple affine
biquandle structure on the underlying flat diagram. This affine structure is explained in
detail in the body of the paper.

In this paper, we give a definition of weights WK(c) that exhibits them as differences
related to an integer labeling of a flat virtual diagram associated with the knot diagram.
This makes the system of weights very easy to compute and one can then develop the in-
variant on this basis. We call the resulting polynomial the Affine Index Polynomial PK(t)

2000 Mathematics Subject Classification. 57M27 .
Key words and phrases. virtual knot, virtual link, writhe, Vassiliev invariant, quandle.
The author was partially supported by UIC.
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No change at a 
virtual crossing.
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sgn(C) = -1
wr(K) = 1
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0     0
-2 2

K

K

Figure 4. Labeled Flat Crossing and Example 1

c d

sgn(c) = +1 sgn(d) = -1

Figure 5. Crossing Signs

Definition. Given a crossing c in a diagram K, we let sgn(c) denote the sign of the
crossing. The sign of the crossing is plus or minus one according to the convention shown
in Figure 5. The writhe, wr(K), of the diagram K is the sum of the signs of all its
crossings. For a virtual link diagram, labeled in the integers according to the scheme
above, and a crossing c in the diagram, define WK(c) by the equation

WK(c) = Wsgn(c)(c)

where Wsgn(c)(c) refers to the underlying flat diagram for K. Thus WK(c) is W±(c)
according as the sign of the crossing is plus or minus. We shall often indicate the weight
of a crossing c in a knot diagram K by W (c) rather than WK(c).

Generalizes
Henrich, 

Dye, 
Cheng.
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Detecting a knot with unit Jones polynomial.



Figure 1: Moves

and concomittantly, an influence of mathematics on these fields of aesthetic action.
I can only competently write about the mathematical, but in musing on this theme
some opinions will naturally come forth. I had best say a few of them right at the
outset. I firmly believe that the creative source of good art and good mathematics is
the same. I believe that source to be the human desire and need to go across apparent
boundaries and find commonality and communication between and among seemingly
separate domains. In fact, this is the engine of metaphor. Metaphor declares the identity
of that which common sense declares different. “Juliet is the sun.” Only in the realm
of metaphor can we make such an identification, and yet indeed Juliet and the sun
are bound in radience. It is the identification of Juliet and the sun that makes this a
metaphor and not an analogy. The declaration of identity wipes away the superficial
difference and directs us to the deep relation beneath the surface.

2 Gallery

3 J

PK = �n(�c:w(c)=nsgn(c))tn � wr(K) = �nJn(K)tn � wr(K)

Jn(K) = �c:w(c)=nsgn(c)
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2

The invariants J_{n}(K) are generalized parities.
Here the crossings are classified by their 

affine index weights. These are signed sums
of the number of intersections of one chord

 by others in the corresponding chord diagram.

Remark on Generalized Parity

Naoko Kamada has looked at the polynomial from this 
point of view.



Virt(K)

P          = 0.Virt(K)

This one is not detected
by the Affine Index Poly.





Virtual Knot Cobordism

Two oriented virtual links K and K` are said to be 
cobordant if one can be obtained from the other

by virtual isotopy plus a combination of 
births, deaths and oriented saddle point transformations.

g=0 g=1g=0

saddle birth deathsaddle

g=0 g=0

Figure 16: Saddles, Births and Deaths

In Figure 17 we illustrate the virtual stevedore’s knot, VS and show that it is a slice knot in the sense

of the above definition. This figure illustrates how the surface schema whose boundary in the virtual

stevedore is evolved via the saddle point that produces two virtually unlinked curves that are isotopic

to a pair of curves that can undergo deaths to produce the genus zero slicing surface. We will use this

example to illustrate our theory of virtual knot cobordism, and the questions that we are investigating.

Before looking at the virtual stevedore in this detail, we make a digression about spanning surfaces and

the four-ball genus.

3.1 Spanning Surfaces for Knots and Virtual Knots.

It is a well-known that every oriented classical knot or link bounds an embedded orientable surface in

three-space. A representative surface of this kind can be obtained by the algorithm due to Seifert (See

[5, 25, 21]). We have illustrated Seifert’s algorithm for a trefoil diagram in Figure 18. The algorithm

proceeds as follows: At each oriented crossing in a given diagram K, smooth that crossing in the
oriented manner (reconnecting the arcs locally so that the crossing disappears and the connections

respect the orientation). The result of this operation is a collection of oriented simple closed curves in

the plane, usually called the Seifert circles. To form the Seifert surface F (K) for the diagramK, attach
disjoint discs to each of the Seifert circles, and connect these discs to one another by local half-twisted

bands at the sites of the smoothing of the diagram. This process is indicated in the Figure 18. In that

figure we have not completed the illustration of the outer disc.

It is important to observe that we can calculate the genus of the resulting surface quite easily from

the combinatorics of the classical knot diagramK. For purposes of simplicity, we shall assume that we
are dealing with a knot diagram (one boundary component) and leave the case of links to the reader.

We then have the
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The abstract schema of such a cobordism is a surface of
genus g.
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We say that K is concordant to K`
K ~ K`

if there exists a cobordism from K to K` of genus 0.

A virtual knot is said to be slice
if it is concordant to the unknot.

c



(detour move)

VS

death

saddle
Virtual Stevedore
Slice Schema gives 
genus 0 surface bounding VS.

saddle

death

VS

Figure 17: Virtual Stevedore is Slice

Lemma. Let K be a classical knot diagram with n crossings and r Seifert circles. then the genus of
the Seifert Surface F (K) is given by the formula

g(F (K)) = (1/2)(−r + n + 1).

Proof. The surface F (K), as described prior to the statement of the Lemma, retracts to a cell complex
consisting of the projected graph of the knot diagramwith two-cells attached to each cycle in the graph

that corresponds to a Seifert circle. Thus we have that the Euler characteristic of this suface is given

the the formula

χ(F (K)) = n − e + r

where n, the number of crossings in the diagram, is the number of zero-cells, e is the number of one-
cells (edges) in the projected diagram (from node to node), and r is the number of Seifert circles as
these are in correspondence with the two-cells. However, we know that 4n = 2e since there are four
edges locally incident to each crossing. Thus,

χ(F (K)) = −n + r.

Furthermore, we have that χ(F (K)) = 1 − 2g(F (K)), since this surface has a single boundary
component and is orientable. From this it follows that 1 − 2g(F (K)) = −n + r, and hence

g(F (K)) = (1/2)(−r + n + 1).

This completes the proof. //

13

The 
virtual stevedore’s knot 

VS is slice.



 Virtual Seifert Surface

T

Seifert Circles

Seifert Surface

         F(T)

Figure 18: Classical Seifert Surface

where r is the number of virtual Seifert circles in the diagram K and n is the number of classcial
crossings in this diagram. In other words, that virtual Seifert surface for K represents its minimal

four-ball genus.

3.2 Properties of the Virtual Stevedore’s Knot

We first point out that the virtual stevedore (V S) is an example that illustrates the viability of our
theory. We prove that V S is not classical by showing that it is represented on a surface of geus one and
no smaller. The reader should note the difference between representation of a virtual knot or link on a

surface (as an embedding into the thickened surface) and the previous subsection’s work on spanning

surfaces.

The technique for finding this surface genus for the virtual stevedore is to use the bracket expansion

on a toral representative of V S and examine the structure of the state loops on that surface. See

Figure 22 and Figure 23. Note that in thes Figures the virtual crossings correspond to parts of the

diagram that loop around the torus, and do not weave on the surface of the torus. An analysis of the

homology classes of the state loops shows that the knot cannot be isotoped off the handle structure of

the torus. See [6, 23] for more information about using the surface bracket.

Next we examine the bracket polynomial of the virtual stevedore, and show as in Figure 24 that it

has the same bracket polynomial as the classical figure eight knot. The technique for showing this is

to use the basic bracket identity for a crossing flanked by virtual crossings as discussed in the previous

section. This calculation shows that V S is not a connected sum of two virtual knots. Thus we know that
V S is a non-trivial example of a virtual slice knot. We now can state the problem: Classify virtual
knots up to concordance. We will discuss this problem in this paper, but not solve it. The reader

15

First consider the classical Seifert Surface of a knot.



T

Every classical knot diagram bounds a surface in the four-ball
whose genus is equal to the genus of its Seifert Surface.

Figure 19: Classical Cobordism Surface

Seifert Circle(s) for K

K

Every virtual diagram K bounds a virtual orientable surface of
genus g = (1/2)(-r + n +1) where r is the number of Seifert circles,
and n is the number of classical crossings in K.
This virtual surface is the cobordism Seifert surface when K
is classical.

Figure 20: V
¯
irtual Cobordism Seifert Surface
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g = (1/2)(-r + n + 1)
= (1/2)(-1 +2 +1) 

= 1.



VS

g = (1/2)(-r + n + 1) = (1/2)(-3 +4 + 1) = 1.

Seifert Cobordism for the Virtual Stevedore
and for a corresponding positive diagram D.

D

Figure 21: Virtual Stevedore Cobordism Seifert Surface

VS

VS on a torus.

Figure 22: Virtual Stevedore on a Torus
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Figure 21: Virtual Stevedore Cobordism Seifert Surface
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Figure 22: Virtual Stevedore on a Torus
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VS

g = (1/2)(-r + n + 1) = (1/2)(-3 +4 + 1) = 1.

Seifert Cobordism for the Virtual Stevedore
and for a corresponding positive diagram D.

D

Figure 21: Virtual Stevedore Cobordism Seifert Surface

VS
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Figure 22: Virtual Stevedore on a Torus
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D is a positive 
virtual diagram and

is NOT slice.

VS is the virtual stevedore
and bounds 

another surface of 
genus zero.

(See next slide.)



We now observe that for any classical knotK, there is a surface bounding that knot in the four-ball
that is homeomorphic to the Seifert surface. One can construct this surface by pushing the Seifert

surface into the four-ball keeping it fixed along the boundary. We will give here a different description

of this surface as indicated in Figure 19. In that figure we perform a saddle point transformation at

every crossing of the diagram. The result is a collection of unknotted and unlinked curves. By our

interpretation of surfaces in the four-ball obtained by saddle moves and isotopies, we can then bound

each of these curves by discs (via deaths of circles) and obtain a surface S(K) embedded in the four-
ball with boundaryK. As the reader can easily see, the curves produced by the saddle transformations
are in one-to-one correspondence with the Seifert circles for K, and it easy to verity that S(K) is
homeomorphic with the Seifert surface F (K). Thus we know that g(S(K)) = (1/2)(−r + n + 1). In
fact the same argument that we used to analyze the genus of the Seifert surface applies directly to the

construction of S(K) via saddles and minima.

Now the stage is set for generalizing the Seifert surface to a surface S(K) for virtual knotsK.View
Figure 20 and Figure 21. In these figures we have performed a saddle transformation at each classical

crossing of a virtual knotK. The result is a collection of unknotted curves that are isotopic (by the first
classical Reidemeister move) to curves with only virtual crossings. Once the first Reidemeister moves

are performed, these curves are identical with the virtual Seifert circles obtained from the diagram K
by smoothing all of its classical crossings. We can then Isotope these circles into a disjoint collection

of circles (since they have no classical crossings) and cap them with discs in the four-ball. The result

is a virtual surface S(K) whose boundary is the given virtual knot K. We will use the terminology
virtual surface in the four-ball for this surface schema. In the case of a virtual slice knot, we have that

the knot bounds a virtual surface of genus zero. But with this construction we have proved the

Lemma. Let K be a virtual knot, then the virtual Seifert surface S(K) constructed above has genus
given by the formula

g(S(K)) = (1/2)(−r + n + 1)

where r is the number of virtual Seifert circles in the diagram K and n is the number of classical
crossings in the diagramK.

Proof. The proof follows by the same argument that we already gave in the classical case. Here

the projected virtual diagram gives a four-regular graph G (not necessarily planar) whose nodes are

in one-to-one correspondence with the classical crossings of K. The edges of G are in one-to-one

correspondence with the edges in the diagram that extend from one classical crossing to the next.

We regard G as an abstract graph so the the virtual crossings disappear. The argument then goes

over verbatim in the sense that G with two-cells attached to the virtual Seifert circles is a retract of

the surface S(K) constructed by cobordism. The counting argment for the genus is identical to the
classical case. This completes the proof. //

Remark. For the virtual stevedore in Figure 21 we have the interesting phenomenon that there is a

much lower genus surface that can be produced by cobordism than the virtual Seifert surface. In that

same figure we have illustrated a diagramD with the same projected diagram as the virtual stevedore,

but D has all positive crossings. In this case we can prove [2] that there is no virtual surface for this

diagramD of four-ball genus less than 1. In fact, we have the following result which is proved in [2].
This Theorem is a generalization of a corresponding result for classcial knots due to Rasmussen [16].

Theorem [2]. Let K be a positive virtual knot (all classcial crossings in K are positive), then the

four-ball genus g4(K) is given by the formula

g4(K) = (1/2)(−r + n + 1) = g(S(K))
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Figure 18: Classical Seifert Surface

where r is the number of virtual Seifert circles in the diagram K and n is the number of classcial
crossings in this diagram. In other words, that virtual Seifert surface for K represents its minimal

four-ball genus.

3.2 Properties of the Virtual Stevedore’s Knot

We first point out that the virtual stevedore (V S) is an example that illustrates the viability of our
theory. We prove that V S is not classical by showing that it is represented on a surface of geus one and
no smaller. The reader should note the difference between representation of a virtual knot or link on a

surface (as an embedding into the thickened surface) and the previous subsection’s work on spanning

surfaces.

The technique for finding this surface genus for the virtual stevedore is to use the bracket expansion

on a toral representative of V S and examine the structure of the state loops on that surface. See

Figure 22 and Figure 23. Note that in thes Figures the virtual crossings correspond to parts of the

diagram that loop around the torus, and do not weave on the surface of the torus. An analysis of the

homology classes of the state loops shows that the knot cannot be isotoped off the handle structure of

the torus. See [6, 23] for more information about using the surface bracket.

Next we examine the bracket polynomial of the virtual stevedore, and show as in Figure 24 that it

has the same bracket polynomial as the classical figure eight knot. The technique for showing this is

to use the basic bracket identity for a crossing flanked by virtual crossings as discussed in the previous

section. This calculation shows that V S is not a connected sum of two virtual knots. Thus we know that
V S is a non-trivial example of a virtual slice knot. We now can state the problem: Classify virtual
knots up to concordance. We will discuss this problem in this paper, but not solve it. The reader
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In joint work with Heather Dye and Aaron 
Kaestner, we prove the following generalization of 
Rasmussen’s Theorem, giving the four-ball genus of 

a positive classical knot.

The virtual Seifert surface for positive virtual K 
represents the minimal four-ball genus of K.

The Theorem is proved by generalizing both Khovanov 
and Lee homology to virtual knots and generalizing 

the Rasmussen invariant to virtual knots.



Remarks on Generalizing Khovanov Homology, Lee 
Homology and Rasmussen Invariantdiagram in Figure 10. For more on sour-sink structures and virtual knots

see Maturov [Man05] [MI13].

Figure 10: Source-sink orientation

Remark 2.1. This can be done arbitrarily but we will assume the canonical
source-sink orientation given in Figure 11.

Figure 11: Canonial source-sink orientation

Using the (canonical) source-sink orientations we place cut loci on the
semi-arcs of the knot diagram whenever neighboring source-sink orientations
disagree. Figure 12 illustrates this process for a two-crossing virtual knot.
Note that the number of cut loci is fixed for any particular diagram and
choice of source-sink orientations on the crossings. However, as we will see,
the number of cut loci may change when a Reidemeister move is performed.

Figure 12: Cut loci for a two-crossing virtual knot

Source-sink orientations were originally introduced by Naoko Kamada
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Cut Locus Involution

a a

The Frobenius algebra controlling the Khovanov homology 
differentials has 

an order two function

a a

that is applied whenever an algebra 
element is moved across  a cut locus.
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The knot VS has bracket polynomial equal to the
bracket polynomial of the classical figure eight 
knot diagram E. This implies that VS is not a
connected sum.

Figure 12: Bracket Polynomial of the Virtual Stevedore Knot
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Figure 13: Virtual Stevedore Knot on a Torus
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More about the Virtual Stevedore’s Knot



Virtual Stevedore
is not

classical.

Definition of Virtual Ribbon:

A knot is said to 
be virtually ribbon 
if it can be sliced 
using only saddles 

and deaths of 
trivial circles. No 
births allowed.

(There may be a way 
to define 

this concept that is 
closer to 

‘ribbon singularities’ 
as in classical knots)
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BBAA
BBAB BBBA BBBB

Figure 14: Torus States for Virtual Stevedore Knot
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Definition of Virtual Ribbon:
A knot is said to 

be virtually ribbon 
if it can be sliced 
using only saddles 

and deaths of 
trivial circles. No 
births allowed.

(There may be a way 
to define 

this concept that is 
closer to 

‘ribbon singularities’ 
as in classical knots)

Figure 29: Converting Virtual Stevedore to a “Ribbon Diagram”

4 Virtual Surfaces in Four-Space

We now define a theory of virtual surfaces in four-space that is given bymoves on planar diagrams. One

of the projects of this proposal is to investigate the relationships between this diagrammatic definition

and more geometric approaches to virtrual 2-knots due to Jonathan Schneider and to Takeda [38]. We
make diagrammatic definitions as follows: We use middle level markers as indicated in Figure 32 to

encode two directions of smoothing a marked crossing in a planar diagram. The classical interpretation

of such a marker is that it represents a cobordism through a saddle point at the middle level (t = 0
in the Figure) where the forms of smoothing above (t = 1) and below (t = −1) are shown via the
conventions in the Figure. A diagram with markers can then be interpreted as two cobordisms attached

at the middle. One cobordism goes downward to a collection of possibly linked and knottted loops,

the other goes upward to another collection of linked and knotted loops. We will refer to these as the

up-cobordism and the down-cobordism. A marked diagram is said to be excellent if both the up and

the down cobordisms end in collections of unlinked circles that can be capped off with births (from the

bottom) and deaths (at the top). The resulting schema is then a two-sphere and classically represents a

two-sphere in four space. We take exactly this definition for a virtual two-spherewhere it is understood

that the ends of the two cobordisms will be trivial virtual links.

Just as in classical theory, if a virtual knot is slice, then we can make a virtual two-sphere from it by

using the same cobordism both up and down. In Figure 35 we indicate the schema for such a surface

involving one saddle point up and one saddle point down. Births for the original cobordism have to

be represented directly in the middle level. The slicing example for V S, the virtual stevedore’s knot,
can be made into a two-shpere this way. We show the middle level diagram for this sphere, called S in
Figure 36. In this same Figure, we show another middle level diagram for a virtual two-sphere S’. In

this case we have used the fact (the reader can verify) that V S can be sliced from its right-hand side.
The sphere S’ is obtained by slicing upward from the left and downward from the right.

We give moves on the middle level diagrams to define isotopy of the virtual two-spheres obtained

22



It may be easier in the virtual world to give 
examples of slice knots that are not ribbon.
(This is an open problem for classical knots:

Are classical slice knots ribbon?)

A knot is said to 
be virtually ribbon 
if it can be sliced 
using only saddles 

and deaths of 
trivial circles. No 
births allowed.
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Rotational Virtual Knot Cobordism

VS

death

Whitney Trick Saddle

regular
homotopy
detour

isotopy

regular
homotopy
detour

regular
homotopy

Figure 28: The Virtual Stevedore is Rotationally Slice

Theorem. If L is a rotational virtual link, then L bounds a rotational virtual surface if and only if L
has even rotational parity, RotP (L) = 0.

Proof. Note that the parity of the number of virtual crossings is an invariant of rotational equivalence

of virtual knots and links and it is also an invariant of saddle moves, death and births since these moves

do not change the number of virtual crossings. We only allow deaths and births for circles that have no

virtual crossings - call these free circles. ThusRotP is an invariant of rotational cobordism. Therefore

if RotP (L) is odd, L cannot be cobordant to a disjoint union of free circles and so cannot rotationally
bound a virtual surface. Conversely, if RotP (L) = 0 then the same cobordism we used before, a

saddle move at every crossing, combined with isotopy, produces a collection of closed curves with

only virtual crossings. These curves can be made into a disjoint collection of curves by regular isotopy,

and then each curve is regularly isotopic to curve with only “external curls”, as illustrated in Figure 31.

Then each such curve can undergo saddle moves to transform it to a disjoint union of curls of the form

C of Figure 29. This is also illustrated in Figure 31. The final number of curls of type C is even since

we assumed that the parity is even. Therefore the curls cancel in pairs as explained above, and we

obtain a disjoint union of one-half their number as free circles. The circles bound disks. This finishes

the construction of the surface and hence finishes this proof. //

We do not expect all virtual slice knots to be rotationally slice. Consider the rotational knot K
from Figure 7. We proved in Section 1 that K is a non-trivial non-classical rotational virtual knot.

In Figure 30 we illustrate a cobordism of K to the disjoint union of two circles, each of which has

curl. Neither of these circles can bound a rotational virtual disc by our rules. So this cobordism stops

short of exhibiting K as a rotational slice knot. On the other hand, the two curls can interact through

a saddle point to produce a free circle. ThusK does rotationally bound a virtual surface of genus one.

We conjecture thatK is not rotationally slice and that its least four-ball genus is one.

Clearly much more work needs to be done in the study of cobordisms of rotational virtual knots and

links. Since there are many invariants of rotational knots and links (all the quantum link invariants), we

can ask how do quantum link invariants behave under rotational cobordism? This will be the subject

of subsequent papers.
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A single curl does not bound a rotational virtual surface.
A pair of curls bound a genus zero surface.

Figure 29: Parity and Cobordism of Curls

K
Saddle isotopy

Saddle Whitney
Trick

K rotationally bounds a genus one virtual surface.

Figure 30: A Rotational Cobordism
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~ ~ ~ ~

C

C C

A single curl does not bound a rotational virtual surface.
A pair of curls bound a genus zero surface.

Figure 29: Parity and Cobordism of Curls

K
Saddle isotopy

Saddle Whitney
Trick

K rotationally bounds a genus one virtual surface.

Figure 30: A Rotational Cobordism
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Saddles,
Isotopy

Regular
Homotopy

Regular
Homotopy

Saddle
Points

Curl
Pairing

Death

RotP(D) = 0 implies D bounds a virtual surface.

D

Figure 31: Diagram D Bounds Rotational Virtual Surface if RotP (D) = 0.

3.4 Band Passing

TheArf invariant of a classical knot can be interpreted as the pass-class of the knot, where two knots are

pass-equivalent [6] if one can be obtained from the other by ambient isotopy combined with switching

pairs of oppositely oriented pairs of parallel strands as illustrated in Figure 32. The pass-class is a

concordance invariant of classical knots and closely related to the Alexander polynomial. Any classical

knot is pass-equivalent to either the trefoil knot or the unknot. The trefoil is pass-equivalent to its mirror

image and is in a distinct pass-class from the unknot. The reader can get an idea of how this works for

classical knots by examining Figure 35 where we show hows a complicated surface (with boundary a

classical knot) can be simplified by band-passing. See [6] for more information about classical band

passing.

We would like to determine the pass-classes of virtual knots. This problem appears difficult at this

time due the lack of invariants of the passing operation. We can obtain partial results by restricting

passing to only odd crossings (crossings with an odd interstice in the Gauss code) but this is only

a step on the way to understanding the pass equivalence relation for virtual knots. We expect that

understanding this relation will shed light on problems of knot concordance.

In Figure 32 we illustrate pass-equivalence and also illustrate another move denoted by “G” in

that figure and we refer to this move as the gamma move. The gamma move, illustrated separately

in Figure 33, switches one strand past two oppositely oriented strands and places a 2π twist in these
two strands. It is obvious that two gamma moves will accomplish a single pass-move, since the twist

introduced byG-passing one strand is cancelled by the twist introduced by G-passing a second, oppo-
sitely oriented strand. It is also the case that any gamma move can be accomplished by a combination

of ambient isotopy and a pass-move, as shown in Figure 34. Thus, pass-equivalence and gamma-

equivalence are identical as equivalence relations on classical or virtual links. In the classical case,

24



Band Passing - Classical Story



Note that the virtual
stevedore is Gamma equiv

to the unknot.

We will say that a virtual
knot is Gamma Trivial

if it is Gamma equivalent 
to the unknot.



The Kishino 
diagram gives a 

virtual knot
that is slice but it 

is not
Gamma trivial. 



Virtual Band Passing
VKT +

~

P

~
G

~
G

Figure 37: Pass and Gamma Moves

can begin the investigation at that point. For these reasons, we believe that this formulation of virtual

cobordism an virtual surfaces will be very fruitful and lead to many new results.

5 Band-Passing

TheArf invariant of a classical knot can be interpreted as the pass-class of the knot, where two knots are

pass-equivalent [5] if one can be obtained from the other by ambient isotopy combined with switching

pairs of oppositely oriented pairs of parallel strands as illustrated in Figure 37. The pass-class is a

concordance invariant of classical knots and closely related to the Alexander polynomial. Any classical

knot is pass-equivalent to either the trefoil knot or the unknot. The trefoil is pass-equivalent to its mirror

image and is in a distinct pass-class from the unknot. The reader can get an idea of how this works for

classical knots by examining Figure 40 where we show hows a complicated surface (with boundary a

clasical knot) can be simplified by band-passing. See [5] for more information about classical band

passing.

We would like to determine the pass-classes of virtual knots. This problem appears difficult at this

time due the lack of invariants of the passing operation. We can obtain partial results by restricting

passing to only odd crossings (crossings with an odd interstice in the Gauss code) but this is only

a step on the way to understanding the pass equivalence relation for virtual knots. We expect that

understanding this relation will shed light on problems of knot concordance.

In Figure 37 we ilustrate pass-equivalence and also illustrate another move denoted by “G” in

that figure and we refer to this move as the gamma move. The gamma move, illustrated separately
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Classically there are two
pass classes for knots: Trefoil 

and Unknot.

What are the pass classes for 
virtual knots and links?
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Figure 11: Labeled Virtual Stevedore’s Knot

d−1ad = b, dbd−1 = c, b−1cb = d, bdb−1 = a

Whence, a = c. Thus

π(V S) = (a, d|d−1ad = b, b−1ab = d)

= (a, b|aba−1 = bab1).

Since in the original presentation, a = c, we see that this is the group of the corresponding virtual

2 − sphere in four-space.
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Equivalence of Virtual Surfaces via the Yoshikawa Moves
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Such a representation L̃ is called a hyperbolic splitting of L [19]. Suppose that a
surface link L in R4 is described by a hyperbolic splitting L̃. Then the intersection
L̃ ∩ R3

0 of such a surface L̃ with the 0-level cross section R3
0 is a 4-valent spatial

graph in the 3-space R3
0. Imposing an extra structure, “marker”, for each vertex,

that is, for each saddle point, we indicate how the saddle points open up above, as
shown in Figure 1.

Figure 1. Marking of a vertex

As usual we describe such a marked 4-valent spatial graph in R3
0
∼= R3 by its

regular projection on the plane R2 with over and under crossings indicated in the
standard way and with marked vertices, called a ch-diagram of the surface link L.
In what follows we denote the set of all classical crossings and marked vertices in
a ch-diagram D by C(D) and V (D), respectively, and the number of all classical
crossings and vertices of D are denoted by |C(D)| and |V (D)|, respectively.

Let D be a 4-valent spatial graph diagram in R2 with marked vertices. Define
L+(D) and L−(D) to be the classical link diagrams obtained from D by replacing
each marked vertex, as illustrated in Figure 2.

Figure 2

If L+(D) and L−(D) are diagrams which both represent trivial links, then we
can define a surface link in R4 associated with D.

Theorem 2.1 ([14, 27]). Any surface link in R4 is represented by some ch-diagram.

On the other hand, let L be a surface link in R4. Given a ch-diagram D of L with
V (D) = {v1, v2, . . . , vs}, define a properly imbedded surface FD in R3×[−1, 1] ⊂ R4

240 SANG YOUL LEE

by

(R3
t , FD ∩ R3

t ) =

⎧
⎨

⎩

(R3, L+(D)), for 0 < t ≤ 1;
(R3, L−(D) ∪ {b1, . . . , bs}), for t = 0;
(R3, L−(D)), for −1 ≤ t < 0,

where bi (i = 1, . . . , s) is a band attached to L−(D) as shown in Figure 2. Note that
the links L+(D) and L−(D) are trivial links in R3, and thus we obtain a knotted
surface FD from FD by adding a set of 2-disks bounded by L+(D) in R3

1 and a set
of 2-disks bounded by L−(D) in R3

−1. Then the surface link FD in R4 is equivalent
to the surface L [8, 14]. Therefore, any surface link L in R4 can be represented by a
ch-diagram D and L can be completely reconstructed from its ch-diagram D up to
equivalence. Equivalent surface links in R4 may be represented by many different
ch-diagrams.

Figure 3. Moves of Type I

Definition 2.2. Two ch-diagrams D and D′ are said to be stably equivalent if they
can be transformed into each other by a finite sequence of moves Ωi (i = 1, 2, . . . , 8)
and Ω∗

6 as shown in Figures 3 and 4, and their mirror image moves.
Two surface links L and L′ in R4 are said to be stably equivalent if their ch-

diagrams are all stably equivalent.

The moves Ω1,Ω2, . . . ,Ω8 are local changes in a diagram, which were first in-
troduced by Yoshikawa [27] in 1994. Note that the moves Ω1,Ω2 and Ω3 are just
Reidemeister moves for classical knots and link diagrams and Ω∗

6 is a mirror move
of Ω6 with respect to the time direction, not in 3-space. It is known that all
these moves and their mirror moves can be realized by ambient isotopies of R4

[14, 22, 26]. This implies that if two ch-diagrams are stably equivalent, then they
represent equivalent surface links in R4.

Conjecture 2.3 (K. Yoshikawa, [27]). Two surface links L and L′ in R4 are equiv-
alent if and only if they are stably equivalent, that is, their ch-diagrams are stably
equivalent.
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Figure 4. Moves of Type II

Remark 2.4. (1) In 2001, F. J. Swenton in his paper [26] claimed to have proved
that Conjecture 2.3 above is true. In a private communication, S. Kamada told me
that Swenton’s paper has a gap and he has recovered it recently [12]. Consequently,
any two ch-diagrams representing the same surface link are stably equivalent.

(2) In [27], Yoshikawa introduced the ch-index, denoted by ch(L), of a surface link
L, which is defined to be the minimum number ch(L) = minD∈D(|V (D)|+ |C(D)|),
where D denotes the set of all ch-diagrams representing L. Note that ch(L) is an
ambient isotopy invariant of L. Using this terminology, he made a table of 23 surface
links in R4, denoted by Ng1,g2,...,gn

k , whose ch-indices are less than or equal to ten
(see [27, Table I] or [15, Table F.7]), where Ng1,g2,...,gn

k means the k-th surface with
ch-index N and n components whose genera are g1, g2, . . . , gn. If gi < 0, then it
means non-orientable genus. For a 2-knot, N0

k is abbreviated by Nk.

3. A polynomial for a marked 4-valent spatial graph diagram

Let R be a commutative ring with the additive identity 0 and the multiplicative
identity 1 and let R̂ = R[A1, . . . , Am], m ≥ 0, denote the ring of polynomials
in the commuting variables A1, . . . , Am with coefficients in R. If m = 0, then
R̂ = R. Let [ ] be a regular or an ambient isotopy invariant of classical knots and
links in 3-space with the values in R̂ and the following properties: for an element
δ = δ(A1, . . . , Am) ∈ R̂ and an invertible element α = α(A1, . . . , Am) ∈ R̂,

(3.1) [ ] = α[ ], [ ] = α−1[ ], [K⃝] = δ[K],

where K⃝ denotes any addition of a disjoint circle ⃝ to a classical knot or link
diagram K. Notice that [ ] is an ambient isotopy invariant of classical knots and
links if and only if α = 1.

Plus Detour Moves for
virtual crossings.

And Virtual Moves -- Next Slide



 1. Reidemeister Moves and Virtual Moves (Detour).

 2. Moves on Markers.

3. Yoshikawa Moves

Figure 18: Middle Level Moves
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FundGrp(S) = FundGrp(VS)

S

S'

FundGrp(S') = Z.

Figure 20: Two Two-Spheres

The generalized Yoshikawa moves present a useful first formulation for a theory of virtual surfaces.

One of the advantages of this approach is that we can adapt the generalization of the bracket polyomial

of Sang Youl Lee [62] to obtain a bracket invariant for virtual two-spheres. This will be an important

subject of investigation for this proposal. We want to know how this diagrammatic formulation is related

to immersions of surfaces in four space that could represent virtual two-knots. In this case the levels

(movie of a cobordism) description that we have adopted gives such an immersion, and one can begin the

investigation at that point. For these reasons, we believe that this formulation of virtual cobordism and

virtual surfaces will be very fruitful and lead to many new results.

8 Virtual Khovanov Homology

Khovanov homology [33, 1, 2, 16, 18, 66] for classical knots works, with mod-2 coefficients, for virtual
knots. It has been generalized by Manturov [23, 32, 49] for a homology therory with integer coeffi-

cients. We [61] have a new formulation of Manturov’s construction that simplifies some of the choices in

constructing the chain complex. We hope to see new results from this technology. In particular we are

examining the structure of the Rasmussen invariant [24] with an eye to generalizing it in this framework.

Using the notions of cobordism given here, we can define the virtual four genus of a virtual knot as the

least cobordism genus that it can attain. Thus slice knots have genus zero and others will have higher

genus in this sense. The Rasmussen invariant gives a lower bound on the 4-ball genus of classical knots.

We are investigating the possibility for a similar lower bound for the virtual four genus.

9 Band-Passing and Other Problems

The Arf invariant of a classical knot can be interpreted as the pass-class of the knot, where two knots are

pass equivalent [6] if one can be obtained from the other by ambient isotopy combined with switching

pairs of oppositely oriented pairs of parallel strands. The pass-class is a concordance invariant of classical

knots and closely related to the Alexander polynomial. We would like to determine the pass-classes of
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Advantage of using Yoshikawa moves is 
computability and formulation of invariants.

Fundamental group or quandle via movies is an invariant.

Bracket generalizations of S.Y. Lee will generalize to virtual 
surfaces.

Does the Yoshikawa move definition for virtual surfaces
correspond to Jonathan Schneider and 

Yasushi Takeda definitions via generalizations of 
Roseman moves?

There is more to come.


